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Abstract We consider optimization problems governed by time-dependent
parabolic PDEs and discuss the construction of parallel preconditioners based
on the parareal method for the solution of quadratic subproblems which arise
within SQP methods. In the case without control constraints, the optimality
system of the subproblem is directly reduced to a symmetric PDE system, for
which we propose a preconditioner that decouples into a forward and back-
ward PDE solve. In the case of control constraints we apply a semismooth
Newton method and apply the preconditioner to the semismooth Newton
system. We prove bounds on the condition number of the preconditioned
system which shows no or only a weak dependence on the size of regulariza-
tion parameters for the control. We propose to use the parareal time domain
decomposition method for the forward and backward PDE solves within the
PDE preconditioner to construct an efficient parallel preconditioner. Numer-
ical results show the efficiency of the approach.

1 Introduction

We consider parallel preconditioners for time-dependent PDE-constrained
optimization problems of the form

Jamin - f(y)+ Gllully subject to B(y.u) =0, u€Uus (1)

where uw € U is the control, U,y C U is closed and convex, y € Y C
C([0,T];V) is a time-dependent state and « > 0 is a regularization parame-
ter. U is a Hilbert space, Y,V are Banach spaces, where V C L?({2) with a

Department of Mathematics, Technische Universitdt Darmstadt, Dolivostr. 15, 64293
Darmstadt, Germany, e-mail: ulbrich@mathematik.tu-darmstadt.de



2 Stefan Ulbrich

domain 2 C R™. The state equation E(y,u) = 0 represents an appropriate
(usually weak) formulation of a time-dependent PDE (or system of PDEs)

yt+F(taxay7u) =0, (tax> € 2y = (OaT) x §2 (2>
y(0,2) =yo(z), e
with initial data yg € V. For convenience we assume that boundary conditions
are incorporated in the state space Y. For notational convenience, we use the
abbreviations W =Y x U and w = (y, u).
Throughout the paper we will work under the following assumptions.

Assumption 1 With W :=Y xU the following holds for a given open convex
set Wo =Yy x Uy C W containing the feasible set of (1).

e The mappings
yeY = fly), (yueW—E(yu) ez

are continuously differentiable and the derivatives are uniformly bounded
and Lipschitz on Wy.

For any u € Uy there exists a unique solution y(u) € Yy of E(y(u),u) = 0.
The derivative Ey(y,u) € L(Y,Z*) has an inverse that is uniformly
bounded for all (y,u) € Wp.

e U,q CU is closed and convex.

In recent years, the design of efficient methods for the solution of PDE-
constrained optimization problems (1) has received considerable attention,
see for example [17, 29, 15, 11, 16, 13, 23, 28, 30, 31, 32, 33].

Usually, iterative solvers are applied to solve the arising linear systems and
the inexactness is controlled by the globalization mechanism of the optimiza-
tion method [13, 23, 33]. Optimization methods such as SQP- or interior point
methods usually lead to auxiliary problems with a saddle point structure, e.g.
the optimality system for the SQP subproblem or the primal-dual Newton
system of interior point methods. To exploit the sparsity of these systems it is
therefore of importance to have fast iterative solvers for these systems avail-
able, which are usually ill conditioned. Therefore, preconditioners are required
to achieve fast convergence of iterative, often Krylov-based, solvers. The de-
velopment of preconditioning and multigrid techniques for optimality systems
in PDE-constrained optimization is an active reserach topic. First approaches
for preconditioners of optimality systems have been proposed in [3, 4]. Block
preconditioners for such systems have been proposed e.g. in [7, 25, 22, 34].
Multigrid preconditioners have for example been considered in [5, 6]. A time-
domain While problems without inequality constraints are nowadays quite
well understood, there are less results on the efficient preconditioning in the
case of control and/or state constraints, see e.g. [14, 27, 21, 24]. While stan-
dard block preconditioners may depend strongly on critical parameters such
as regularization or penalty parameter [14], the related preconditioners in
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[21, 24] show only a weak dependence and in [24] estimates for the condi-
tion number are given, which apply to problems for control constraints and
regularized state constraints.

Time-domain decomposition methods based on a block Gauss-Seidel iter-
ation for linear-quadratic optimal control problems have been proposed and
analyzed in [12] and block parareal preconditioners for such problems in [20].

In this work we build on the class of preconditioners proposed in [24]
and extend their analysis to parabolic problems. The preconditioner decou-
ples into two PDE solves. To obtain a parallel preconditioner, we use the
time-domain decomposition method parareal to approximate the PDE solves
within the preconditioner.

The parareal method was proposed in [18] as a parallel numerical scheme
to solve evolution problems. The method is a time domain decomposition
method and consists of a parallel predictor step based on a sufficiently exact
propagator on the time slabs and a sequential corrector step computed by
a coarse propagator. The algorithm has been successfully applied, e.g., to
the Navier-Stokes equations and fluid-structure interaction problems [8, 9].
Its stability and convergence properties have for example been studied in
[1, 10, 18, 19, 26]. In [10] it was shown that the parareal algorithm can be
considered as a multiple shooting method as well as a time-multigrid method.

In this paper, we combine the class of preconditioners in [24], see also
[21], with the parareal method to approximate the PDE solves within the
preconditioner. We focus on the construction of preconditioners for the fast
solution of subproblems arising in optimization methods for (1). For example
SQP-type methods solve in the case E,, = 0 (terms are otherwise often
neglected) and F,, = 0, which is often satisfied, given a current iterate
wh = (y*,u*), uF € U,q subproblems of the form

1 o 2
: k k k
pin, () = {fy(¥"), sy)yy + 5 sy, Hisy)yvy + Sllu” + sully

subject to E(w"®) 4+ By, (w*)s =0, u* + s, € Una, (3)

where H* € L(Y,Y*) is an approximation of L,, (w*, A\¥) with the Lagrangian
function ,
L(y,u, ) = f(y) + alluly + A\ E(y, u) z.2--

In many practical algorithms Hj, is chosen in such a way that the quadratic
problem (3) is strictly convex. This is usually achieved by using Hy, = M} My,
where My, € L(Y,Q), which we assume from now on. Under Assumption 1,
the unique solution sy satisfies with a Lagrange multiplier (adjoint state)
M\f € Z the following optimality system



4 Stefan Ulbrich

E(w*) + B, (w*)s* =0, (4)

4y (s5) + By (w)"A* =0, (5)

s € Upg — u, (g5 (s%) + Eu(w®)* N 5, — 8o p > 0 Vs, € Upg — uF. (6)
Since U is a Hilbert space and U,y C U is convex and closed, it is well

known that with the identification U = U* the variational inequality (6) can
equivalently be replaced by

s = Pu,,—ur (st = 7(5(s7) + Eu(w®)*A")) (7)
with any fixed v > 0 and the projection Py ,_,+ in U onto Ugq — uF.

We consider now two cases, the unconstrained case U,q = U and the box
constrained case U = L*(w), Uyg = {u € U; a < u < b a.e.} with a,b € U,
a<b.

In the case U,q = U optimality system (4)—(6) simplifies to the linear
system

E(w*) + E,(w*)s* =0,
Fo (") + Hys® + B, (w*)* N =0,
a(uf 4 s%) + B, (wF)*\F = 0.
Solving the last equation for s* and inserting in the first equation yields the
reduced optimality system

(Eyi[%];’“) —a‘lgzggz;;u(wk» (i%i) - (E(w’“_){i%?(wk)uk)'

In the box constrained case U = L?(w), Upqa = {u € U; a < u < b a.e.} with
a,be U, a<b, wesety=a!in (7) and obtain

sk = —u¥ + max(a, min(b, —a " E, (w®)*A¥)).

