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Abstract. We consider shape optimization problems governed by the unsteady Navier-Stokes
equations by applying the method of mappings, where the problem is transformed to a reference
domain Q¢ and the physical domain is given by Q = 7(Qyef) with a domain transformation 7 €
W10 (Qer). We show the Fréchet-differentiability of 7 + (v, p)(7) in a neighborhood of 7 = id under
as low regularity requirements on ..r and 7 as possible. We propose a general analytical framework
beyond the implicit function theorem to show the Fréchet-differentiability of the transformation-
to-state mapping conveniently. It can be applied to other shape optimization or optimal control
problems and takes care of the usual norm discrepancy needed for nonlinear problems to show
differentiability of the state equation and invertibility of the linearized operator. By applying the
framework to the unsteady Navier-Stokes equations, we show that for Lipschitz domains ,.f and
arbitrary r > 1, s > 0 the mapping 7 € (WL 0N WIS (Q.f) = (v,p)(1) € (W(0,T;V) +
W(0,T; Hp)) x (L*(0,T; L§) + W (0, T; el g1y« (L3))*) is Fréchet-differentiable at 7 = id and the
mapping 7 € (WL N WIS (Quef) = (v,p)(7) € (L0, T; HY) N C ([0, T); L2) x (L2(0,T; LE) +
wtio,T; cligy- (L2))*) is Fréchet-differentiable on a neighborhood of id, where V' C H} (Qyef) is
the subspace of solenoidal functions and W (0,T; V) is the usual space of weak solutions. A crucial
role in the analysis plays the handling of the incompressibility condition and the low time regularity
of the pressure for weak solutions.
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1. Introduction. In this paper, we analyse the Fréchet differentiability proper-
ties of the velocity field and the corresponding pressure component of viscous incom-
pressible unsteady Navier-Stokes flows with respect to domain variations. Our aim is
to keep the required regularity of the reference domain and the domain variations as
low as possible. The setting includes, e.g., optimum shape design of a body exposed
to Navier-Stokes flow. The results provide a rigorous analytical framework for the
application of derivative- and adjoint-based optimization methods.

We use the approach of transformation to a reference domain, called method of
mappings, to formulate the optimization problem on a fixed domain. The method
of mappings goes back to Murat and Simon [32, 34] and is well suited for deriving
rigorous Fréchet differentiability results with respect to domain variations. It also
forms the basis of the proofs of many concepts in shape differential calculus. Moreover,
it provides a suitable foundation for numerical implementations, cf. [7, 8]. The
special case where the shape of the design boundary is described by the graph of a
function was investigated in, e.g., [2, 27, 28]. The current paper investigates Fréchet

*We greatfully acknowledge support of the Priority Programme SPP 1253, the International
Research Training Groups IRTG 1529 and IRTG 1754 and the SFB 1194 funded by the German
Research Foundation DFG.

TTechnische Universitat Darmstadt, Department of Mathematics, Dolivostr. 15, D-64293 Darm-
stadt, Germany (mfischer@mathematik.tu-darmstadt.de, ulbrich@mathematik.tu-darmstadt.de).

fTechnische Universitét Miinchen, Chair of Mathematical Optimization, Department of Mathe-
matics, Boltzmannstr. 3, D-85747 Garching b. Miinchen, Germany (lindemann@ma.tum.de, mul-
brich@ma.tum.de).



differentiability of the state w.r.t. domain variations. This can be used, via the
chain rule, for proving Fréchet differentiability of an objective function w.r.t. domain
variations, but it is also of value independently of an objective function, e.g. for
sensitivity analyses of the state, or in the context of all-at-once approaches for shape
optimization, or when shape derivatives of multiple state-dependent functionals are
required. The different, but related question of finding general conditions for proving
the directional shape differentiability of a state-dependent objective function without
using the chain rule is discussed in [24, 25] and in [29, 42], where in the latter the
advantages of the distributed shape derivative are also highlighted and an averaged
adjoint approach is proposed. These papers explore the fact that functionals with a
special structure sometimes can be shape differentiable even if the state itself is not.

The incompressible Stokes and Navier-Stokes equations include the condition
divo = 0 on 2, where v denotes the velocity field. In the analysis of the Navier-
Stokes equations it is usually built directly into the function space setting by choosing
solenoidal (i.e., divergence-free) spaces. We use the tilde “” here to indicate that v
lives on  to distinguish it from v(xz) = v(7(x)), the pullback of v onto Q. via the
transformation Quef 3 x — = = 7(z) € Q. If divo = 0 a.e. on , then in general divv
is mot zero a.e. on (). Thus, divergence-free spaces are not mapped to divergence-
free spaces. As we will see, this causes difficulties, especially in the unsteady case
due to the low time regularity of the pressure. An alternative would be to use the
Piola transform [10, sec. 1.7], which preserves divergence-freeness, but introduces
additional nonlinearity and would require higher regularity requirements on 7, since
it involves first derivatives of 7. In the case of the stationary Navier-Stokes equations
there are further possibilities to surmount this difficulty. In [38], Simon uses a variant
of the implicit function theorem to show Fréchet differentiability w.r.t. transforma-
tions for stationary Stokes flow when € is a W2*°-domain. Bello, Fernandez-Cara,
and Simon [3, 4] showed Fréchet differentiability of the drag in the case of stationary
Navier-Stokes equations when  is a W2°°-domain; Bello, Fernandez-Cara, Lemoine,
and Simon [5] extended this result to Lipschitz domains under W1*°-transformations.
To treat the incompressibility condition, Bello et al. introduced in [3, 4] a family of
isomorphisms to rewrite the equation div(v o 7) = 0 appropriately. In [5], Bello et al.
state the incompressibility condition explicitly as we will do in this paper. For m > 2
the directional differentiability of the velocity and pressure field in H™ x H™~! for
C™*2_variations of a C™*1-domain was shown in [6].

In the context of the unsteady Navier-Stokes equations additional complications
are caused by the fact that under standard regularity assumptions on the data the
time regularity of the pressure and of the time derivative of the velocity is very
low. Therefore we have to impose more regularity on the data to get stronger
state spaces. As a consequence, for the linearized equation it is not clear how to
choose the image space of the corresponding operator such that it defines an iso-
morphism as needed to apply the implicit function theorem as used in [5]. How-
ever, we show in this paper that using more regularity for the data and the slighty
stronger space 7 € W1 N WtsT for the transformations with arbitrary r >
1, s > 0, for Lipschitz domains Q¢ the mapping 7 € (WL N WITsT)(Qp)
(U)p)(T) S (W(07T7 V) + W(OaTv Hé)) x (L2(07T; L%) + Wl’l(ovT; Cl(Hl)*(L(Q)))*) is
Fréchet-differentiable at 7 = id and the mapping 7 € (W1 0 WIFsT)(Q) +—
(v,p)(7) € (L3(0,T; H§) N C([0,T}; L?) x (L*(0,T; L) + WH(0, T; cl gy« (L3))*) is
Fréchet-differentiable on a neighborhood of id. Since the implicit function theorem
is not applicable, we propose a general analytical framework beyond the implicit
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function theorem to show the Fréchet-differentiability of the transformation-to-state
mapping in a systematic and convenient way. It can be applied to other choices of
spaces as well as other shape optimization or optimal control problems and takes care
of the usual norm discrepancy needed for nonlinear problems to show differentiabil-
ity of the state equation and invertibility of the linearized operator. When applying
this framework to shape optimization of the unsteady Navier-Stokes equations, we
will handle the nonhomogeneous divergence condition in the linearized Navier-Stokes
equations on the reference domain by using Bogovskii’s operator. This allows us to
treat inhomogeneities of the divergence condition in L?(I; LZ()) N H(I; (H3/?~¢)*)
on Lipschitz domains. For C?-domains the Navier-Stokes equations with nonhomoge-
neous divergence condition in L?(I; H5~1/2(Q)) N H*(I; H~/?(Q)) for s > 1/2 have
been considered recently by Raymond [37].

Shape derivatives for the unsteady Navier-Stokes equations have been calculated
formally e.g. in Pironneau [35, 36], and have been used in many applications, e.g.
[31]. The existence of the weak Piola material and the shape derivative, i.e. the
weak directional differentiability of the pull back of the velocity field and the velocity
field, respectively, with respect to C2-perturbations of C?-domains has been shown in
Gao et al. [15] for time independent domains and in [12], see also [13], by using the
Piola transform and the speed method. Moreover, the boundary representation of the
shape gradient according to the Hadamard-Zolésio structure theorem [11, 40] has been
derived for several objective functions. In [39] Sokolowski and Stebel have proven the
existence of the material derivative and thus the directional differentiability of the
pull back of the velocity field with respect to C?-perturbations of C?!-domains for
unsteady incompressible non-Newtonian flows. Moreover, they derive the boundary
representation of the shape gradient of an averaged drag functional.

The present paper focuses on the Fréchet differentiability of the pull back of
velocity and pressure with respect to W1 N W1+ perturbations of C°'-domains
and leads to Fréchet differentiability results for objective functionals, in particular
averaged drag functionals. This yields a rigorous foundation for derivative-based
optimization methods. The differentiability results that we develop in this paper
provide a rigorous basis for computing shape derivatives of an objective function
using, e.g., the adjoint method for which, in a notation similar to the one used in this
paper, details can be found in [7, sec. 3.4 and 3.5] and [30, sec. 3.3].

The presented techniques and especially Section 3 can also be applied to other
classes of nonlinear PDE systems. In fact, very recently, the techniques developed
in the current paper have also successfully been applied to the instationary Boussi-
nesq equations with Dirichlet conditions for the velocity and inhomogeneous Robin
boundary conditions for the temperature, cf. the first author’s submitted PhD thesis
[14].

The paper is organized as follows. In Section 2 we recall the method of mappings
by Murat and Simon in the abstract setting and apply it to the unsteady Navier-
Stokes equations. Furthermore we state some regularity results for the solutions of
the Navier-Stokes equations. In Section 3 we introduce an abstract differentiability
theorem, which provides a convenient framework to prove the Fréchet differentiabil-
ity of the solution operator of nonlinear optimal control problems. In Section 4 we
apply this framework to shape optimization of the Navier-Stokes equations and show
Fréchet differentiability of the solution with respect to domain transformations in a
suitable Banach space framework. In Section 5 the results from Section 4 are used
to prove the Fréchet differentiability of a wide class of reduced objective functions
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in a neighbourhood of the identity. Furthermore, the results are applied to practical
objective functions for the minimization of the mean drag of a body and for vortex
reduction in viscous flows.

2. Shape optimization for the unsteady Navier-Stokes equations.

2.1. Shape optimization via the mapping method. Consider a shape op-
timization problem of the general form

(2.1) min  J(7,Q) st. EF Q) =0, Q€ O,.

Here, Q C R? is the domain to be optimized and O,q is the set of admissible domains.
The state y lives on Q x I, I = (0,7, and satisfies the state equation E(y,2) = 0,
in our case the unsteady Navier-Stokes equations on 2 with initial and boundary
conditions. We assume that the admissible shapes can be described by

Oaq = {T(Qref) 1T E Tad}a

where Thq is a set of admissible transformations and Q.. C R% is a bounded reference
domain with Lipschitz boundary. Hence, admissible domains €2 € 0,4 are interpreted
as images of Q.o under suitable transformations 7 : R? - R? d = 2 or 3. Our
minimum requirements that will be slightly strengthened later are that 7 : Q. —
T(hef) is invertible, 7(Qyet) is a bounded Lipschitz domain and 7 € W1 (Qyet),
77 e WL (7(Qper))

For functions w defined on Q x I, we introduce the pullback to Qe by

w:=wozT, w(x,t)=w(r(z),t).