Inserting this in (4), (5), we arrive at the reduced optimality system

fy(yk) + Hks]; + Ey(wk)*)\k =0,
E(w*) — B, (w*)u* + Ey(wk)s§+ G(sz, M) =o0.
+E, (w*) max(a, min(b, —a "1 E, (w*)*A\*)) = 0,

It is well known that this is a semismooth system as long as E,(w*)* €
L(Z,U) (note that we have identified U* = U) satisfies in addition E, (w*)* €
L(Z,LP(w)) for some p > 2, see [16, 30, 31]. If we now apply a semismooth
Newton method then the iterates are given by (séj’H‘l, DU (s’;’l, AR 4
(Ay, AN), where (Ay, AN) solves the linear system
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H Ey(wk)* Ay B 7 .
(Ey(;;’“) —alEu(wk)Dk,lEu(wk)*> (AQ = =G(sy", A, (8)

Here, Dy = di,; - id is a multiplication operator with di; € L*(w) defined
by dk,l = 1{a§—a*1Eu(wk)*)\’“vl§b}-

We conclude that in both cases we have for given w = (y,u) € W, A € Z
and H € L(Y,Y™) to solve linear systems of the form

H Ey(w)* Ay _ ("
Ey(w) —a~'Eu(w)DE,w)*) \ax) = \ry)"
where 71 € Y* ro € Z* and D = id in the case U,y = U or D =

L{a<—a-1B,(w)-r<py-idinthecase Uyg = {u € U; a <u < b ae}, U = L*(w).
Hence, introducing the operators

A= Ey(w), CC*:=a 'E,(w)DE,(w)*

and using that we consider Hessian approximations of the form H = M*M,
we arrive at saddle point systems of the form

M*M  A* Ay\ _ [(m
( A CC’*) (AA) N <r2>'
We note that also the application of interior point methods leads to a system
of this structure.

Our aim is to develop a preconditioner for this type of systems. To this
end, we use the preconditioner in [24] that requires essentially the solution of
two linear systems with operators of the form A+ CIM and (A + CIM)*,
respectively. We then use the parareal time domain decomposition technique
within the preconditioner to approximately solve these linear PDEs in par-
allel.

The paper is organized as follows. In section 2 we introduce the general
preconditioner of [24] and extend its analysis to parabolic problems. We will
derive estimates for the condition number which show only a weak depen-
dence on critical parameters such as the regularization parameter ce. We will
treat the case with and without control constraints. In section 3 we will re-
call the parareal method and its basic convergence properties. In section 4
we propose a parareal based preconditioner by using the parareal algorithm
as aproximate PDE solver within the preconditioner of section 2. Moreover,
we present numerical results for parabolic control problems without and with
control constraints. We end in section 5 with some conclusions.
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2 A preconditioner for optimality systems

As we have seen, the solution of (3) leads - either directly or after applying a
semismooth Newton or interior point method - to linear systems of the form

(3 o) (3) = () ®

Here, A corresponds to the linearized forward PDE operator E,(w) and A*
to its adjoint.

In order to apply the preconditioner and its analysis from [24], we make
the following assumptions.

Assumption 2 (Basic Assumptions)

1. Assume that the state space Y and the space of adjoints Z are reflexive
Banach spaces and the control space U as well as the space Q are Hilbert
spaces.

2. Let A € L(Y,Z*) be an isomorphism, which implies that its Banach-space
adjoint A* : Z — Y* is an isomorphism as well.

3. Let M € L(Y,Q) with dense range and let C € L(U, Z*).

We denote by the (Hilbert space) adjoint C* : Z — U* = U the mapping
that satisfies
(C'p,uw)y = (N, Cu)z 2z YuelU

It is continuous as well. Analogously, the (Hilbert space) adjoint M* : Q =
Q" — Y* is defined via

(M*q,y)y~y = (My,q)q YyeY.

It is continuous and injective since M has dense range.

Moreover, we need the following assumption which requires some compati-
bility between the control space and the objective function.

Assumption 3 Let I be a non-zero continuous mapping
I1:Q—U.

with |Il|lg.v < 1.

2.1 Development of the preconditioner

To motivate the preconditioner, we start with some observations. As we have
already noted, M* : Q — Y™ is injective, and hence M* : ) — ran M* is a
bijective operator with inverse M ™" : ran M* — (). We define the new space
ZCZ
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Z:=AranM*)={2€ Z: A"z €ran M*} C Z.

Then M ~*A*z is well defined for all z € Z and M™*A* : Z — Q is a bijective
mapping. The following lemma shows that Z becomes a Hilbert space with
the scalar product

(Zl,ZQ) € Z2 — (21,22)2 = (Mi*A*ZhMi*A*ZQ)Q. (10)
Moreover, the bilinear form
(2172’2) € 22 — (21,22)]( = (M_*A*Zl,M_*A*,ZQ)Q + (C*Zl,C*ZQ)U (11)

is a scalar product that defines an equivalent norm on Z.
By using this we will in Lemma 2 reduce (9) to a system that will be used
to construct our preconditioner.

Lemma 1. Z is a Hilbert space with the scalar product (-, -) 5 in (10). More-
over, (Z, (-, -)z) is continuously embedded in Z and (-,-)g in (11) is a scalar
product that defines an equivalent norm on Z.

Proof. For z, 25 € 7 C Z we have A*z; e ran M™*, i = 1,2, and thus there are
q1-q2 € Q with A*z; = M*q;. Hence, (21, 22) 5 = (q1,492)¢g < 00. Moreover, for
z € Z we have (2,2) 5 > 0 and since M ~*A* : Z — Q is injective, (2,2), =0
implies z = 0. Hence, (Z, (-, -) ;) is a pre Hilbert space.

Let z € Z be arbitrary. Then A*z = M*q with some ¢ € Q and

1

l2llz = (2,2)% = (¢, 0)3 = llall,- (12)

Hence, [|z[|l; = [[A™"M"q||; < [[AT"M" |l £lldllq = IIA™"M" |l £]l2]l 2 and
thus the embedding (Z, (-, -)4) < Z is continuous.

Finally, (Z,(,) 5) is complete and thus a Hilbert space. In fact, any
Cauchy sequence (zj) in (Z,(,)Z) satisfies A*z, = M*q, with ¢ € @
and (12) shows that (qx) is a Cauchy sequence in @ and hence g — ¢ in
Q. This implies A*z, = M*q, — M*q in Y*. By the continuous embedding
(Z, (-, )4) = Z, (2) is also a Cauchy sequence in Z and thus 2z, — 2z in Z
which implies A*z; — A*z in Y*. We conclude that A*z = M*q € ran M*
and thus z € Z. This shows that (Z, (-, -) ;) is complete.