This is well defined if w is L! in space. We also write w(t) = w(-,t) = w(t) o 7.
Similarly, if w is defined on Q, we set w := wo 7, w(z) = w(r(x)).

Let now y = 3 oz 7 be the pullback of i to Q... We abbreviate the variational
form of the state equation by

(2.2) (E@,Q),9)a=0 Veed),

1 exists, we can write

where ®(Q) is a suitable space of test functions. Since 7~
y =790z 7 and ¢ = @ oz T also in the equivalent form j = yo, 77! and p = po, 77 1.
Next, we define E(y,T) via

<E(gow T, T), 605 T>Qref = <E(ga Q)a@)ﬁ v g € Y(Q)7 v 6 € @(Q), V1 eTy.

ASSUMPTION 2.1. Assume that we can choose Yier and Ppor such that for all
T € Tag and Q = 7(Quet), there holds:
1. O ={poz7 : g€ P(N)}
2. Yiet = {g057 : 376 Y(Q)}
3. the solution () of (2.2) satisifies Y(2) oz T € Yiet-
Under Assumption 2.1 the transformed state equation in variational form reads

(23> <E(y77—)7 @)Qref =0 Vv p e Dot

It is equivalent to (2.2) in the sense that y = y(Q), with Q = 7(Qyet), solves (2.2) if
and only if y(7) := y(Q) oz 7 € Yier solves (2.3). Conversely, y(7) € Yier solves (2.3)
if and only if ¥ = §(Q) := y(7) o, 77! solves (2.2) with Q = 7(Qpet).
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Thus, with J(y,7) := J(y ox 75 7(Quer)) for all 7 € Tpq and y € Yier, we can
rewrite (2.1) on the fixed domain Q,¢f as follows:

(2.4) min J(y,7) st. E(y,7)=0, 7€ T,a.

Usually, the concrete variational form of the state equation on the reference domain
is obtained by using the transformation rule for integrals and for derivatives. This
will be carried out for the unsteady Navier-Stokes equations in the following. By
convention, we denote all quantities on the physical domains 7(Q,e¢) by ~.

2.2. The unsteady Navier-Stokes equations. Now we apply the presented
method of mappings to shape optimization problems governed by the unsteady Navier-
Stokes equations for a viscous, incompressible fluid on a bounded domain = 7(Q,ef)
C R? with Lipschitz boundary. To avoid technicalities in the formulation of the
equations, we consider homogeneous Dirichlet boundary conditions. The analysis
can, however, be extended also to the inhomogeneous case and to other types of
boundary conditions. We then would have to require that a neighborhood of that
part of the boundary where inhomogeneous Dirichlet conditions are posed remains
pointwise fixed for all admissibe transformations. We thus consider the problem

U —VvAT+@-V)T+Vp=f onQxI,
divi=0 onQxI
0 onoQdxI,

50 on )

(2.5)

u(+,0)

where v : Q x I — R? denotes the velocity and p : Q x I — R is the pressure of the
fluid. Here I = (0,7"), T > 0, is the time interval, v > 0 is the kinematic viscosity
and Vo(7,t) = vz(Z,t)T denotes the transpose of the spatial Jacobian matrix of v.

We use bold face notation for R%valued standard function spaces, e.g., LI(f2) :=
L)Y, HY(Q) := HY ()Y, HY(Q) := H~H(Q)? and Hy ' (Q) := (H'(Q)*)? etc., and
define the spaces

V() :={v € C¥(Q) : divo =0},  V(Q) := clpgi)(V(Q)),
H(9) 1=y (VD). L3(0) = {Fe 1) s [ 5= 0.
We note that L3(2) can be identified with L?(Q2)/R, where
1]l 2(0)/r = igﬂg 1P+ cllLz()-

In fact, we have HﬁHLS(Q) = |l 2(q2)/m for all p e L3(Q).
It will be convenient to introduce the projection

(2.6) Po(Q) € LIL*(), L5(Q)),  Po()p =P = W'

The Bochner spaces of r-integrable X-valued functions are denoted by L"(I; X). We
use the usual norms on the spaces L"(€2) and L"(I; X) and the inner products

d
@)@ = @)@, 00 v = @ D)o = (T, T, )L2(0)-
=1

5



Moreover, let V(Q) — H(Q) = H(Q)* — V(Q)* denote the corresponding Gelfand
triple and define

W(L,V(Q) :={v e LX(L;V(Q)): v € L*(I; V(Q)*)}.

Here, 7; denotes the distributional derivative. Note that v € L2(I;V(f2)) implies
v € L?(I; L*(Q2)) and thus one has also o € H~1(I; L?(2)). In the same way, the space
W (I; H}(2)) used later is defined based on the Gelfand triple Hg(2) — L?(Q) =
L?(Q)* — H™1(Q).

Let f € L?(I; H (). The weak formulation of (2.5) for the velocity field is:
Find v € W(I;V(2)) such that

(o(8), ) 11 2y 21 + V(VT(E), V) gy + / (@) - V)3(t)] - @ dE

= (f(t)7,ﬁ)/>H*1(Q)7Hé(Q) Vwe V(Q) and a.a. t € 1,
(-,0) = T in H(Q).

(2.7)

It is well known that so far the question of existence and uniqueness is answered
satisfactorily only in the case d < 2. In fact for d = 2, there holds
PROPOSITION 2.1. Let d = 2 and assume

(2.8) fe LA I;H(Q), @ € H(Q).
Then there exists a unique weak solution v of (2.5) according to (2.7). It satisfies
(2.9) v e W(L; V() — C(I; H(Q)).

The pressure p can be introduced as a distribution on Q x (0,T).

For a proof see e.g. [43, Ch. III].

A weak solution v € W (I;V(€2)) can equivalently be characterized by
(2.10)

— (@, @)L 0xr) — (0, B(0))g2(0) + V(VE, V)12 (x1) + /0 /Q (@ V)3] - @ d dt
T ~
- /O (FO), () vy vy dt Vi € C(Qx [0,T)), div(a@(t)) =0Vt e [0,T).

If the data ]? and vy are more regular, then the solution has further regularity.
PROPOSITION 2.2. Let d =2 and assume

(2.11) fe H(LHYQ)), f(0,:)eL(Q), o e V(Q)NH*Q).

Then the weak solution (v,p) of the Navier-Stokes equations satisfies

(212) e C(L;V(Q), v € L*(I,V(Q)NL>(I;H(Q)), peL>;L§(Q)

Furthermore there exists a constant c(2) > 0 with

(2.13) 1Pl o (r;z2(0)) < () [Vtl| oo (1.2 (20)) + VIOl Lo (v (02)) +

1012 (v () + 1 lLoe (rim-1(0))
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Proof. The regularity results for the velocity can be found in [43, Thm. IIL.3.5].
To study the pressure we use H{(Q) < L*(Q), LY/3(Q) — H~'(Q) and obtain

1@ V)olla-10) < all(@- V)ollpasq) < calltllus@ Vol ) < esllvllf g

with constants ¢y, ¢z, c3. Hence, introducing A(9)(t) := v(Vo(t), V)20 € H1(Q)
for a.a. t € I we have

1@ V)0l oo (1)) < ell01 7 r vy TA@ e rim-1 (@) < VIOl Lo v (@)-

Now ¥; € L®(I; H(2)) < L>®(I;H1(Q)), since H(Q) — L?(Q) — H~Y(Q). Fur-
thermore, f € L™ (I; H™()), since f € HY([;H1(Q)) (see e.g. [43, Lem. IIL.1.1]).
Hence,

gi= 0 — (- V)0 — A@®) + f € L®(I; H ()

Using (g, W)g-1(q),ui) = 0 for all w € V() and a.a. t € I, there exists by [43,
Rem. L.1.4] for a.a. t a unique p(t) € L§(Q) with Vp(t) = g(t), where [|p(t)]|12(q) <
callg(t)|le-1(q) by [43, Prop. 1.1.2] with a constant ¢4 > 0. Hence there exists a
unique pressure p € L (I; L3(Q2)) which satisfies (2.13) O

For the three-dimensional case, an existence and uniqueness result holds for ex-
ample under the additional assumption

ASSUMPTION 2.2. Let

d1(Q) := (| F(0)[lL2(e) + veollTollmz(o) + 1 llPollfrzq)»

where co, ¢y are constants such that ||Av||p20) < col|v|lmz) for all v € H*(Q) and
((w - Vu, o)) < allulmye lullaollvlive for dlv e H(Q),v € L*(Q).
Moreover, let da(R2) := HszLoo(I;V(Q)*). We assume that there exists ¢*(Q2) such that

3

da (02 _ Tdy(Q)\? 17, . v
2 (1 (0 (Il + 75 ) Ve < @) <

14

c2

Here ¢ denotes a constant with |((u - V)v,w)r2()| < c|lullm @o)llvlla @)llwllm @) for
all u,v,w € HY(Q).
This assumption is satisfied if v is large enough or if fand vo are small enough.
ProposITION 2.3. Let d = 3 and assume

(2.14) fe WhI(I;L2(Q)), 5 € V(Q) NH2(Q), Assumption 2.2.
Then the solution (v,p) of the Navier-Stokes equations is unique and satisfies
(2.15) e C(L;V(RQ), v e L*(I,V(Q)NL (I H(Q)), peL>(;L5(RQ).

Proof. The part for the velocity can be found in [43, Thm. I11.3.7]. The pressure
regularity and uniqueness can be obtained in the very same way as in Proposition 2.2
because f € WHI(I; L2(€2)) implies f € L>([;H-1(Q2)). O
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2.3. Transformation to the reference domain.

2.3.1. Admissible transformations and notations. We will work under the
following regularity assumptions on the domain transformations and the data.

ASSUMPTION 2.3. Q. C R is a bounded Lipschitz domain. Moreover for
arbitrary but fited 1 <r <2 and 0 < s < 1/r let

U= (Wl’oo ) Wl+s,r>(Qref)
and let Oqq = {7(Qet) : 7 € Taq}, where with a constant 6 > 0

Toa C{T €U : 771 € (WH® A W7)(7(Qer)),

T(Qret) is a bounded Lipschitz-domain, essinf,cq. ., det(r'(z)) > § > 0}

ref

is relatively open with respect to the topology of U (and thus in fact open in U by
Lemma 4.1 below). Here, 7' (z) = V7(z)T denotes the Jacobian of 7.

Moreover, the data Vg, f are given such that
feL>®(;C'(Q), fr € LXLHT(Q)), f(0) € HQ), Ty € V(Q) NH(Q)N C'(Q)

Jor all 2 € Onq and they are used on all Q € Ouq. For d = 3 we furthermore assume
that f € WH(I;L2(Q)) and that Assumption 2.2 holds true for all Q € Oaq.

REMARK 2.4. Note that a bi-Lipschitzian image T(et) of a bounded Lipschitz
domain Qe is not always a bounded Lipschitz domain, see [19, 1.2], but for ||T —
id||wi.e(q,.;) small enough, this is ensured. The latter follows from [5, Lem. 3]
and the fact that there exists a linear bounded extension operator WI’OO(QrCf) —
WLoo(RY) for the bounded Lipschitz domain Qyer, see e.g. [41, Thm. 5, p. 181].

In the following, we will use the following functions defined on T,4 to abbreviate
the 7-dependent terms that result from the transformation to the reference domain.

(2.16) g1(1) :=det(7), ga(7) =7 Tgi(7), g3(r) :=7""Tg1(7).
We note that these functions are Fréchet differentiable from W12 (Q,c¢) to Lo (Qpet).
LEMMA 2.5. Let Assumption 2.3 hold. Then the mappings

g1 ¢ (Tag, |"[lwree (@) = L(Qret)s 92,93 1 (Tag, || [[wiiee (@,er) — L2 (e )4

defined in (2.16) are continuously Fréchet differentiable with derivatives

g (1) = tr(r' ") g (1),
gé(T)¢ — _7_/—1( /7_/—1 + T/_T¢/T o tr(T/_1¢/)I)T/_Tgl (7_)7
g5 (M) = —(7"" T —tr(v" 1) D) ga (7).
For 7 = id we have
g1(id)y = tr(v'), gh(id)y = =" —"" + (), g5(id)yp = —¢'" + tr(y)) 1.

Proof. Since for all 7 € T,q we have g1(7) > § > 0 a.e., we know that 7’ is
invertible a.e. on Q.. The differentiability and the formula for the derivative now
follow from elementary pointwise arguments. O R

Finally, we introduce the trilinear forms b(u,v,w) and b(u,v,w, M) to abbre-
viate the convection terms in the classical and later on in the transformed Navier-
Stokes equations, respectively. To this end, we define for u € L™ (I; L% (Qyet)), v €
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LY(I; LY (Qrer)) with Vo € L™ (I; L9 (Qref)dXd>, w € L™ (I; L% (Qyef))y Qus Qs Quw €
[LOOL q% + q%, + q%u =1, 1y, Ty, Tw € [I,OO], % + % + i, and M € LOO(Qref)dXd;

bu(t), w0, w(0) = [ 10t)- Do) wie) o,
o br(u, o) = [ b, 0(0), w(t) d,
Bu) ofe) w), M) = [ [(Tu(0) - F)0(e)] ()
= b1, v, w, M) ::/0 Blu(t), v(t), wt), M) dt

LEMMA 2.6. Let u,v,w € H}(Qrer) and M € L= (Qer)¥*?. Then with a constant
C = C(d) we have

1—4 a 1—4 d
[b(u, v, W) < Cllullg: * l[ullga lolag lwllL: * [[wllg

~ 1—4

[b(u, v, w, M)| < Cllully,

il lld =gl
[l gy ol llwllye * 1wl gy M [l

for d € {2,3}.
Proof. The estimate for b for d = 2 can be found in [43, Lem. II1.3.4] and in
slightly different form also for d = 3. Now the results for b are easily obtained. O

2.3.2. Transformation of the Navier-Stokes equations to the reference
domain. Since solenoidality is not preserved by the pullback operation, the spaces
T*V(Q) :=={vor:0 € V(Q)} and 7" H(Q), Q = 7(Qyer), would depend on 7. We
avoid this by working with the spaces H}(Q) and L?(12) instead of V(2) and H(),
reintroduce the pressure, and formulate the divergence-free condition explicitly. This
results in the following weak velocity-pressure formulation of problem (2.7), where
the divergence-freeness of the velocity is not included in the trial and test spaces.
In view of a subsequent transformation to the reference domain, the time derivative
of the velocity is required to have some additional regularity. To keep the required
regularity for the transformations low, we assume that the weak solution satisfies

(2.19) ve LAL;V(Q), v e L*(I;LAQ), pec L*(I;L3(Q)).

Note that a better regularity than (2.19) is ensured if the data vy and f satisfy the
requirements of Proposition 2.2 and 2.3, respectively. _

Under the above reguarity assumptions (2.19) together with f € C(I;H™1(Q2)),
the weak formulation (2.7) is equivalent to

(U (t) + (0(t) - V)O(t), W)ya-1 ()11 (@) + V(VU(E), VO)1L2(0) — (P(1), div W) £2(0)

(2.20) = (f(t), D) u-1(0)m) VO EHHQ) foraa. tel,
(¢, divo(t))pza) =0 Vge LA(Q) foraa. tel,
5|t:0 — /1\1/0.

REMARK 2.7. The regqularity requirement on vy can be weakened if the time
derivative is written in very weak form, i.e., with a time-dependent test function and
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the time derivative on the test function. However, since later we need higher regularity
to prove Fréchet differentiability of T — v(7), we use the setting (2.19).
If 7 enjoys higher regularity than we want to assume here, e.g., 7 € W2 (Qet),

then the standard W (I;V(Q2)) framework can be used.
Next, we apply the transformation rule for integrals and the identities

(Vi0) oz 7= ()" TVu, (divz?)oz 1 =tr(r'~1Vv)

to obtain a variational formulation on the domain Q¢ that is equivalent to (2.20).
To handle the source term, we assume for all 2 € 0,4 that

feL"I;LAQ)) with p>1 ifd=2, p=6/5 ifd=3.

We set p/ = p/(p — 1). We obtain the

Navier-Stokes equations transformed to the reference domain. Find
(v,p) € W(I; HS(Qer)) x L2(L; L3(Qrer)) with vy € L2(I;L2(Qyer)) such that

((w, g, wo), E((v(t); P(£)), 7)) (13 % L2 xL2) (uer),(H x L2 XL2)(Quer)*
= (ve(t), wg1 (7)) L2 (@0) + V(VO(1), g2(T) V)12 (0,0p) + b0 (L), v(t), w, g3(7))
(221)  — (p(t), tr(gs(7) VW) p2(aer) — (F(£) 07 o — 91(7)) Lt (o) Lo (1)
+ (¢, tr(gs(T)Vo(t)) L2 (o) + (0(-,0) = Vo(7(+)), wo)L2(0y0r)
=0, Y(w, q,wp) € (H x LE x L?)(Qyef) for a.a. t € 1.

For 7 = id we recover directly the weak formulation (2.20) on the domain Q = Q,f,
for general 7 € T,q we obtain an equivalent form of (2.20) on the domain ©Q = 7(Qyef).
This follows from the fact that for 7 € T,q the map v — v o 7 is a homeomorphism
between the spaces L"(Q) and L" (Qye), W () and W (Qyf), as well as W' ()
and Wé’r(Qref), respectively, for all » > 1, see [33, Lemma 4.1]. Moreover, the
pressures p(t) € L3(Qer) and p(t) € L3(7(ef)) are related via the homeomorphism

B(t) € L§(m(Quer)) = p(t) := Po(Quet)B(t, 7(-)) € Lg(rer)

with the projection Py(fer) according to (2.6). Note that not necessarily p(t, 7(-)) €
L3(Qret), but gz(t) = Py(Qrer)p(t, 7(+)) is its corresponding representative in L3(Qyer
and we have |[p(¢, 7(-))|| 2 (@.e0 /& = [1P(O) | 22 (02000) -

3. Differentiability theorem. The following Theorem 3.1 provides a frame-
work to show Fréchet differentiability of v € U — y(u) € Y at up € U, where
y(u) € YT < Y denotes the unique solution of E(y,u) = 0. Here, we take care of
the fact that for nonlinear problems often Ey(y(ug),uo) € L(Y ', Z) only admits an
inverse E,(y(ug),uo)™t € L(Zp,Y) for a subspace Zy C Z. For the application to
shape differentiability of the Navier-Stokes equations we will choose Y as a sum of a
space with solenoidal velocity fields with corresponding pressure and an image space
of Bogovskii’s operator. While for the first space we can apply standard theory for
the linearized Navier-Stokes equations, the second space deals with the inhomogenity
in the divergence equation.

The basic framework is motivated by typical norm gap differentiability results
for nonlinear problems, see e.g. [45, Thm. 2.1], but incorporates different regularity
requirements for the directions and the point of linearization in the definition of
the Fréchet derivative. This procedure turns out to be very useful, since the higher
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regularity is usually only needed in the point of linearization, such that much weaker
continuity requirements on the solution operator are neccessary.

THEOREM 3.1. Letug € U and let Z,Y*,Y; be Banach spaces (possibly depending
on the fized ug) with Y+ —Y; fori=1,2. Let E: Y+ x U — Z be a given operator
and yo € Y such that E(yg,ug) = 0.

Moreover, we assume the existence of a unique locally bounded solution map
S:U— YT in a neighbourhood U C U of ug, i.e., E(S(u),u) = 0 for all u € U
and ||S(u)|ly+ < Cy uniformly in uw € U for a constant Cy, > 0.

Furthermore, with functions K; : RT - R*,i=1,2, K;(z) -0 asx € Rt — 0,
let E satisfy the following assumptions.

1. E(y,-) : U — Z is Fréchet differentiable at ug € U uniformly (i.e., the remain-
der term can be estimated uniformly) for ally € Y+ satisfying |ly|ly+ < Cy.

2. There exists an operator Ey, : YT xU — L(Y ™, Z) such that for allu e U C U
and all yo,y € YT with ||yolly+, |lylly+ < Cy, it holds
1E(y, u) = Eyo, u) — Ey(yo, W)y — ol z < CK1(lly = yollva)lly — volly,

with a constant C > 0 independent of yo,y, u.
3. For alle € Y with |le|]|y+ < 2C, it holds for ||h|ly — O that

I(Ey(yo, uo + h) — Ey(yo, o)) ellz < C(l[Allvlelly, + K2(IRlv)lelly:)-

4. For i = 1,2 the solution operator S is continuous at ug in Y;, i.e., it holds
||S(U0 + h) — S(UO) Y, — 0 as HhHU — 0.
Finally, let there exist Banach spaces Y with YT «— Y < Y] and Zy C Z equipped
with the norm of Z (Y, Zy may again depend on the fived ug) such that
5. The partial deriwative Ey(yo,uo) € L(YT,Z) from 2. admits an inverse
Ey,(yo,u0)~! € L(Zo,Y). Moreover, E,(yo,u0) € L(U, Zy) and Ey(yo,uo)(y—
Yo) € Zo for ally € Y.
Then S : U — 'Y is Fréchet differentiable at ug and the derivative is given by
(31) S/(UO)h = —Ey(yQ,UQ)ilEu(yg,’U,o)h

forallheU.

Proof. For all h € U we define S’(up)h via (3.1) and in the following we will show
that S’(ug) is indeed the Fréchet derivative of S : U — Y at ug. To this end, we
define (-) := (yo,uo) with yo = S(up) and y = S(ug + h). Using 5., we have

S(uo +h) = S(uo) =y —yo = By(-) " Ey()y — yo]
and thus by the definition of S’(ug)h
15 (uo + h) — S(uo) — S'(uo)h|ly
< || By (yo, uo) ™" (By(yo, uo)ly — o] + Eu(yo,uo)[R]) ||,
< ClEy(yo, uo)[y — yol + Eu(yo, uo)[h]| z,

where we have used assumption 5. and that Zj is equipped with the Z-norm. After
inserting some terms adding up to 0, the previous estimate yields

5o + h) — S(uo) — 5" (o)l
< C(||E(yo, uo + 1) = () = Bu() [z
+ [|[E(S(uo + h),uo + h) — E(yo,uo + h) — Ey(yo,uo + h)[S(uo + h) — S(uo)]| 2
+ 11 (By (o, w0 + h) = By () [S(uo + ) = S(uo)]llz )-
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Now the assumptions 1., 2. and 3. on E yield
15 (o + h) = S(uo) — 5" (uo) ||y
(3.2) < o(|[hllv) + C(HS(UO +h) = S(uo) vy K1 (|S(uo + h) = S(uo)|ly,)
+ [Allol[S(uo + k) = S(uo)lly, + Ka(l[Allv)]|S(uo + ) = S(uo)IIYI)-
Since Ey,(yo,uo) € L(U, Zy) by 5. and
1S (uo + h) = S(uo)lly < [1S(uo + h) — S(uo) — & (uo)hlly; + [ By ()" Eu()[R]]]y, -
we obtain by assumption 5. and Y — Y}
15 (o + h) = S(uo)llvy < Cl[S(uo + h) = S(uo) — 5" (uo)hlly + Cllhllw
with a constant C' > 0. By using (3.2) and
15 (uo + h) = S(uo)llyz, K1 ([[S(uo + h) = S(uo)lly,) » Ka([[llu) = 0,
as |||z — 0, this implies
1S (uo + h) = S(uo) = §'(uo)hlly < o([|S(uo + h) = S(uo) — & (uo)hlly) + o([|Allv),
which immediately results in
15 (o + h) = S(uo) = 5" (uo)lly = o([|hll),

as ||hlly — 0. O
The following lemma shows that the continuity assumptions on S in 4. are auto-
matically satisfied if the assumptions on E are slightly extended.
LEMMA 3.2 (Continuity of the solution operator). Let assumptions 1.-3. of
Theorem 3.1 be satisfied and assume that moreover there holds
6. The mappingy € Y — E,(y,up) € L(Y™, Z) is continuous and the averaged
partial derivative

1
Ay, o) = / By(yo + 1y — yo), uo) dt € LY, 2)
0

admits an inverse A(y,yo)~' € L(Zo,Y) that is uniformly bounded for all
y € YT with |ylly+ < Cy. Moreover, A(y,yo)ly — yo] € Zo for ally € Y
and E.(yo,u0) € L(U, Zp).