Since C* € L(Z,U) and (Z,(,)Z) < Z, we have C* € L(Z,U) and
thus (-, )k = (-,-)5 + (C*-,C*-)y is a bounded bilinear form on Z,(, )z)-
Moreover, for all z € Z holds

(2,2)7 < (2,2) 7 + (C*2,0"2)y = (2,2)x < (L+IC*5,4)(2.2) 5

and thus (-,-)k is a scalar product on Z that induces an equivalent norm.
O
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Lemma 2. Let Assumption 2 hold. Then the system

(M~ A* 2, M~ A*w)q + (C*2,C*w)y =

. (13)

= —(ro,w)z- z—(C*A™"r,C*w)y Ywe Z

has a unique solution z € Z and the solution of (9) can be obtained by
AN=2+ A", (14)
Ay = A7 (rg + CC*AN). (15)

Proof. A proof can be found in [24, Lem. 2.4]. We give here a more construc-
tive proof. Inserting AX = 2 + A~*ry in (9) yields the following system for

M*M  A* Ay\ 0 (16)
A - CcCr 2 ) \rg+CC*A~*r )’

This shows that A*2 € ran M* and therefore 2 € Z. To derive a reduced
system for Z, we perform block elimination with the second equation. This
yields the equation

(A* + M*MA™'CC*)2 = —M*MA ™ (ry + CO*A™*ry)

and we observe that all terms are in ran M*. Applying the bijective operator
M~ :ran M* — @ yields the equivalent system

(M™*A* + MAT'CC*)2 = —M A~ (rg + CC*A™*ry).

Since M~*A* : 7 — ® is bijective, we obtain an equivalent variational
equation if we use M ~*A*w with w € Z as test functions. This leads to

(M™*A*w, M™*A*2) g + (M *A*w, MA*CC*2)g =
= —(M™*A*w, MA Y (ry + CC*A™*r)))g Yw e Z,

and since A=*M*M~*A*w = w for all w € Z, we obtain (13). Hence, we have
shown that (9) is with (14) equivalent to (16). Moreover, (16) is equivalent
to (13) and the second equation in (16), while the latter is by (14) equivalent
o (15). We conclude that (13), (14) and (15) are equivalent to (9).

The unique solvability of (13) follows from Lemma 1 and the Riesz rep-
resentation theorem, since the left hand side can be written as (£, w) gk, and

(Z,(-,")k) is a Hilbert space by Lemma 1. O

Hence, we have seen that (9) can by (14), (15) be reduced to (13), which
can by (11) be written as

(2,w)g = (rw)zgz Ywe Z. (17)
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Clearly, this system can be solved by a preconditioned conjugate gradient
method.
Following [24] we construct a preconditioner by approximatly decoupling
the operator K induced by (-, )k into the product of two PDE operators.
By Assumptions 2, 3 we have CIM € L(Y,Z*) and therefore (CIM)* =
M*I*C* € L(Y*, Z). We consider the preconditioner K : Z — Z* defined by

(z,w) g = (M (A+CIM)* 2, M~ *(A+ CIM)*w)g Ywe Z. (18)

The application of the preconditioner is described in Algorithm 2.1.

Algorithm 2.1 Application of the preconditioner K
Input: L € Z* . A
Output: Solution z € Z of (2,w)g = (L,w)z. ; YVw € Z
1. Let q € Q be the solution of
(¢, M~ (A+ CIM)"w)q = (t,w) 5. ;, Yw e Z.
2. Let z € Z be the solution of
(A4+CIM) z,wyy~y = (M*q,w)y»y YweY. (19)

Note that the solution z satisfies A*z = M*q — M*I*C*z € ran(M™*) and
therefore z € Z.

The following Lemma estimates the condition number of K relative to the
preconditioner K.

Lemma 3. Consider the preconditioner K : Z — Z* defined in (18). Assume
that the quantity
(C*Z, O*Z)U
Vi = Sup —————
otzez (B 2)g

1s finite. Then we have the estimate
1 .
i(z,z)f(g (z,2)k < 2+ 3v;)(2,2)p VZeZ. (20)

Hence, the condition number of K relative to K is bounded by kg <4+675.
Moreover, if (M~*A* + 31*C*)z,I*C*2)g > 0 for all z € Z then we obtain
the improved estimate

%(Z,Z)k <(z2)x < (L +7)(72) -

Proof. The first part was already shown in [24]. For convenience, we present
a complete proof. We use the inequality 2(q1,q2)g < ||q1||é + ||q2||2Q This
yields
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—k A% * YK 2 —% Ak 2 * YK
(2, 2) g = |M " A% 2 + I"C*2llg < 2(|M " A%zl + | 170215
—x 4% 2 %112
S2[M A + [C72lly) = 2(2, 2)k-
This shows the first inequality in (20) and the second follows from
(z,2)K = [M 7" A%z + I*C*2 — I"C*2||g, + ||C* 2],
= (2 D)5 + IO 2L + O]} — oM A2 + 'C*2, " C*2)q
<2(z,2) +3I1C7 2] = 2(2,2) & +3IC 2]l < (24 372) (2 2) k-

If (M~*A* 4+ 1I*C*)2,1*C*z)g > 0 then we can improve the first estimate
in the last line to

(220K = (2. 2) g + IOzl + |2 — 2AM A% + I°C°2, 'O 2)g
< (2 )k 07 < L+ 7))

A

O

As we will see, for parabolic operators there exists an appropriate imbedding
operator J € L(Z,Y) such that

(A+CIM)*z,J2)yey >0 Y0#z€ Z. (21)

Then we have the following result that will be helpful to estimate v, for
practical applications.

Lemma 4. Let Assumption 2 and 3 hold and assume that (21) is satisfied
with an imbedding operator J € L(Z,Y). Then vy in Lemma 3 can be esti-
mated by
* |2 2
1C 2|y (1M J 2]l
((Jz, A*2)yy- + (C*z, IM Jz)y)?’

Vi < sup
O;ﬁzeZ

(22)
Proof. Let 0 # z € Z be arbitrary. Then (A* + M*I*C*)z € ran(M*) and
thus

0<((A"+ M*I"C*)z, Jz)yy~y = (M (A" + M*I*"C*)z, MJz)q

< MTHAT + M)z o IM T 2|l = (z,z)iHMJzHQ
Hence, we obtain

- ||C*Z||2UHMJZ”2Q< sup IC* 2] |1M T 2|5,
07’5262 (Z’z)K||szHé _075262 (<A*Z,Jz>y*’y+(C*Z,IMJZ)U)2

TR =

O
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2.2 Application to parabolic control problems

We consider a parabolic state equation of the form

yr—V - (oVy)+a1-Vy+apy=b+ Bu on 2p:=(0,T) x §2,
y(oa ) = %Yo on 97 (23)
y=0 on (0,T) x 992,
where 0 € L>®(£2), ag € L>®(2r), a1 € (H' N L>®)(2r)", 0 > 09 > 0 and
Yo € L2(Q)
We set V = Hj(£2), W(0,T) := {v e L*0,T;V) : v, € L*(0,T;V*)} and
Y := W(0,T). Let Z = Z; x Zy := L?(0,T;V) x L?(£2) and assume that
be Zy and B € L(U, Z7). We work with the usual weak solutions and define
the operator A € L(Y, Z*) by

T
(Ay, o)) 2+ 2 = (5(0), 1) e + / (8 Ay v
+(oVy(t), VA®)) 1200y + (a1 - Vy(t) + aoy(t), A1) 2(2)) dt.

Then the state equation is given by

T
(Ay, (/\,u)>z*,z:/0 (b(t), A(t))v=v dt + (yo, )22y V(A p) € Z.

It is well known that A € £(Y, Z*) has a bounded inverse A~ € L(Z*,Y).
For z = (\, u) € W(0,T) x L?(£2r) we have

<y’ A*(/\’ /L)>Y,Y* = (y(T)7 A(T))L2(Q) + (y(0>7 H—= /\(O))L2(Q)
+ / (=0, MOy~ + (@Vy(0), VAWD) 2 (24)

+ (a1 - Vy(t) + aoy(t), M) £2(02) ) dt.