If in addition

(3.3) |S(up + h) — S(uo)|ly, = 0= ||S(uo+ h) — S(uo)l|ly, = 0
as |||y — 0, then the solution operator S :U — YT is continous in Yy, i.e.
15 (uo + h) = S(uo)llvi =0

fork=1,2 as ||h| — 0.

Proof. For all h € U with ||h||y small enough, we have uy +h € U and for
abbreviation we again define y := S(ug + h) and yo := S(up). Since E(y,uo + h) =
E(yo,up) = 0, we have

B(y,u0) = Blyo, uo) = = (Ely,uo + h) = B(y, u0) = Bu(y, o)kl + Euly,uo)[h])
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and the uniform Fréchet differentiability with respect to u by 1. thus gives

(3-4) 1E(y; uo)llz = [[E(y; uo) — E(yo, wo)llz < Cllhllu

for sufficiently small ||A||y > 0.

By assumptions 2. and 6. the mapping ¢ € [0,¢] — E(yo + t(y — v0),u0) € Z is
continuously differentiable with derivative E,(yo + t(y — v0), u0)[y — yo]. Hence, by
the definition of A(y,yo) we have with 6.

Ay, y0)ly — Yol = E(y,u0) — E(yo, uo) = E(y,u0) € Zo,

and thus again by 6.
S(uo + h) = S(uo) =y — yo = Ay, yo) " Ay, %) [y — yol = Ay, y0) " E(y, uo)-
Now, A(y,v0)~ ! € L(Zy,Y) and Y < Y] yield immediately
15(uo + ) = S(uo)llvy < ClE(y,uo)llz < Clh]|u-

Using (3.3), this implies ||S(uo + h) — S(uo)lly, — 0, as ||h||;, = 0 for k =1,2. 0
4. Application to the Navier-Stokes shape optimization problem.

4.1. Shape differentiability of the solution operator. Since solenoidality
is not preserved under transformations, it is clear that the velocity v(7), given as the
solution of (2.21) for 7 # id, is not necessarily divergence free. If S(7) := (v(7),p(7))
denotes the full solution of (2.21), it turns out that the non-solenoidality of v(7)
also transfers to %U(T)h:id. Thus, in order to obtain %S(T)‘T:id one has to solve a
linearized Navier-Stokes type equation with non zero right hand side in the divergence
equation. To show the existence of a bounded inverse of this linearized Navier-Stokes
operator, we Bogovskii’s operator B to deal with the inhomogeneous right hand side
of the divergence equation and can then solve a standard linearized Navier-Stokes
equation in the space of solenoidal velocity fields.

In the following we want to apply Theorem 3.1 and Lemma 3.2 to show Fréchet
differentiability of 7 — (v(7),p(7)) at 7 = id in a suitable Banach space setting. To
this end, we have to choose suitable Banach spaces Y,Y and Y;, i = 1,2 for the
solutions, Z, Zy for the image spaces of the differential operator and U for the control
variables. A possible choice of Banach spaces for the solution and image spaces, which
we will use in the following, is given in Table 4.1.

Here, all function spaces are defined on €2, and for Banach spaces X1, X5 that
are embedded in a common Banach space, the sum X; + X5 and the intersection
X1 N X, are Banach spaces with the usual norms

= inf
el o= ot el + gl

||z||XlﬂX2 = maX(HZ”XN ||ZHX2)
Moreover, we use the abbreviation P(I; X1, Xo) := L?(I; X1) N WHi(I; X3) with its
dual P(I; X1, X2)* = L?(I; X7) + (WH(I; X3))* for reflexive Banach spaces X1, X
such that X; N X5 is dense in X7, Xs. We note that Z; is well defined, since for
(21, 2divs 20) € Z we have zaiy € C([0,T]; (H27¢)*).
Finally, we choose as the space for the domain variations

U := (Wl,oo N W1+S’T)(Qref)
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v p

Y | WL V) + W(I; Hp) P(I; L§, cl -1 (L§))*
Yy | L(I;L2) N L2(1; HY) P(I; L3, cly— (L3))*
Yy | LI L3 N L2(LHY) 0 HY(I;HLY ) | L2(1L2)
Y+ | HY(I; H}) L2(I; Lg)

A (L*(I;V) + P(I; H}),LQ))* x (L2(I; L3) N H(I; (H%*E)*)) x L2
Zo | {(21;2divs 20) € Z 1 2qiv(0) = div(20)} |- llzo =1z

TABLE 4.1
Possible choice of spaces for the application of Theorem 3.1

and equip it with its natural norm

-l =1 lwree (@) + 11 Wit r@ue)

for arbitrary but fixed 1 <r <2 and 0 < s < % from Assumption 2.3.

For the rest of the paper, € from the definition of Y5 is strictly connected to s,

via
3sr 3
(4.1) °T 2(sr+3) €@ 8

We start with the following observation.

LEMMA 4.1. Let Assumption 2.8 hold. Then for any T € T,q there exists p > 0,
such that T € Toq holds for all T € U with |7 —T||lu < p.

Proof. Let T € T,g and 7 € U with |7 — T|lu < p. Since Toq C U is by
Assumption 2.3 relatively open, it remains to show that for p > 0 small enough 7(Q,f)
is a bounded Lipschitz domain, 771 € (Wh° N W) (7(Qer)) and g1 (7) > § a.e.
on Qyef.

Q = T(Qer) is a bounded Lipschitz domain by the definition of T,q. By [5,

Lem. 3] there exists p’ > 0 such that [|A7[|w1,0c(ray < p’ implies that (id + hT)(Q)
is a bounded Lipschitz domain. The same holds after reducing p’ > 0 also for

~

|h™ ||W1,00(§) < p/, since there exists a linear bounded extension operator W>°(Q)) —
W12 (R?) for the bounded Lipschitz domain S/z, see e.g. [41, Thm. 5, p. 181].

We have 7(Qof) = (id + (1 —7) o 771)(Q) and h™ := (7 — 7) o 7! satisfies
177 (w100 @) < (1—|—|]/T\_1]]W1m@))p. For p > 0 small enough we have [|A7||y1.00 (g, <

).

p' and thus 7(Qyef) is a bounded Lipschitz domain.
Since essinf,eq,., 91(T) > 0’ > d > 0, continuity yields essinf,cq, , g1(7) > J after
a possible reduction of p > 0. Moreover, we have

I @)= @)l = 17 (@) -7 W) =2l =Flwr = @ 2 =3l = (7 g g, ~20) l2=3 ]l

1

Hence, possible after reducing p > 0 the inverse mapping 77 exists and satisfies

771 € Whoo(7(Qet)).
Finally, we show that (771)" € W*"(7(Qf)). Since (771)(7(z)) = 7/(z) ! and
1= (r(@) = () () = 117" (@)~ () = 7' (@) 7 () 7l
< T R (r @y 17 (@) = 7 ()]
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we obtain by using [l — y[| < 77wz I7(2) = T (W)l

[ WY,
T(Qret)?

o = g7
! / T
< O By |, =70
It Jo, o ) —rlo

—1)2r4d+ 17" (x) = 7' (y)|I"
< CHT ||V7‘"/1,Oo(s7—r(9mf)) / ) H.%' — de-i-sr dx dy

g1(7) dz dy

ref

< Ol Bt 7o e

REMARK 4.2.

1. Since in the current section we will only work with the operator formulation
(2.21) on the reference domain Qer, we will omit Quer in scalar products,
norms and integrals.

2. Instead of updating constants in every step of an estimate, we will simply use
a generic constant C > 0 and write C(Ay, A, ...) whenever the dependence
on Ay, Ao, ... is relevant.

With the help of the previously defined spaces we are now able to proof the
following main theorem of this paper.

THEOREM 4.3. Let d € {2,3} and let Assumption 2.3 hold true. Then the
following holds.

i): There exists a neighborhood U C U of id such that the mapping
TeU CUw (v(7),p(7)) €Y < (L*(I; Hg(Qer)) N C(I; L7 (Qrer)))
% (L2055 L3(Quet) + (W (Irel g (L3 () ) )

is well defined and Fréchet differentiable at 7 =id. The derivative is given by (3.1),
i.e., with the linearized Navier-Stokes operator E, ) in (4.4) and E; in (4.3) one has

(v'(id), p/(id)) = = E(yp) (v(id), p(id), id) =" B (v(id), p(id), id).
ii): For any 7 € Taq there exists a neighborhood U C U of 7 such that the mapping
TEUCTU = (v(r),p() € (L*(1; Ho(Quer)) N C (1 L7 (Duet)))
x (L2(I; L5 (Srer)) + <W1’1(I; CIHO—1(L%(Qref))))*>

is well defined and Fréchet differentiable at 7 = 7.
In i) and ii) the remainder estimate onU depends only onsup, ¢ ||(v(7), p(7))||y+-

Proof. For i) we apply Theorem 3.1 and Lemma 3.2. The assumptions will be
verified for the spaces in Table 4.1 in Lemmas 4.7-4.15.

For ii) we apply i) on Q= T (e ) instead of Qyef. Since Q is a bounded Lipschitz
domain by the definition of T,q, we can apply i) with Q instead of Q¢ as reference
domain. Hence, let U(Q) = (Wh°AWI+sr)(Q), 4(Q) C U(Q) be a sufficiently small

neighborhood of id and denote by 7 € U(Q) — (v(7:Q), p(7:Q)) € (L2(L;HA(Q)) N

C(I;L2(Q))) x P(I; L3(), clH(;l (L3(9)))* the mapping in i) with Q instead of Q. as
15



reference domain, which is Fréchet differentiable at 7 = id. By the following Lemma
4.5, we find a neighborhood & C U of 7 such that 7 o771 € () for all 7 € U and

~

(0(7),p(7)) = (0(7 0 7715,Q) 01 7, Po(Quer) (p(T 07750 0, 7))

with the projection Py(Qef) in (2.6), since both, (v(7),p(1)) op 771 as well as (v(7 o
~-1.0 0O

771:Q),p(70771;Q)) o, (Tor™1), are the same solution of the Navier-Stokes equations
on 7(£ef) modulo a constant in the pressure. Furthermore, the mapping 7 € U +—
Tor 1 eU(Q)isin L(U,U(Q)) and

ve LA HYQ) N O(LLA(Q)) = vo, 7 € L2(I;H (Qrer)) N C(T; L (Qet))
is obviously linear and bounded. Finally, the mapping

p € P(I; L§(Q), cly 1 (L))" = Ap € P(I; L§(Quer), el 1 (LG (Ruer)))",

(Ap, w)P(I;Lg(Qref),ClHo—l(Lg(Qref)))*7P(I§L(2)(Qref)aC1H0—1 (L3 (Qrer)))

: ~1 ~—1
= lim (p, g1 (7" Jw 00 T >P(1;L3<§>,c1H51(L%(ﬁm*,Pu;La(ﬁ),cngl<L5<§)>>’
where (wg)keny € WHL(I; L2(Q4ef)) denotes an arbitrary sequence satisfying

[Jwy — w”P(I;L%(QrCchlHO_l(Lg(QrCf))) —0 ask — oo,

is also linear and bounded and by construction p(r o7 1; ﬁ) € L*(I; L%(Q)) yields

~

Ap(To 7L (AZ) = Po(Qet) (p(T 0 71 2) o, 7) = p(7).

Thus, the concatenation of Fréchet differentiable and linear continous mappings yields
the Fréchet differentiability of 7 — (v(7),p(7)) at 7 = 7 in the correct spaces. O
REMARK 4.4. For technical reasons in the proof of Lemma 4.9 we restrict our-
selves to prove Theorem 4.3 for 0 < s < % with 1 < r < 2, since this immediately
yields Theorem 4.8 for arbitrary s >0, r > 1.
LEMMA 4.5. Let Assumption 2.3 hold and let T € Tnoq. Then there exists a

constant C > 0 such that for all v € (W N WIST)(Qef)

HU ¢} ’/7_\71H(Wl'oomwl+s’r)(?(gref)) S CHUH(Wl,ooﬂwl+s,r)(ﬂref).

Proof. By the definition of T,q the set Q= T(ref) is @ bounded Lipschitz domain
and T € (WhH® A WIS (Qep), 771 € (W N WIHST)(Q). Therefore it is easy to
see that there exists C' > 0 such that for all v € (W5H° N WIHS7)(Qp)

||U o 7/—\_1||(W14’ooﬂwl,r)(?(gref)) < CHUH(WLOOQWLT)(Qref).

We have V(v o7 1) =+ o771 (771) and therefore

IV(wom (@) = Vwo T W < T lwrw@yllv" 07 (@) = v 0 77 (y)l
+vlwe e @ I (@) = G @)l
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Hence,

[ I5e 770 = Tl
% Iz =yl
- @ @I
7m0 O e )

— d
e oy )

da dy < C(H“H%Lw(m) 7 R (@)

< C ([0l @) 17 Woyren ) + 117
where we have used that

lz =yl = 777 (@) =7 FO) < 17w o @ I7(@) = F @)1

4.2. Uniform boundedness of the state variables. We start by showing
that v(7) and p(7) are uniformly bounded in a neighborhood of 7 = id with respect
o |- Iy

LEMMA 4.6. Letd € {2,3} and let Assumption 2.3 hold. Let (v,p) be the solution
of (2.21) for T € Toaq. Then there exist p,Cy > 0 with

R L
' HUHC(T;Hé) + vl L2 rsmyy + lvelle ey + [Pl L2 (r;22) < Gy,

i.e. it holds ||(v(7),p(7))|ly+ < Cy uniformly for all T € Toq with |7 —id|jy < p.

Proof. The assertion for the velocity can be verified by analyzing the proofs of the
regularity of the states (see e.g. [43]) because the bounds of the norms depend only on

the data f, vy, v and the dimension d. From this also the bound for the pressure can
be obtained as in the proof of Lemma 2.2 (even the boundedness of ||p|| o (7;z2) can
be shown) and by using the fact that the inverse of the gradient operator is uniformly
bounded with respect to small W>_perturbations of Lipschitz domains. O

4.3. Differentiability of £ with respect to domain variations. In the
following we will prove assumption 1 of Theorem 3.1, i.e. the Fréchet differentiability
of E((v,p),:): U — Z at 7 =id.

LEMMA 4.7. Let d € {2,3} and let Assumption 2.3 hold. Then there exists a
linearized operator E,(-,id) : Y+ — L(U, Z), such that

1E((v,p), ) = E((v,p),id) — E7((v,p),id)[r —id][|z = o(||T — id[[w1.=(0.cr))

holds true for || —id||w1.0(0,..) = 0 uniformly for all (v,p) € Y with ||(v,p)|y+ <
Cy.

Proof. Formal linearization yields for E.((v,p),id)[h7] with arbitrary A" € U and
(v,p) € YT the candidat

<(w7 q, U}o), ET(('U(t),p(t)), id) [hT]>H(1)><L(2) xL2,(Hi x L2 xL2)*

= (0, (1), 93 (i) [A7Jw)rz + (Vo (1), g5 (id) (7] Vw)ra + b(v(t), v(t), w, g5 (id)[R7])
(4.3)

+ (p(0), (g GDTIV)) g — (i (F(e) 00 7 det 7)o salA7]

+ (g, tr(g5 () [27] V(1)) 2z — (

I~

170

dci— (ZO(T('))”T:id[hT]? wO)L2 )
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for all w € H}(Qot),q € LE(ot), wo € L?(Qyer) and for a.a. t € I. Thus, with
S(t) :== (v(t),p(t)) and ri(7,id) := g;(7) — ¢:(id) — gi(id)[7 — id] for i = 1,2, 3, the
remainder is given by
((w, q,wo), E(S(t),7) — E(S(t),id) — E(S(t),id)|
= (v¢(t), r1(1,id)w)p2 + v(Vou(t), r2(7,id)Vw),2 —I—B(v(t),v(t),w, r3(7,id))
+ (p(t)7 tI‘(T’g(T, ld)vw))Lg + (Q7 tI‘(Tg(T, ld)vv(t)))l/g

(f(t) op det 7 — F(t) — L(F(t) op 7 det )| ,—ialr — id), w)

(To(7(-)) = To — 4= (Wo(7(-)))[r=ia(T — id), wo) ., -

for all w € H{(Qrer), q € LE(Qrer), wo € L%(Qyer) and for a.a. t € 1.

Since L2(I; H™Y) — (L3(I; V) + P(I; H}, L?))*, it is sufficient to estimate each
term involved in the left hand side of the momentum equation in L?(I; H™!). Using
|ri(7,id)|[ L = o(||7 — id|[w1.(0,er)) for i = 1,2,3 and L* < H™', we obtain

T 1d]>H(1)><L3><L2,(H(1)><Lg><L2)*

H-!H}

o1 (7,1d) [ L2y < (ol 2rezyo(llT = idllwo = (@,er) )
[v(Voi, r2 (T, i)V ()l L2 (m-r) < vlvllpzgmy)olllT —idllwre @)
HbI(U’ U,y T3(7-7 id))HLQ(I;Hfl) < HUHLW(I;H}))||U”L2(I;H[1))O(||T - id”Wl’oo(Qref))’
1(p, tr(rs (7, i) V)l 211y < llpllpz(rcz)ollm —idllwre@,))s

where we have made use of Holder’s inequality and Lemma 2.6. Because of the
regularity of f in Assumption 2.3 we have

|7 oamdet s — F = & (F o, 7det o) ria(r — id) = ol||7 — idllwr.<(,.0)

L2(I;HY)

which overall shows the differentiability of the terms involved in the momentum equa-
tion in the correct space.
Concerning the term arising from the divergence equation it holds

[ tr(rs(7,id)Vo)llz2(rr2) < [[0llz2(rmyollT —idflwr=(@,.)
” tI’(T’g(T, id)vvt)HL2(I;(H3/2—a)*) S C” tI’(T’g(T, id)vvt)H[g(I;LQ)

< oellzzmnyolllT — idflwries (@00 )-

Due to the regularity assumptions of vy we have

150(7()) = To — 4= @o(r(-)))lr=ia (T = id)[l2 = o(|7 — id[lwr.= (0er)):

which finally proves

1E((v,p), 7) = E((v,p),id) = E-((v,p),id)[7 —id]||lz = o(l|T — id[lw.¢ (,r))

for |7 — id|lw1.0 (,.;) — 0 uniformly for all (v,p) € YT with ||(v,p)|y+ < C,.

By using exactly the same estimates as in the above estimate of the remainder,
but with o(||7 — id|lw1.e(q,.)) replaced by O(||h7|lw1.(q,.)), We obtain also the
continuity result || £, ((v,p),id)h7 |z = O(||h7 [|w1.(0,o0))- O
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4.4. Differentiability property of I with respect to the state variables.
Next we prove that the linearization of E with respect to the state variables satisfies
the remainder estimate of assumption 2 of Theorem 3.1.

LEMMA 4.8. For d € {2,3} there exists a linearized operator E, : YT x U —
L(Y*,Z) such that for all 7 € U with |7 — id||w1.=(q,..) sufficiently small and all
§:=(0,p),y = (v,p) € YT with ||g|ly+,|lylly+ < Cy it holds

HE(y?T) - E(Q,T) - Ey(?jv T)[y - g]HZ < CHy - g”YQHy - QHYU

with a constant C' > 0 independent of y,y, T

Proof. Clearly, for an arbitrary direction h := (hY, h?) € Y the candidat for the
linearization E, (y,7)[h] is given by
<(w7Qa wo)aEy((@(t),?(t)),T)[hDHéXLgXLZ,(HéngxLQ)*

= ((h*(#))1> 1 (P)w)pz + v(VA" (1), 92(7) V)2 + b(h* (£), 0(t), w, g(7))

b(o(t), h*(t), w, gs(7)) + (hP(t), tr(gs(7)Vw)) 2
(¢, tr(gs(T)Vh* (1)) rz + (wo, h°(-, 0))L>
for all w € HY(Qrer), ¢ € L3(Qrer), wo € L2(Qrer) and for a.a. t € 1.

The boundedness of the linearized operator E,(y,7) from YT to Z is easily
checked, such that we only show the remainder estimate. Since E is linear with

respect to the state variables in every term except the nonlinearity b the only non-
vanishing term in the remainder is given by

by (v

(4.4)
+
_|_

~

y Uy 793( )) - bI( ag3( )) _BI(U - 0,0, '793<T>) - b[(T),’U -0, '?93(7—))
=br(v = 0,0 =, g3(7).
By utilizing Holder’s inequality with % = % + % and L5 < H~! we obtain

[6r(v — 0,0 —0,-,g3(T)) 21y < Cllgs(T)||Lee [|[v — 0l oo (103 [V (v — 0) | L2(1,L2)
< Cllo =0l oo (rway lv = 0ll L2 (1513),
which concludes the proof, since L2(I; H™1) < (L?(I; V) + P(I; H,L?))*. O

4.5. Lipschitz estimate of E,. In this subsection, we prove the Lipschitz type
estimate of F, stated in assumption 3 of Theorem 3.1.

LEMMA 4.9. Let d € {2,3} and let Assumption 2.3 hold. Denote by y := (v,D)
the solutions of (2.21) for 7 =id. Then for all e = (e*,eP) € YT with |le]y+ < 2C,
the linearized operator E,(y,id) € (Y1, Z) from (4.4) satisfies

1(Ey(9,7) = Ey(9,1d))[e]l z < Cll7 —id]|(wrnwr+er) @ €l va
with a constant C > 0, provided |7 — id||(w1.conwi+s.m) (o) 8 Sufficiently small.
Proof. By (4.4), (Ey(y,7) — Ey(y,id))[e] is given by
(w2 w0), (By (58),7) — By G0) i) )ggs 2ot 00
= ((e"())1; (g1.(1) — g2 (id))w) 2 + (Ve (1), (g2(7) — g2(id)) Vw)r2
+ (e (1), 5(t), w, (g5(7) = 95(id))) + b(o (1), €" (£), w, (93(7) — g3(id)))
)

g3
+ (eP(t), tr((g3(7) — g3(id))Vw)) 2 + (g, tr((gs(7) — g3(id))Ve" (1)) L2
19
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for all w € HY(Qret), ¢ € LE(Qret), wo € L?(Qrer) and for a.a. t € 1.