2.2.1 Tracking type functional and distributed control
Now consider for example the case

fw)=3ly - yd||2L2(_QT)v U=L*2r), B=Ip)0mnvy (25)
with the natural imbedding Iy (o, 2(0,75v+)- Then Q = U = L*(27), I =
isz(QT), M = IY,LQ(QT), M* = IL2(_QT)7Y*, ran M* = Lz(QT) C Y* and
M~* =id2(0,). Using (24) we see that

Z={zeZ:Aze L*(2r)} c {0, A0)): A€ W(0,T),\(T) =0}. (26)
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In particular
Z = {(\X0)): A€ L*(0,T;V N H?*(2)), A\ € L*(0,T; L*(2)),\(T) = 0}

is a dense subset of Z (and under additional regularity assumptions on {2
and the initial data it conincides with Z).
In the case without control constraints we have

1 N 1
C=a"2I2q0n 201V, C =a 2I207,v) L2(02r)
and in the case with control constraints
1 N 1
C=a 2I0),20mvoD, C"=a 2DIp201,v),12(2r)> (27)

with the multiplication operator Dv = 1zv and the current estimate Z of the
inactive set. For a unified notation we set Z = (2 in the unconstrained case.

The application of the preconditioner in Algorithm 2.1 consists now of the
following steps.

Algorithm 2.2 Preconditioner K for parabolic problems

Input: ¢ € Z* . .
Output: Solution z € Z of (z,w) iz = (¢, w)ZZ Ywe Z

1. Compute the solution q € Q = L*(2r) of

(g, —wy =V - (oVw + a1w) + (ao + Of%lI)w)L‘z(QT) = (¢, (w,w(0))) 5. 5

)

Y (w,w(0)) € Z.

Note that we can use the dense subset Z on as test space.
2. Compute a solution z = (A, A(0)), A € W(0,T), AN(T) =0 of

— (w, \e) 2(0,13v),22(0,13v+) + (OVW, V) 1200 (28)
+ (a1 -Vw + (ao + OliélI)w, /\)L2(_QT) = (q,’w)Lz(QT) YweY.

Here we have already used the knowledge that the result z € Z lives actually
n Z.

We note that the application of the preconditioner decouples into the solution
of two parabolic problems. Later we will apply the parareal time domain
decomposition method to perform these two solves in parallel.

We obtain the following estimate for the condition number of the system
(13) with preconditioner (18).

Theorem 1. Consider the system (8) written in the form (9) for the lin-
earized state equation (23) and the objective function (25). Then the condi-
tion number kg of the operator K in the reduced system (13) relative to the
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preconditioner K in (18) is bounded by

16 et in the case without control constraints,

ke < . . < cT . . .

ESET0R TR = —&—— in the case with control constraints,
2cpoga2

where cp is a Poincaré constant on 2 and
o 1 2 .
¢ = max {O, sollatll e (op) — 2essinfo, ao} (29)

In particular in the case ag > 0, a1 = 0 we have ¢ = 0.
The estimate for the control constrained case applies also to the case U =
L2((0,T) x £2.) with a smaller control domain §2. C §2.

Proof. We apply Lemma 3 and Lemma 4, where we choose the operator
J € L(Z,Y) in Lemma 4 by

T (A(t), 1) = e A(t)
with ¢ as in (29). Then we have with z = (A, A(0)) € Z

_ MOz + e IAD) 72

(A%z, Jz)y~y = 5 ((A%2, J2)y~y + (2, AT 2) 2,2+)

N |

2
T
+/O e ((GVA(), VAD)) 12 + (a1 - VA(E) + (Se + ao)A(t), A()) =) di

T 2
> /O e (2| VAWD)22 + (he + ap — 12y x(8))12,) dt

200
J0 ¢ 2 cpoo 1,2
> e PVAO a0, r:020)) = —5IIM T2l

with a Poincaré constant cp. Using the concrete definition of M and C (22)
yields for the unconstrained case

* 2 2
V< s 1C* 2|l |M I 2|
K7 gsaes (T2, A*2)yy + (C72, IM I 2)p)?

—1 2 -t 2
< sup @ ||)‘||L2(QT)||€C )‘”L?(QT)

~ (CPO c 2 _1 ¢ 2
0£(AO0)ez (B 2N 2 (o) + a7 2 [[€/2M]| 12 (0,)?

1y e 2 . 2
« 1||€ t/z/\“L?(QT)Het/2)‘||L2(QT) T

= Sup e 2 -1 2 2
0200z (B2 (0p) + @7 2 A2 (0p)

In the constrained case we obtain with the inactive set Z C 27
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IC™ 25 1M T2
> ((Jz, A 2)yy= + (C*z, IMJz)y)?

_ 2 ety |2
@ 1||>‘||L2(I)H€ t)‘HL?(QT)

= SWP e /2 )\ [ —Llect/2 )% 2
0202 (B2 €2 A 2 (0py + a7 2[le2Al| 2 (1))

1 e 2 . 2
a~e t/2/\||L2(I)H€ t/Z)‘”L?(QT) < et

= sup ACPO'[))\z _l>\2 2_2 1-
020 ez (2| HL2(QT)+a 2| ||L2(I)) cpogQ?

This estimate case applies also to the case U = L2((0,T) x §2.) with a smaller
control domain 2. C {2, since we can choose Z = (2. in the unconstrained
case and Z C (2. in the control constrained case. O

Now consider the case
2 2
F@) = 3lly = vallzecop + 319(T) = yarliegy, U=L*2r).  (30)

Then Q = L3(27) x L*(02), I = idreop), M :y €Y = (y,9(T)) € Q,
M*q = (q1,")2(02r) + (g2, (T)) 12(2)- Using (24) we see that

Z={zeZ:A*zeran(M*)} C {(\,\0): A e W(0,T)}.
In particular
Z:={(\A0)): A€ L*(0,T; VN H*(2)),\ € L*(0,T; L*(2)) }

is a dense subset of Z.

Theorem 2. Under the assumptions of Theorem 1 but with the objective
function (30) the condition number kg of the operator K in the reduced
system (13) relative to the preconditioner K in (18) is in the case with and
without control constraints bounded by

ecT

kg <4467, g < ;i
K TR % 2min{l, cpog}az

where cp is a Poincaré constant on §2 and ¢ is given by (29). In particular
in the case ag > 0, a; = 0 we have ¢ = 0.

The estimate applies also to the case U = L?((0,T) x £2.) with a smaller
control domain 2. C 2.

Proof. We obtain exactly as in the proof of Theorem 1 for z = (X, A(0)) € Z
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_ MO + eTIND) 72

<A*Z, Jz>y*7y = (<A*Z, JZ>y*7Y + <Z,AJZ>Z7Z>«)

N |

2

+ /T e ((GVA), VAM) 2 + (a1 - VA) + (3¢ + ao) A(t), A1) 2) dt
S M7= + e INT)Iz: L CPo0
= 2 2

2
e/ 2A] .

with a Poincaré constant cp. Using the concrete definition of M and C' (22)
yields for Z = {27 in the unconstrained case and Z C (27 in the control
constrained case

o IC*2llg 1M T =g
= O¢Z§Z ((Jz, A*2)yy= + (C*2,IM Jz)y)?