Since L2(I;H™) — (L?(I; V) + P(I; H}, L?))*, it is again sufficient to estimate
the terms of the momentum equation in L?(I; H™!). By using [|g;(7) — ¢;(id)|p~ =
O(|l7 — id|[wr.ee (,er)) for i = 1,2,3 and L? < H™!, we have for the first two terms
on the right hand side of (4.5)

(et (91(7) = 1 (GD) ) 1) + [#(e”, (92(7) = 2(GD)V )11
< C (|l (r) = G ef | gy + [(02(7) = g2(D)) ey g )
< Cllr = idliws. =@y (€8l aqrieni—e) + 1”2z )

where € € (0, 2) is given by (4.1). Furthermore, by using H} < LS, L5 < H™! and
1
3

8
Holder’s inequality with % =z + % + é the trilinear terms satisfy

[Br(e". 5., (95(7) = g5(0))) + Br(B, €, (g8(r) — go(ia)

< C (IVOl ooy lle? | L2 (rswsy + 0] Lo sy I Ve[| L2 (rin2y) lgs (1) — gs(id)||es
< C|o]| poo (rmm) l€” | 2 () |7 — id[[wwrioe (0,00 -

L*(LH-Y)

The remaining term arising from the momentum equation can be estimated via
[(e?, tr((gs(T) — 93(id))v'))HL2(I;H*1) < O —id[lwre(@,0) H6p”L2(I;Lg) :

In order to conclude the proof, we have to estimate the term arising from the
divergence equation. To this end, we start with the obvious estimate

[tr((g3(7) = g3(id))Ve )l L2(1;23) < CllT = idllwroe (@) €7l L2 112y -
such that it remains to consider || tr((gs(7) — g3(id))Vey)|l p2(r,(ps/2-<y+)-
Fix i € {1,...,d} and let a® := (e")T(g3(7) — g3(id)), with ¢’ denoting the i-
th unit vector. If e} denotes the i-th component of e we thus have to estimate
16"V (€9)ell L2 rycmsra—eye)-

The divergence operator div € L(H!(Qyer), L?(Qer)) can be extended to the
bounded operator div € L(L2(Qer), H 1 (Qef)) via

<diVU, w>H_1(Qref),HS(Qref) = —(U, vw)LZ(Qref),L2(Qref) Yw € H& (Qref).

Using the characterization of Bessel potential spaces via complex interpolation, cf.
[18, Thm 3.1], one obtains

H® = [L? H'.,, Hy °=[L*H]1-
and [44, Section 1.11.3 and 1.9.3] yield
HWe = (Hy ™) = [L% H e = [H 1, 7.
Hence, complex interpolation gives

div e L ([L*,H"].,[H~ ", L?.) =L (H*,H "),
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Since e and thus e} vanish on the boundary, and Ve? € L?(I;L?) we obtain

(w,a’'V(e¥

D) e ey = (00 V() < [ivwa) |- (€l g

(4.6) v 3/2—¢
< Cllwallae[l(e)ell gp-e VYw € H 775 (Qres).

Since Qo is a bounded Lipschitz domain, the extension by zero operator FEy :
Wed(Qer) — W9(R?) is bounded for 0 < a < %, 1 < ¢ < oo, see e.g. [1, Section
14.5]. Furthermore, since on the bounded Lipschitz domain €, the Bessel potential
spaces H®(Q,c¢) and the Sobolev Slobodeckij spaces W2 ({,¢) are equivalent for all
a >0, cf. [44, Thm. 2.3.2 (d) and Rem. 4.4.2.2], and also W*2(R9) = H*(R?), the
definition of the Sobolev Slobodeckij norm immediately yields

(A7) [[wallte @, < Cllwalwes (o, < ClFowEoalwess) < CllEowFoals g,

Nowlet 1 <r<2and0<s < % as in Assumption 2.3 and define € € (0, %) according

to (4.1). Then & = s € (0, 3) with 6 := 5513 € (2,1). By the Sobolev embedding
theorem we have for d = 2,3

3
H% % (Qrer) < L (o) with = =.

£

Since % + £ = 1, the Runst-Sickel Lemma [9, Lem. 6] yields

||E0wEOa/||HS(Rd)
< O(1Boallue ) [ Bowll e ray + | Bow| o (ay | Boall e, ety 1 ol eay)
< COllwll s« (@, (lallue @) + lallwer@,en),

where we have used € < 3 and thus | Eow|l e ray < Cllw|lg=(0,) < Cllw]|
Combining this with (4.6) and (4.7) we have shown that

3 .
HE?E (Qref)

eV (e9)ell 22 srz-ey+) < Clllallnoe + llallwer )€ )ell o r,m—<)-

Finally, there exists p > 0 such that ||a(x)—a(y)|| = ||g3(7)(z)—g3(7)(y)|| < L||7'(z)—
7'(y)|| on ||7 —id||w1.0(q,.,) < p with Lipschitz constant L for all z,y € Q.r. Hence,
lallws.r = llga(7) = gs(id) [[-.-

~ ()~ ga)l + [ ABE= T 4o,

ref

/ ! T
< Ol —id ||y + Lr/ I ) Td(f))” dz dy < O|lr — id|[Gyrsnrs
Q |z — yl|dtsr

2
ref
and with ||CL||Loo S ||gg(1d) - 93(7’)”]‘_,00 S CHT - ldeloo as ”T — id”wl,oo(Qref) — 0
we arrive at
I tr((gs(7) — 9s(id)) Ve ) L2, (zrsr2-<)+)
<Ot - id”(leooﬁWlJrSﬂ‘)(me) HE}S)HL%I;Hé*E)v

which concludes the proof. O
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4.6. Bogovskii’s operator. In order to verify assumption 5 of Theorem 3.1 or
more generally assumption 6 of Lemma 3.2, we have to show that E,(y,id) € L(Y™, Z)
admits a bounded inverse E,(y,id)™ € L(Zp,Y) and that the averaged derivative
A(y,y) € L(Y™T,Z) admits a bounded inverse A(y,y)~* € L(Zy,Y), respectively.
Thus, we have to invert a linearized Navier-Stokes equation with nonhomogeneous
right hand side in the divergence equation.

In order to deal with low domain and data regularities, we use Bogovskii’s operator
to obtain a particular solution of the divergence equation and obtain then a standard
linearized Navier-Stokes equations for solenoidal velocity fields that can be handled
by standard techniques. Bogovskii’s operator is an antiderivative of the divergence
operator and admits the following useful stability estimates that have been shown by
Geissert, Heck and Hieber [16].

LEMMA 4.10. Let d € {2,3} and Q C R be a bounded Lipschitz domain. Then
there exists a continuous linear operator B : L3(Q)) — H(Q)? such that div(Bf) = f
for all f € L3(Q). Moreover, B can be extended continuously to a bounded operator
B: H(Q) — HFT(Q)? for —3/2 < a < 0 such that

div(Bf) = f V[ € Hg Q) with (f,1)ge),n-=@) =0

Here, for o > 0 the space Hy “(2) is defined by Hy *(2) = H*(Q)*.

Proof. The proof is given in [16]. O

To deal now with the divergence equation in the construction of E,(y,id)~! €
L(Zy,Y) or more generally of A(y,y)~* € L(Zy,Y) we will use the operator

(4.8) D:7Z — Y, D(Zl,zdiv,ZQ) = (BZdiV,O),

where B denotes the Bogovskii operator of Lemma 4.10.

LEMMA 4.11. Let d € {2,3} and let Assumption 2.3 hold. Then the operator D
in (4.8) is bounded, i.e. D € L(Z,Y), and for all z = (21, zdiv, 20) € Z the image
(v,p) = Dz € Y satisfies divv = zqiy .

Proof. Recall that for z = (z1, zaiv, 20) € Z we have Dz = (Bzgiy,0). Then
Lemma 4.10 immediately yields

| Bzaiv [l 2 (rm0) < Cllzaivllz2(1;22)
and due to (Hz5)* — (H')* < H~!, we also have

|(Bzaiv)tllL2(rm-1) < C||B(2aiv )| < O|(zaiv )¢l

L2(1;(H2 %)) L2(L;(H 3 %))’
which proves D € L(Z,W(I; H}) x {0}) and thus D € L(Z,Y). Finally div Bzg;y =
Zgiv follows from Lemma 4.10. 0

4.7. Invertibility of F,. In the following Lemmas 4.12 and 4.14 we show as-
sumption 6 of Lemma 3.2, which also directly implies assumption 5 of Theorem 3.1.

LEMMA 4.12. Let d € {2,3} and let Assumption 2.3 hold. Let y := (v,p) be the
solution of (2.21) for 7 = id and let Ey(-,id) : YT — L(Y',Z) denote the partial
derivative from (4.4). Theny € Y1 — E,(y,id) € L(Y 1, Z) is continuous and the
averaged partial derivative

Aly.g) = / E, (5 + ty — g).id) dt € L(Y™*, 2)
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admits an inverse A(y,y) ™t € L(Zy,Y) that is uniformly bounded for all y € Y+ with
lylly+ < Cy.
To prove this lemma, we have to consider an equation of the form

Ay, y)(h", h?) = (21, zdiv, 20)
with z = (21, 2div, 20) € Zp. We now make the ansatz
(h", h?) = Dz + (hg, h?) = (Bzaiv, 0) + (hg, h*),
which leads to a standard linearized Navier-Stokes equation
Ay, 9)(hg, h?) = (id — A(y, §) D)z € Zop :={(21,0,20) € Zo : 20 € H}

that can be handled by standard techniques. In other words, we show that A(y,y)~! €
L(Zy,Y) can be obtained by

A(ya g)_l =D+ A(ya g)_l(ld - A(yvg)D)v

where A(y,%)~! on the right hand side is the standard solution operator for the
linearized Navier-Stokes equation with solenoidal velocity field.
To prepare the proof of Lemma 4.12, we start with the following auxiliary result.
LEMMA 4.13. Let the assumptions of Lemma 4.12 hold and define the Banach
space

Zon =1(21,0,20) € Zo: o € H}, |- [l zo, = |- | -

Then the operators id — Ey(y,id)D € L(Zy, Zo ) and id — A(y, y)D € L(Zy, Zo,1) are
uniformly bounded for all y € Y+ with ||y|ly+ < C,, where C, denotes the constant
from Lemma 4.6.

Proof. Choose an arbitrary C, > ||g||y+. Since E,(-,id) depends only linearly
on v we have A(y,y) = Ey((y + §)/2,id) for all y € Y*. It is therefore enough to
consider E,(y,id) for any y € Y+ with |y|ly+ < C,.

We have Z = Z; x Zo x L%, where Z; = (L*(I;V) + P(I;H},L?))", Z, =
(L*(I; L) N HY(I; (H2%)*)), see Table 4.1.

We show first that E,(y,id)D € L(Z,Z) is uniformly bounded and start to
consider the divergence component of z — E,(y,id)Dz., which is given by z
div(Bzgiv) = zdiv and is thus clearly in L(Z, Z3). For the initial condition component
z € Z +— (Bzaiv)(+,0) we obtain the estimate

[(Bzaiv) (-, 0)[|L2 < [|Bzaivllo@az) < CllDzllwmyyx oy < Cllllz,

since D € L(Z,Y) by Lemma 4.11 and thus this component is in L(Z, L?).
It remains to consider the momentum component of z — E,(y,id)Dz. Since
LA(I;HY) — (L*(I; V) + P(I; H},L?))* = Z, it is sufficient to estimate each term

in the L?(I; H™!)-norm. Using Ha%ﬁ — H~! we obtain

[(Bzaiv)e — vA(Bzaiv) + b1 (v, Bzaiv, ) + br(Bzdiv, v, )|l 12731

<C- (H(Bzdiv)tH + || Bzaiv L2 (r;mp) + ”’UHLoo(I;Hg)HBZdiv”m(I;H})))

_1
L2(IH, 27)

< C- (Izaih (1 0l g rpmgy) lzaiell 23y ) < Clllz

_3
L2(1;H, 27F)
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with a constant C' > 0 depending only on ||y||y+. Hence, this component is uni-
formly bounded in L(Z,L?(I;H™ 1)) < L(Z,Z;) and thus the uniform boundedness
of Ey(y,id)D € L(Z, Z) is shown.

It remains to show that id — E,(y,id)D € L(Zy, Zo.1). Let 2 = (21, zdiv, 20) € Zo
be arbitrary and set Z = (21, Zaiv, Z0) := (id — Ey(y,id)D)z. Then

gdiv = Zdiv — div Bzdiv = Zdiv — Zdiv = 0

Zo = z0 — (Bzaiv)(0), div Zg = div zg — zqiv(0) = 0,

where the last equality follows from z € Z,. This shows that z € Zy ;. O

Proof. (of Lemma 4.12) As observed in the previous proof we have A(y,y) =
E,((y +9)/2,id). Hence, A(y,y) € L(Y ™, Z) is obvious and it is enough to consider
E,(y,id) for any y € Y with |ly|ly+ < Cy.

We proceed as sketched above. Consider

Ey(y7 ld)(hv7 hp) == (2’1, Zdivs ZO)

for arbitrary z = (21, zdiv, 20) € Zo. With D € L(Z,Y) in Lemma 4.11 we make the
ansatz

(h?,hP) = Dz + (hg, h?),
which leads to
Ey(y?ld)(h87hp) = (ld - Ey(yald)D)Z =z= (21,0, ZO) € ZO,h7

since id — E,(y,1d)D € L(Zy, Zy ) by Lemma 4.13.

Hence, we have to show that F,(y,id)™' € L(Zy;,Y). This can be obtained
by standard techniques, since Zg € H and z; € (L*(I;V) + P(I;H{,L?))* by the
definition of Zy 5. In fact, by using solenoidal test functions and the incompressibility
condition, the existence of a unique h§ € W(I; V) with h{(0) = Zy is well known.
More precisely, the proof of [22, Proposition 2.1] also holds true for dimension d =
3, since |ly|ly+ < C, implies that the velocity component is uniformly bounded in
Lo (I; L3)NLA(I; H). Hence, the proof of [22, Proposition 2.1] yields the invertibility
of E,(y,id) with the estimate |h§llw vy < ClZ|z,, < Clz]z, for the velocity
component.

The uniqueness and P([; L%,clH0—1(L(2)))*—regularity of the pressure component
hP can be obtained similarly as in [43, p. 307-308] by utilizing that the linearized
equation holds in the sense of distributions. In fact, for ¢ € C§°(Q x [0,7T)) with
divp(t) = 0, t € [0,T), an analogue of (2.10) holds for h¥. Using a test function
v € C5°(Q x [0,T]) in the momentum equation yields by using h* € W(I;V) —
C([0,T]; H) after integration by parts in time

(h?, div 80>P(1;Lg,c1H0_1 (L3)* P(LiL3.cl, 1 (L3)
= —(hg, pt) Le=(r;L2), L ey + (h(T), o(T))rz — (20, 0(0))r2 + v(Vhg, Vo) r2(rLe)
+br(v, b, @) + br(hg, v, ) — (21, ) p(r;H3, L2+, P(1:H2 L2)
< C(H’UHY‘*)(th))HW(I;V) + HZHZo)HSOHP(I;Hé,LZ) < CHZHZOH(/)HP(I;H}),LQ)'

For ¢ € C§°(2 x I) this follows by the calculus of distributions. The extension to
p € C§°(Q2 x [0,T]) can be shown by using h* € W(I; V) — C([0,T]; H).
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By the above estimate the right hand side of the equality can be extended uniquely
to an element in P(I; H},L?)* and thus to test functions ¢ € P(I;H},L?), since
Cs°(2x[0,T7) is dense in P(I; HY,L?). Since div : P(I; H}, L?) — P(I; L3, ClHal(L%))
is bounded and surjective (see below), we see that h? € P(I; L%,clH(;l(L%))* is

uniquely determined and th||P(I;L37C1H71(L3))* < C|lz]l z,-

It remains to show that div : P(I; H},L?) — P(I; L2, cngl (L3)) is bounded and
surjective. For the boundedness we note that C'*([0, T]; H}) is dense in P(I; H}, L?)
and div : (CH([0, T} Hy), || - lpermpez)) = (CHO,TLELE) | - perpza, o nzy) is
bounded. The surjectivity follows by the choice ¢(t) = Bq(t) and thus divgg = ¢ with
q € P(I; L%, clp - (L2)) and the Bogovskii operator B € L(Hy ', L?)NL(L? H}) from
Lemma 4.10.

For the proof of the continuity of y € Y+ — E,(y,id) € L(Y ", Z) we observe that
in E,(y1,id) — E,(y2,1d) only the trilinar forms give a contribution, since all linear
terms cancel out. Therefore, let v1,vo € H*(I; HY) — L°°(I; H}) and vy € W(I; H})
be arbitrarily given. Since L*(I;H™') — (L*(I; V) + P(I; H{,L?))* and

[br(v1 — v2,v0,+) 4+ br(vo, v1 — v, )| p2(rg-1) < Cllvr — vallpee () |voll 2 (2:812)

the continuity of y € Y +— Ey(y,id) € L(Y T, Z) follows. O

To complete the proof of assumption 6 of Lemma 3.2 we show finally

LEMMA 4.14. Let the assumptions of Lemma 4.12 hold. Then we have E.(g,id) €
L(U, Zy) and A(y,y)(y —§) € Zo for ally € Y.

Proof. The action of E,(y,id) is given in (4.3). The Fréchet differentiability of
T €U Eg,7) € Zat T =1id yields E,(y,id) € L(U,Z). Now let h™ € U be
arbitrary and consider z = (z1, zaiv, 20) := E,(y,id)h". Then

2aiv(0) = tr (g5(id)[R7]VD(0)) = tr (¢5(id)[A7]VVg) = — tr (VAT V) + div(h™) div(vp)
and on the other hand zg = —d%ﬁo(T)]T:id [h7]. Hence,
div zg = —div (L0 (id + sh7)|s=0) = — - div (To(id + sh")) |s=0
and therefore
divzg = —2 tr (Vo (id 4+ sh™) (I + sh™)) |s=o
= —4 (div(g) o (id + sh7)) |s=0 — tr (VA" VTy) = — tr (VAT Vp)

since div(vp) = 0 on (id+sh™)(Qyef) for all A7 € U with sufficiently small s||A7 [|wi.c >
0. This shows that zq;y(0) = div zg and thus E.(g,id)h™ € Z, for all ™ € U, i.e.,
E.(y,id) € L(U, Zyp) as asserted.
To show that (21, zaiv, 20) = Ay, 9)(y — ¥) = Ey((y +9)/2,id)(y — §) € Zo, we
note that by (4.4) and with y = (v,p), ¥y = (v, p) it holds
z4iv(0) = div(v(0) — ©(0)), 2o = v(0) — v(0)
and thus zg4;y(0) = div zg which shows A(y,y)(y — ¥) € Zy as required. O

4.8. Continuity of the solution operator with respect to domain varia-
tions. We now show that under our regularity assumptions on the data the continuity
requirements from Theorem 3.1 are satisfied, i.e. the mapping

TeUCUw (v(r),p(1)) €Y;
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is continuous at 7 = id for ¢ = 1,2. To this end, according to Lemma 3.2, it sufficies
to show property (3.3), since assumptions 1.-3. of Theorem 3.1 and assumption 6. of
Lemma 3.2 are already proven.

LEMMA 4.15. Let d € {2,3} and let Assumption 2.3 hold. Let (v,p) be the
solution of (2.21) for T = id and let (v(7),p(7)) be the solution for an arbitrary T
with sufficiently small |7 — id||w1.(q,.,)- Then we have

[(v(7) = 2,p(7) = P)lly; = 0= [[(v(7) = 2,p(7) = P)lly> =0,

as |7 — id|[w1.ee (0,0r) — 0.

Proof. We set €' :=v(1) — v, €P = p(7) — p.

Concerning the convergence of ¢’ in L (I;L3) we recall that for sufficiently
small displacements ||7 — id||w1.(q,.,) the velocities v(7) are uniformly bounded in
L>°(I;HY) < L*>°(I;L°) by Lemma 4.6. Thus, interpolation yields

1 1 1
”ev||L°°(I;L3) < CHeUHZoo([;LG)HevH[Q,oo([;[ﬂ) < C||€U||Zw(];L2)a

such that |[(e”, e?)||y, — 0 implies [[e”|| o (7,L3) — 0 as [|7 — id|[w1.(0,.;) — 0.

In order to finish the proof we have to show ||e?||L2(I;Hé*E), lePl| L2 r;z2) — 0, as
(¥, €P)|ly, — 0 and ||7 —id||w1.e(0,.,) — 0. Therefore, let ¥ := *3%, j := (v,p), and
y := (v,p). Using the linearization (4.4), a short calculation shows that subtracting
the equations (2.21) for (v, p) and (v, p) yields with D;(7) := ¢;(id)—g;(7) fori = 1,2,3
(4.9)

((w, g, wo), Ey((u(t), p(t)), 1d)[(€” (£), €”(0))])pry w 12 L2, (111 x L2 xL2)*

= ((f(t) 02 T)g1(7) = f(t), w)L2 + (v (), D1(T)w)r2
+ v(Vo(t), Da(r)Vaw)re + b(v(t), v(t), w, D3(r)) = (p(t), tr(Ds(T) V) 2.
+ (tr(D3(1)Vo(t)), q) 2 + (wo, Vo o 7 — o)

for all w € HY, q € L%, wo € L?, and for a.a. t € I.

For the estimate of the time derivative we test (4.9) with ¢ = 0, wp = 0 and
arbitrary w € L?(I;H}). We show that all other terms in (4.9) tend to zero as
functionals w.r.t. w € L?(I; H}). We estimate the right hand side of (4.9) as follows.