_ 2 ety (12 c 2
a M2y (e M2 opy + 1€ AMD) 720

u . reT 2 cpo 2 —1 2
002 (G IINDL2 () + NP Ml 20y + a7 2l€2A 12 (1))?
e 2 . 2 . 2
sup a”e 75/2)\||L2(z)(”€ t/2)‘||L2((ZT) +lle T/2)‘(T)||L2(!Z))

2 cpo 2 _1 2
ozononez  GIADIZ20) + &2 1M 2(0m + a2 A 722)?
ecT

~ 2min{1, cpogtaz

This estimate case applies also to the case U = L2((0,T) x §2.) with a smaller
control domain 2. C {2, since we can choose Z = (2. in the unconstrained
case and Z C (2. in the control constrained case. O

2.2.2 An improved estimate of the condition number

We will now use regularity theory to improve the condition number estimate
for the preconditioned system further. To this end, we extend the result of
[24] for elliptic problems to parabolic problems.

We focus on the state equation (23) with objective function and control
operator according to (25) and the case (27) of control constraints with cur-
rent inactive set Z or partial control domain Z = (0,7") x 2. with 2, C £2.
In this case we have as above

%012 _1 2
1C" 2l 20y o212l 200

Yk = Sup — = p - 5 :
P CR S 0£(AO)EZ [ A* (A A0)) + o~ F17M 2

(31)
We now derive an improved lower bound for [|A*(X, A(0)) + a2 1ZA[ 200
We need the following regularity assumption.

Assumption 4 The operator CIM is a multiplication operator of the form
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(CIM)v(t,z) = (t,z)v(t,z), ¢(t,z) = d1lz(t,z), (t,2) € 2r,

where ¢1 > 0 is a constant. Assume that T C 2 and A := 2\Z have Lipschitz
boundary.

Moreover, we assume that A is cylinder-like, i.e., there exists a bi-Lipschitzian
map (t,x) € Qp — (t,7(t,x)) € 2p with 7(t, A(t)) = A for all t € (0,T),
where A(t) = {z: (t,z) € A}, and denote by 0A(t) the boundary of A(t)
relative to §2. Finally, we assume that for any q € L?*(A) the solution
(Aa, pa) € L2(0,T; H (A())) x L%(A(0)) of the problem

<wvA*(>‘.Aa;u’A)>Y,Y* = (qu)Lz(.A) Vw e WA(OvT)v (32)

where W4(0,T) = {w € L*(0,T; H} (A(-))) : wy € L*(0,T; H3 (A(-)))*}, sat-
isfies Aqa € Wa(0,T)NL2(0,T; H¥?*¢(A(+)))) and its normal trace the esti-
mate

[0 A 2040ty < Cralla)l p2eagey)- (33)
with a constant cyr1 independent of ¢ and t € (0,T).

We note that for 1,0 and A sufficiently regular this follows from parabolic
regularity theory. We believe that also sets A that are not cylinder-like could
be handled but leave this to future work.

Lemma 5. Let J be an open domain with Lipschitz boundary. Then the fol-
lowing trace estimate holds for all v € Hl(j) with a constant ciy o

lollz2or) < coray/ el lollz .
Proof. See [24, Lem. 5]. O

In the following lemma we will for ¢ € L?(027) consider the problem to
find (A, A(0)) € Z with

(w, A*(A\, N0))) v,y + (0, 910 p2(7) = (W, @) L2(2p) Yw € W(0,T),  (34)

which corresponds with ¢; = a~2 to (19) and its concrete form (28). As
observed in (26), (24) yields A(T") = 0.

Lemma 6. Consider problem (34) where ¢1 > 0 and Z, A = Q27 \ T have
the properties defined in Assumption 4. Assume that ¢ € L*(Q27). Then the
solution A of (34) satisfies

1
S1lle” M| o) < €TV (HqIILz@ +ez¢f IIqIIL2<A)) : (35)

Here, c is defined in (29) and cz depends on i1, Cu.2, 0o, and the Poincaré
constant cp of {2. Note that c =0 if ag > 0 and a; = 0.
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Proof. As in the proof for the elliptic case [24] we split A into two parts
A = Ao + A1. Here, Ao is the extension by zero of the solution A4 of the
problem (32). Then Agla = A4 and Ao|z = 0. By using (24), we observe
similarly as above that (24) yields A4(T) = 0 and g4 = A4(0). Under the
regularity asserted by Assumption 4, (32) reads

— (W, (Aa)t) L2(0,1:H1 (A())), L2 (0,151 (A=) T (OVW, VAL 24y (36)
+ (a1 -Vw + apw, )\A)L2(A) = (q, w)Lz(A) Yw e VVA(O7 T),

where A4(T) = 0.
By our trace estimate (33) we conclude

10 A4l 22040y = Cora @)l 2acey- (37)

Since \g is an extension by zero of A4 and (36) is only valid for testfunctions
w € W4 (0,T), integration by parts on A shows that Ao satisfies

T
(w, A% (Ao, Ao(0)))v,y+ —/0 (w(t), 00, A(t)) L2 (0.4)) dt = (w,q)r2(a) (38)
Ywe W(0,T).

Hence, if we define A\; € W(0,T) as the solution of the problem

T
(w, A*(A1, A1(0))) v,y + (w, d1M1) 12(7) +/0 (w(t), 0O, AA(t)) L2 (0.4(1)) At (39)

= (qu)Lz(I) Vw e W(OaT)
we see by adding (38) and (39) that A = A9 + A1 solves the original problem
(34) (note that Ag|lz = 0).

To obtain an estimate for A\; we test (39) with e\, (¢), where ¢ is defined
in (29). Then we get as in the proof of Theorem 1

T
lall 2z lle“ Ml 2y +/0 10X A L2 0400 1€ M1 (O L2040y At

; * c 2
> (€M, A" (A, A1 (0) 4 + dulle™ M| 2

o 2 2 (40)
0 c c
25 e YN 2010202y + 1€ Ml 2z
CpOo c 2 c 2
2 ?”@ t/2)‘(t)||L2(0,T;H1(_Q)) + ¢1le t/2)\1||L2(I)~

By Lemma 5 we obtain

e A () L2 oty < Ctr,Q\/|\6“/\1(t)||H1(1(t))‘|€Ct>\1(t)||L2(z(t))~

Division of (40) by the square-root of its right-hand side yields with (37)
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1
$2 e Ml g2 gy < (”qHLQ(I)HeCt)‘lL?(I)

T
+ /0 100y Aa ()l 2 9.4ty Ctr.2 \/||€Ct)\1 Ol 2z ey e MO 2z dt) :

—1
2

CPO0O || ¢ 2 c 2
(R A0 3012 + 1l M2z
< e/ (gl g1 + ezllalliaay 61 *)

Since A = A1 on Z we obtain from this the estimate (35). Tracing back the
constant ¢z, we notice that it depends only on ¢y 1, ¢ir,2, 00, and cp. O

We obtain the following improved estimate for the condition number of the
system (13) with preconditioner (18).

Theorem 3. Consider the system (8) written in the form (9) for the lin-
earized state equation (23) and the objective function (25). Assume that
T C O satisfies Assumption 4, where T is either the current estimate
of the inactive set for control constraints or T = (0,T) x {2, in the case
U = L*((0,T) x §2.) with a smaller control domain 2. C 2. Then the condi-
tion number Ky of the operator K in the reduced system (13) relative to the
preconditioner K in (18) is bounded by

Kg <4467, g < T+ ezam5)?,

where cz is the constant in Lemma 6 and c is defined in (29). In the case
ag > 0, a1 =0 we have c = 0.

Remark 1. For the control constrained case or the case of a local control
domain the condition number estimate improves from O(OF%) in Theorem 1
to O(ofi). Hence, the dependence on the regularization parameter is quite
week, if the active set or control set is regular enough.

Proof. We apply Lemma 3. For our problem we have by (31)

_1 2
Ha 2 1I)‘”L2(QT)

'Yf( - Sup N 1 2 :
0£AA0)eZ [[A*(A, A(0)) + a7 212l 12,

Applying Lemma 6 with ¢; = a2 and ¢ = A*(\, M\(0)) + a2 17\ we have
lo™ 2 12M 1oy < @7 2 [€2 Al o () < €72 (14 cza™3) gl 12

and thus .
i < eT(1+cza™5)2
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3 Parareal time-domain decomposition

For parabolic problems, the application of the preconditioner K in Algorithm
2.2 decouples into two parabolic PDE solves. Therefore, time domain decom-
position techniques are directly applicable within the preconditioner. In the
following, we will use the parareal time-domain decomposition method as
approximate solvers within the preconditioner.

The parareal algorithm was proposed by Lions, Maday, and Turinici [18]
to speed up the numerical solution of time dependent partial differential
equations by using parallel computers with a sufficiently large number of
processors.

3.1 Description of the parareal method

Although the preconditioner requires only the solution of linearized PDEs we
describe the parareal method more generally for nonlinear PDEs. We consider
a time-dependent PDE (or a system) of the general form

Y+ F(t,z,y) =0, (t,z)€ 2rp:=(0,T) x £2,

y(0,2) = yo(x), =€ £, (41)

where y : [0,7] — V maps time to a Banach space V. C L?(2), yo € V
are initial data and F'(¢,z,y) is a possibly time dependent partial differential
operator in the variables x € 2. The parareal technique, which was orig-
inally proposed in [18] and slightly modified in [1, 2], uses a time-domain
decomposition

O=tg<ti <...<tny=T, (42)

which is uniform in the sense that

MAT < tpi1 —t, < AT, where AT := OglzixN tht1 — tn.

We assume that on each time domain [t,,tn4+1], 0 < n < N, there exists a
unique solution propagator

I(tn,"): vEV = g(ty,v) :=y(tht1) €V,
where y is the solution of

Yt + F(t,.]?,y) = 07 (t,.’L‘) S (tnatn-i-l) X Qa

Y(tn, o) =v(z), z€ Q. (43)

Moreover, we assume that we have a coarse grid approximation g.(¢,,v) of
the exact propagator g(t,,v) available.
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Ezample 1. We will later use a backward Euler step

ge(tn,v) —v

+ F(tnt1,7,9e(tn,v)) =0
tn+1 —tp

as coarse propagator. As we will see the dissipativity of the backward Euler
discretization is useful to stabilize the parareal scheme.

The parareal method uses a multiple shooting reformulation of the initial
value problem (41) corresponding to the time domain decomposition (42).
It combines parallel fine grid propagators with a coarse propagator for the
iterative solution of the multiple shooting reformulation of (41).

More precisely, the parareal algorithm is defined as follows.

Algorithm 3.1 ”Parareal” Time Integration Method:

Compute approximations y* of y, = y(t,), 1 <n < N, for the solution y of
(41) as follows.

1. Initialize by coarse scheme: y = yo,
Ynir = geltns ), 0<n < N.
2. Fork=1,..., K — Lyt =y,

Uit = 9ot Y5 + (9(tns ¥8) — geltn,yl)), 0<n < N.  (44)

predictor corrector, computable
in parallel on time slabs

The predictor step has to be computed sequentially to propagate the new
approximation y**! by the coarse propagator. The error is corrected by using
the approximation y* of the previous iteration and can thus be computed in
parallel.

It is obvious that the exact solution y, = y(t,) is a fixed point of the
parareal scheme, since yp+1 = ¢(tn,yn). Moreover, after N iterations the
exact solution is obtained. However, to obtain an efficient scheme, we want
to apply only a few parareal iterations and are interested in the convergence
speed of the parareal method. In practice the exact propagator g(t,,y¥) is
replaced by an approximation g¢(t,, y¥) obtained by a sufficiently accurate
fine grid scheme.

The parareal scheme can directly be applied to nonlinear equations and is
then a nonlinear iteration. Thus, user-provided nonlinear fine grid solvers can
be used directly. Besides the fact that nonlinear solvers can be more robust
and efficient for some problems the nonlinear parareal algorithm has the
advantage that the state in the time slabs has not to be stored in contrast to,
e.g., a Newton iteration with inner parareal solver for the linearized equation.
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3.2 Convergence properties of the parareal algorithm

In the following, we collect several convergence results for the parareal scheme
in the context of time-dependent PDEs. The first result shows that the
parareal after k iterations can be considered as a scheme of order km pro-
vided the solution is smooth enough and the coarse propagator has order m
and is Lipschitz.

Theorem 4. ([1]) Let Vi, C Viy—1 C ... C Vo = V be a scale of Banach
spaces. Assume that

1. (41) is stable in all spaces V;, 0 < j <k, i.e.
ly(Dlly, < Cllvolly, Vvo€Vj, tel0,T].
2. The coarse propagator g. is Lipschitz in the sense that for 0 < j < k

nga%XN 1ge(tn, v) = ge(tn, w)HVj <1+ CAT)|jv - w”vJ Vo,we Vj.
3. The coarse propagator g. has order m in the sense that for 0 < j < k with
0g(tn,v) = g(tn,v) — ge(tn,v) the estimate holds

— mA1,, :
Jmax [8g(ta,v) = dgltn, wly, < CCAT)™ o~ wly,,, Yv.we Visa.
Then for initial data yo € Vi the parareal scheme after k iterations has an
accuracy of order mk, i.e.,

k k
| ax, ly(tn) — ynlly, < CAT)™ |lyolly,

with C independent of AT and yo.

Proof. See [1, Thm. 1]. Our assumption 3. is a modification of assumption
(H3) in [1] and is adjusted directly to the proof of [1, Thm. 1]. O

The above result requires additional regularity of the solution in order
to achieve order km. By considering dissipative coarse propagators, Bal [1]
was able to obtain an improved result for certain linear partial differential
operators by using Fourier analysis.

Theorem 5. ([1]) Consider a linear M-th order spatial operator F in 1D
with constant coefficients and symbol P(§) = g + ijzzl ;& + €M where
a; € C and ag > 0 such that P(§) > 0 or R(P(§)) > 0 (e.g., heat equa-
tion, advection-diffusion equation). If for t,, = nAT, AT = T/N, the coarse
propagator is given by the 0-scheme

ge(tn,v) —v

S +AWOge(tn,v) + (1= 0)v) =0
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then for 0 € (1/2,1] and k = O(1) the parareal scheme is stable and

—qF < k )
e () = 9Lz ay < CCAT) ol o

for all s € R. Here, H*(R) denotes the usual Sobolev space of order s.
Proof. As shown in [1], the result follows from Theorem 2 and 3 in [1]. O

The convergence behavior with respect to the iteration index k was analyzed
in [10], where in particular the following result was shown.