[((F 00 T)g1(7) — fow)rz(rey| < 11(f 0w )91 () = Fllrzreyllwllz2 (e
|(ve, D1 (T)w) L2 (rin2)| < llvell L2z 1wl 2wy [ D1 (7) || nee -

Furthermore, by using Lemma 2.6 and Hoélder’s inequality we get

‘V(V%Dﬂ )vw)LQ(I LQ){ < VHUHLQ(IH )HwHL2(IH )HD2( )|l
b1 (v, v,w, D3 (7)) < Clloll3 sy 1w £ rp03) | Ds () [oe

For the last term we have
|(p, tr(D3(T)Vw)) 21,22y | < Cllpll 21522 1D3(7) e [[wl| L2 71 -
We now estimate the other terms on the left hand side of (4.9). We obtain

[v(Ve, Vw) 22| < vle” 2z 1wl 22 780
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and by using Lemma 2.6 and Hélder’s inequality
‘bl(evﬁ, w) + by (v, €v7w)‘ <C-: (||5”Loo(1;H}J)HBUHLz(I;Hg))||U)HL2(1;H(1J )
Hence, for ||7 — id|lw1.(q,.) small enough we obtain from (4.9)

(e}, w)p2(rie2y | < Cllwll ez (17 = idllwree + le”ll 2 (rm2))
(4.10) + le”ll L2zl tr(Vw) L2 1,22
+1[(f 0w 7)g1(7) = fllz2(riL2) w2 (1L
for all w € L?(I; H}), where
C= C(HUHLM(I;H(I))a ”UH%4(1;H5)a HpHLQ(I;Lg)7 [vellL2(rLe). H’l_)HL”(I;H(l)))

is a constant, which is uniformly bounded due to the Y regularity of the state
variables, cf. Lemma 4.6.
Moreover, we have from the incompressibility condition

tr(Ve") = tr(Ds(1)Vv)
and therefore with a constant C' > 0
[ tr(Ve 22y = 1 tr(D3(T) Vo)l L2(r,L2) < Clloell 2 rimy |I7 — id[lwee
Testing (4.10) with w = e} we thus arrive for sufficiently small ||7 — id w1, (q,.,) at
||6f||%2(1;L2) < Cllve — @t”L?(I;H}))(HT — id[|we + ||€U”L2(I;H(1))>

+ Cllp = pllc2 ;2 llvell 2 (|7 — id|[wee

+I(f 0z 7)g1(7) = fll2(riLe) llef | L2112
and thus

et 72(rrzy < C - (I = idllwroe + [le”ll2crmy)) + 1(f 0w g1 (T) = fllT2(112)s
with another constant
c :C(HUHLOO(I;Hgy HUH%‘l(I;Hé)a pllL2(r;z2), HﬁHLQ(I;Lg)a
[vell L2 rmanys 10l oo (rsmnny s 19l 22 (11 ))-

Therefore, using the uniform Y~ boundedness of the state variables from Lemma 4.6
and the regularity assumptions on f, we have shown

led |l L2(rL2y — 0,

as ||(e”,eP)|ly; — 0 and ||T—id||W1,oo(Q
yields

) — 0. Since |[e¢[| 2711y < C, interpolation

ref

(411) Hej‘/)HLQ(I;Hé_E) - 07

as [[(e”,eP)|ly, — 0 and [|7 — id|lw1.(0,.,) — 0.
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For ||7 —id|lw1.(q,.,) sufficiently small the pressure term on the left hand side
of (4.9) satisfies exactly as in (4.10) the estimate

‘(V€p7w)L2(I;L2)} = |(6p7tr<vw))L2(I;Lg)|
< C-(lIr —idflwre + [[€”l L2 () 1wl L2 (1818

+ (llefllz2rnzy + [(f 02 T)g1(7) — fllzz ey lwll L2 (r.Le)

which shows [|VeP||r2(; 1) — 0 as [[(e”, eP)|ly, — 0 and [|7 —id||w1.(q,.;) — 0. By
[43, Prop. 1.1.2] we have ||eP(t)||2 < C(Qet)||VeP(t)|lg—1 for all t € I. Hence we
conclude that ||eP[|L2(7,z2) — 0 as |T(6U,€p)||yl — 0 and ||7 — id|lw1.(q,.) — 0. O

5. Differentiability of the reduced objective function. We deduce finally
from Theorem 4.3 differentiability properties of objective functionals with respect to
domain transformations 7 € U (). To this end, consider as in Section 2.1 a shape
optimization problem

(2.1) min  J(7,9Q) st. E@Q) =0, Q¢ O,

where y = (v, p) and E (y,Q) = 0 are the Navier-Stokes equations (2.5). By applying
the mapping method, we obtain the equivalent problem on the reference domain ¢

(2.4) min J(y,7) st. E(y,7)=0, 7€ T,

where y = (v,p) and E(y,7) = 0 is given by (2.21) and T,q is a set as given in
Assumption 2.3 or a closed subset of it.

We state now sufficient conditions for an objective function J : Y1 (Qef) X
U(Qyer) — R such that the reduced objective function

(5.1) TeU CUw j(r):=J((v,p)(1),7) €ER
is Fréchet differentiable in a neighbourhood &4 C U of id. We note that
T1,T2 S Tad with 1 (Qref) - T2(Qref) — j(Tl) = j(TQ)7

since by (2.1) the objective function depends only on the domain.

Theorem 4.3, i) shows the differentiability of 7 € U — (v(7),p(7)) € Y at
7 =id as well as the differentiability to the slightly weaker space (L?(1; H§( her)) N
C(L;L2(Qrer))) x (L2(1; LE(Qer)) + (WHL(I; cngl(L%(Qref))))*) at 7 = 7 for any
T € Taq. We can therefore apply the chain rule.

For practical computations it is most convenient to evaluate the derivative on the
physical domain Q= T(Qer) at id. On the other hand, for optimization methods it
is preferable to work on a fixed reference domain €2..s and to evaluate the derivative
at arbitrary 7 € T,q. Both can easily be accomplished, as the next theorem will show.

To state the theorem, let T € T,q be arbitrary, let Q= T(Qef) and denote by
J(7,7:Q) and E(7,7;Q) = 0 the objective function and state equation in (2.4), if Q)
instead of (),¢f is used as reference domain. Finally, let U ((AZ) = (Wh> ﬂWHS””)(ﬁ),

~ ~

U() C U(Q) be a sufficiently small neighborhood of id and denote by

~

(5.2) FeUQ) — y(FQ) = (FQ),pFQ) e Y Q)
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the bounded solution map of E(y,T; ﬁ) = 0 according to Lemma 4.6.
THEOREM 5.1. Let with the previous notations T € Tad be arbitrary, 0= T(Qret)
and let § € Y (Q) be the physical state on Q, i.e., E(j,id; Q) = 0. Finally, let

(y,7) € D, - ”y(ﬁ)) X U(Q) = J(Y, T; Q)

be Fréchet-differentiable at (7,id) on bounded sets j > Y C Y +(Q) with Jy(y,id; Q) e
Y*. Then the following holds.
i) The reduced objective function

FeU®) cUQ) — 7 = JyFQ),7:Q)

corresponding to the reference domain Q is Fréchet-differentiable at 7 = id
and the derivative is given by the chain rule, i.e.,

(5.3) T6d) (7 —id) = J'(7,id) [y’ (id; Q) (F — id), 7 — id],

where 1/ (id; Q) = (v'(id; Q), p/(id; Q)) can be computed as in Theorem 4.3, i).
it) With a sufficiently small neighborhood U(Qyet) C U(Qet) of T the reduced
objective function
T € U(Qrer) C U(Chrer) = (1) := J(y(7),7)

~

corresponding to the reference domain Qs is Fréchet-differentiable at T =7
and

F AR =7 GD)R 07 VAT € U(Qhet).

Proof. i): As observed above, the solution map (5.2) is bounded and thus we find
a bounded neighborhood Y C Y () of i with y(7;Q) € Y for all 7 € U(Q).

Moreover, by Theorem 4.3, i) (see the proof of Theorem 4.3, ii)), the solution
map (5.2) is Fréchet-differentiable at 7 = id as a map 7 € U(Q) — y(7;:Q) € Y ().
This yields as in the proof of the chain rule for ||7 — id||U(§) —0

J(7) = 3(id) = J'(5,id)[y (id; ) (F — id), 7 — id]
= J(F0), 79 - J(3,1d;Q) - J'(3,1d) [y (id; Q) (F — id), 7 — id]
= o(|ly(7; ﬁ) - ??Hy(ﬁ) + 117 - idHU(Q))
+Jy(7,id)[y(F: Q) — 7 — ¢/ (id; Q) (F — id)]
— o|F — idlly )
ii): Since 707! € Z/{(Q) for all 7 € U(Qrer) with ||7 — Tl|p (. < p, p > 0 small
enough, and 7(Qef) = 7 0 7 1(2), we have
i) = i) =i o7 ) = j(d) = 7 (d)[(r = F) o 7+ o(|(r = 7) 0 7 |y @)
=7 (d)[(r = 7) o7+ o7 = Fllrr(nn))s

where we have used Lemma 4.5 in the last step. O

REMARK 5.2. A direct application of the chain rule together with Theorem 4.8
would require stronger differentiability properties for J(,ﬁ) The additional bound-
edness of the state in Y+(§Al) makes it possible to require the differentiability only on
bounded sets in Y+ (Q).
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REMARK 5.3. Instead of the sensitivity based formula (5.3) standard arguments
yield an adjoint representation of j'(id), see [7, sec. 3.4 and 3.5] and [30, sec. 3.3].

Example: Mean drag of a body and vortex reduction. We consider the
mean drag around a simply connected body B. Let I'g C 9€2 be the boundary B and
¢ € R be a unit vector in the mean flow direction. Then the mean value of the drag
on I'p is given by

1 T
:/ / n-o(v,p)-¢dSdt
T Jo Jry

with the unit outer normal n and the stress tensor o(v,p) = v(Vto + VoT) — pl. Let
® € C*(RY)4 be a function with

(5.4) (I)’I‘B = ¢, (I)|@Q\FB =0 VQe€ Oy

Then the mean drag can alternatively be computed by the formula
J((®,5); Q) / / @ V)7 — HT® - pdivd + vV : v<1>) d7 dt

+ /Q (W(F T) — 5(3))® d7,

see e.g. [23], where we have integrated the time derivative. Transformation to the
reference domain yields finally

J(w.p).7) = / 1), @ 07, 45(7) + (V0 92(1)V (@ 0 7)) 2(00,
—wmu@wW@omnwm—/ (F(#) 0z )7 (@ 0 7)gn (r)dr )
Qref
+ Z(0(T) = To o7, (2 0 7)1 (7)) (00

Let 7 € Tyhq be arbitrary. To show the Fréchet-differentiability of the reduced objective
function j(7) at 7 = 7, we could apply Theorem 5.1, but we can also immediately use
Theorem 4.3, ii) and the chain rule. In fact, since ® € C1(R%)?, (5.4) yields div® €
L3(7(Qer)) and thus tr(gz(7)V(® o 7)) € LE(Qer), We also have tr(gz(7)V(®o 7)) €
L2(I; LE(Qer)) N WHL(T; LE(Qrer)). Now, it is easy to verify that

J:(v,p,7) € (L*(I; Hé(Qref)) N C(I; L (Qef)))
% (L1 L3(@uer) + (WY (T L3(0)))7) X U 5 R

is Fréchet-differentiable. Hence, the chain rule and Theorem 4.3 yield the Fréchet-
differentiability of 7 € U +— j(7) e R at 7 = 7.

An adjoint representation of the reduced derivative j'(7) can now be derived by
standard techniques and integration by parts leads for sufficiently regular problems
to the Hadamard-Zolésio boundary representation, see for example [7, §].

Of course, other objective functions than drag can be considered as well, the only
requirement being that they define a differentiable mapping from Y to R. In the
context of vortex reduction one can, e.g., consider [21, 26]

T
(v, p; Q2 // det Vo(t :E)))d:ﬂdt Jo (v, p; Q) ::/ ’curl (t,z) ‘ dxdt,
QO 0 Q0
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where Qp C € denotes a Lipschitz subset over which vortex reduction is desired
and h: R — R* defines a suitable differentiable function. In analogy to the mean
drag objective functional one derives corresponding formulations of J; ((v,p), ) and
J2((v, p), 7) on the reference domain by applying the transformation rule for integrals.
While the space Y is sufficiently strong to obtain continuous differentiability of Jo: Y x
U — R for dimension d = 2, 3, the nonlinearity of J; caused by the determinant and

the smoothing function h requires a refined investigation. In [26, Ch. 2] this function
is given by h(s) = 0 for s < 0 and h(s) = % for s > 0. An application of
differentiability theory for Nemytskii operators, e.g. [17], yields the differentiability
of v € L*(I; H'(Q)) ~— h(det(Vv)) € L'(I; L*(Q)) for dimension d = 2 and therefore

also the differentiability of J1: Y x U — R for d = 2.
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