Theorem 6. Consider the heat equation in 1D, i.e., the spatial operator has
the symbol P(€) = 2. If for t, = nAT, AT = T/N, the coarse propagator is
a one-step method that has a stability function R(z) such that

) = sup le* — R(z)|
=<0 1—|R(2)]

€(0,1),
(for exampe the backward Euler scheme) then the parareal scheme is stable
and

k k 0
 nax, Iy(tn) = Uil oy < R ly(tn) — Ynll e w)

for all s € R.

Proof. In [10, Thm. 4.9,Thm. 5.1] the estimate is shown pointwise for the
Fourier transforms. Integration with the appropriate weights yields the esti-
mate in the Sobolev norms.

The stability function for the backward Euler scheme is R(z) =
yields v, = 0.2984256075, see [10]. O

1
— and

3.3 Parareal as preconditioned iteration

For our purposes it is useful to note that the parareal scheme can one one
hand be seen as as a scheme of higher order on the coarse time grid but can
on the other hand also be intepreted as a preconditioned iteration. Consider
for simplicity the case that (41) is linear. Then

g(tm Un) = Gniyn +Cny  ge(tn,yn) = GenYn + Com-

and the relation y,+1 = g(tn,yn), 0 < n < N can be written as

I
c+G
G, I n 0 . 0Yo

My = _G2 1 . = . =:C.

Gy I CN-1
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If we rewrite the parareal scheme (44) as

Y = et BT = 9k L — geltn, ¥B) + gltn, ¥5) —yEL, 0<n <N,

we see that with the coarse grid approximation M, of M

I
—Ge1 1
]\4c = _Gc,2 1
—Gena1 1
the parareal scheme (44) can be written as
g =y M (e - My"). (45)

Theorem 4 and 5 show that under their assumptions for fixed & the operator
I — M7'M has for sufficiently large N (i.e., AT small enough) a condition
number < 1. On the other hand, Theorem 6 shows that for the heat equation
we have

11— M M|

<
maxy ||(Vnll s 2y maxn [|()n s @ — 16

where for example v; = 0.2984256075, if the backward Euler scheme is se-
lected as coarse propagator.

Hence, we see that under appropriate assumptions M ! is a good precon-
ditioner for the operator M.

In the nonlinear case we introduce the operators

y1 — 9(to, %o) Y1 — 9e(to, vo)
Gly) = : » o Gely) = :
yn — g(tn—1,yn—1) YN — ge(tn—1,YN—-1)

Then the parareal scheme can be written as the preconditioned iteration
Ge(y™*) = Ge(y*) — G(¥")

which is (45) in the linear case. Hence, as already observed in [10] the
parareal scheme can also be seen as a deferred correction method. In [10] it
is also shown that the parareal method can be interpeted as a time-multigrid
method.
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4 A parareal-based preconditioner for optimality
systems and numerical results

We use now the parareal method as an inexact implementation of the two
PDE solves in the preconditioner (18), see Algorithm 2.1 and Algorithm 2.2.
As in section 2.2 we focus on the case of parabolic state equations. In the
following we always assume that the exact propagator ¢(t,,y,) is replaced
by a fine grid propagator consisting of a time stepping scheme on a finer time
grid within the time slab [t,, t,11].

. rategies to combine the parareal scheme an e
4.1 Strategies t bine th l sch d th
preconditioner

There are essentially two different approaches to apply the parareal scheme
within the proposed preconditioner (18):

In the first approach the parareal scheme with a fixed iteration number K
is used as time discretization scheme for the state equation in (1) and also
for the linearized state equation in (3). Then using the same parareal scheme
and its adjoint scheme within the preconditioner (18) in Algorithm 2.2 is just
the application of the preconditioner (18) to the discretized problem.

In the second approach the state equation in (1) and also the linearized
state equation in (3) is discretized by the fine grid propagator and the parareal
scheme with a fixed iteration number K is used within the preconditioner to
solve the corresponding optimality system. The resulting preconditioner is
then an inexact version of the preconditioner (18) in Algorithm 2.2, since the
two PDE solves are approximated by K parareal iterations.

In the following we present numerical results for the second approach.

4.2 Numerical results for a parabolic optimal control
problem

As an example for (3) we consider the problem

1 /7T T
min é/(y(T)—yT)Q dx—l—f/ /(y—yd)2 dazdt—!—g/ /u2 dx dt
vewo,r) 2 o 2 )0 Ja 2Jo Jo

w€L2((0,T)X 2)

s.t. y— Ay =u on (0,T) x £2,

Ylo,ryx00 =0, (46)
y(07 ) =%Yo oOn “Qa
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where 8 > 0 is a constant. The state and control space are given by

U=L*(0,T) x £2),
Y =W(0,T)={y:y e L*0,T;Hy(£2)), y. € L*(0,T;H *(12))}.

4.2.1 Propagators in the parareal scheme

For the implementation of the parareal method we use the equidistant time

decomposition

T
T, = nAT, AT = —.
n N

For the coarse propagator ga(tn,,v;u) we apply one backward Euler step
in time and use a standard 5-point stencil for the Laplacian, i.e., yp11 =
ge(tn,v;u) is given by

y71,+1 — v

AT AYp+1 = Up.

To approximate the exact propagator g(tn,v;u) we apply Ny steps of a
Crank-Nicholson scheme with time step At = AT/N; and use a standard

5-point stencil for the Laplacian. Hence, 97{—5—1 = gy (tn,v;u) is given by

Vo =0,

Vit T Ui 4 Vi1 U
At 2

oo
Ynt1 = UNy-

= Unp,j, jZO,...7Nf—1,

Remark 2. For the solution of the time step equations in the propagators,

standard multigrid solvers can directly be used. It would be possible to control

the inexactness of the multigrid solvers by the generalized SQP-methods.
In addition, a coarser space grid could be used for the coarse propagator.

4.2.2 Numerical results

We consider the specific problem
T:]-a Q:(O,l)Q, yO(x):(L
ya(t,z) =sin(t) z1z2(1 — 21)(1 — 22), yr(z) =ya(T, 2).

For the discretization we use N = 20 time domains, coarse time step AT = %,
fine time step At = % and a 100 x 100 equidistant space grid.



26 Stefan Ulbrich

Unconstrained problem

We apply a preconditioned cg method to the discretized version of (13) and
use the preconditioner (18), see Algorithm 2.2, where we replace the exact
discrete PDE-solves on the fine grid by K parareal iterations according to
Algorithm 3.1, where we add a parallel fine grid solve on the time slabs for
the final initial data yX obtained from the parareal iterations. Then the costs
of the K parareal iterations are K sequential coarse solves and K parallel
fine grid solves on the N time slabs.

The iteration history for different choices of o and 3 is shown in Table 1
for K =2 and K = 3. In both cases the preconditioned cg method is stopped
if the relative residual is < 1072, In the case K = 2, 8 = 1le-3 and « € [le-

K = 2 parareal its. K = 3 parareal its.
a B pcgits e’ B pcgits
le—3 1 15 le—3 1 8
le—4 1 7 le—4 1 6
le—5 1 4 le—5 1 4
le—6 1 5 le—6 1 5
le—3 1le—3 3 le—3 1le—3 3
le—4 1e—-3 3 le—4 1le—3 3
le—5 1le—3 3 le—5 1le—3 3
le—6 1le—3 2 le—6 1le—3 2

Table 1 Preconditioned conjugate gradient iterations for the solution of (13) with pre-
conditioner (18) for a relative stopping tolerance 10~2. The two PDE solves within the
preconditioner are approximated by K parareal iterations.

6, 1e-3] we obtain with N = 20 processors we obtain the following time ratio
between the time for the parallel solution of the SQP subproblem and the
serial solve of the state equation.

time(parallel SQP solve) 3 x 4 x (20 coarse + 40 fine steps)
time(serial state solve) 800 fine steps

=0.9.

Control constrained problem
We add the control constraint
S 1
w> —
— 10
and apply a semismooth Newton method. The semismooth Newton system is
reduced to the system (13). As above, we apply a preconditioned c¢g method to

the discretized version of (13) and use the preconditioner (18), see Algorithm
2.2, where we replace the exact discrete PDE-solves on the fine grid by K
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parareal iterations according to Algorithm 3.1. We set 8 =1 and use K = 3
parareal iterations within the preconditioner. The praconditioned cg method
is terminated if the relative residual is < 10~ 1.

The iteration history for different choices of « is shown in Table 2.

a=1le—3 a=1le—4

Residual pcgits Residual pcgits
1.3e+1 5 1.3e+2 5
3.6e—1 6 7.5e+1 3
1.3e—2 4 1.6e+1 6
3.9e—4 5 1.le—1 8
2.3e—5 4 5.4e—3 5
2.3e—4 4

Table 2 Semismooth Newton method, where the semismooth Newton system is solved
by a preconditioned conjugate gradient method with preconditioner (18). The two PDE
solves within the preconditioner are approximated by 3 parareal iterations.

5 Conclusions

We have proposed a parallel preconditioner for optimality systems or semis-
mooth Newton systems arising in parabolic optimal control problems without
or with control constraints. The preconditioner is based on [24], see also [21].
We extend the estimates for the condition number to the case of parabolic
optimal control problems. The estimates show no or only a weak dependence
on the regularization parameter «. Since the preconditioner decouples into
two PDE solves, we propose to obtain a parallel preconditioner by using the
parareal method as approximate PDE solver within the preconditioner. The
efficiency and very weak dependence on the regularization parameter « is
confirmed by numerical results. Since the preconditioner requires only fine
and coarse propagators for a slightly modified forward and backward PDE,
it is quite easy to implement. The numerical tests show that already for 2-3
parareal iterations within the preconditoner the number of preconditioned cg
iterations is very moderate. Hence, the preconditioner has potential for the
parallel solution of large scale optimal control problems.

References

1. Bal, G.: On the convergence and the stability of the parareal algorithm to solve partial
differential equations. In: Domain decomposition methods in science and engineering,
Lect. Notes Comput. Sci. Eng., vol. 40, pp. 425-432. Springer, Berlin (2005)



28

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Stefan Ulbrich

. Bal, G., Maday, Y.: A “parareal” time discretization for non-linear PDE’s with ap-

plication to the pricing of an American put. In: Recent developments in domain
decomposition methods (Ziirich, 2001), Lect. Notes Comput. Sci. Eng., vol. 23, pp.
189-202. Springer, Berlin (2002)

Battermann, A., Heinkenschloss, M.: Preconditioners for Karush-Kuhn-Tucker matri-
ces arising in the optimal control of distributed systems. In: Control and estimation of
distributed parameter systems (Vorau, 1996), Internat. Ser. Numer. Math., vol. 126,
pp. 15-32. Birkhéauser, Basel (1998)

Battermann, A., Sachs, E.W.: Block preconditioners for KKT systems in PDE-
governed optimal control problems. In: Fast solution of discretized optimization prob-
lems (Berlin, 2000), Internat. Ser. Numer. Math., vol. 138, pp. 1-18. Birkh&user, Basel
(2001)

Borzi, A.: Smoothers for control- and state-constrained optimal control problems.
Comput. Vis. Sci. 11(1), 59-66 (2008)

Borzi, A., Schulz, V.: Multigrid methods for PDE optimization. SIAM Rev. 51(2),
361-395 (2009)

Dollar, H.S., Gould, N.I.M., Stoll, M., Wathen, A.J.: Preconditioning saddle-point
systems with applications in optimization. SIAM J. Sci. Comput. 32(1), 249-270
(2010)

Farhat, C., Chandesris, M.: Time-decomposed parallel time-integrators: theory and
feasibility studies for fluid, structure, and fluid-structure applications. Internat. J.
Numer. Methods Engrg. 58(9), 1397-1434 (2003)

. Fischer, P.F., Hecht, F., Maday, Y.: A parareal in time semi-implicit approximation

of the Navier-Stokes equations. In: Domain decomposition methods in science and
engineering, Lect. Notes Comput. Sci. Eng., vol. 40, pp. 433-440. Springer, Berlin
(2005)

Gander, M.J., Vandewalle, S.: Analysis of the parareal time-parallel time-integration
method. STAM J. Sci. Comput. 29(2), 556-578 (2007)

Gong, W., Hinze, M., Zhou, Z.J.: Space-time finite element approximation of parabolic
optimal control problems. J. Numer. Math. 20(2), 111-145 (2012)

Heinkenschloss, M.: A time-domain decomposition iterative method for the solution
of distributed linear quadratic optimal control problems. J. Comput. Appl. Math.
173(1), 169-198 (2005)

Heinkenschloss, M., Vicente, L.N.: Analysis of inexact trust-region SQP algorithms.
SIAM J. Optim. 12(2), 283-302 (2001/02)

Herzog, R., Sachs, E.: Preconditioned conjugate gradient method for optimal control
problems with control and state constraints. SIAM J. Matrix Anal. Appl. 31(5), 2291—
2317 (2010). DOI 10.1137/090779127. URL http://dx.doi.org/10.1137/090779127
Hintermiiller, M., Hinze, M.: A SQP-semismooth Newton-type algorithm applied to
control of the instationary Navier-Stokes system subject to control constraints. SIAM
J. Optim. 16(4), 1177-1200 (2006)

Hintermiiller, M., Ito, K., Kunisch, K.: The primal-dual active set strategy as a semis-
mooth Newton method. SIAM J. Optim. 13(3), 865-8388 (2003) (2002)

Hinze, M., Pinnau, R., Ulbrich, M., Ulbrich, S.: Optimization with PDE constraints,
Mathematical Modelling: Theory and Applications, vol. 23. Springer, New York (2009)
Lions, J.L., Maday, Y., Turinici, G.: Résolution d’EDP par un schéma en temps
“pararéel”. C. R. Acad. Sci. Paris Sér. I Math. 332(7), 661-668 (2001)

Maday, Y., Turinici, G.: A parareal in time procedure for the control of partial differ-
ential equations. C. R. Math. Acad. Sci. Paris 335(4), 387-392 (2002)

Mathew, T.P., Sarkis, M., Schaerer, C.E.: Analysis of block parareal preconditioners
for parabolic optimal control problems. SIAM J. Sci. Comput. 32(3), 1180-1200 (2010)
Pearson, J.W., Stoll, M., Wathen, A.J.: Preconditioners for state-constrained optimal
control problems with Moreau-Yosida penalty function. Numer. Linear Algebra Appl.
21(1), 81-97 (2014)



Title Suppressed Due to Excessive Length 29

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Rees, T., Stoll, M., Wathen, A.: All-at-once preconditioning in PDE-constrained opti-
mization. Kybernetika (Prague) 46(2), 341-360 (2010)

Schiela, A., Giinther, A.: An interior point algorithm with inexact step computation in
function space for state constrained optimal control. Numer. Math. 119(2), 373-407
(2011)

Schiela, A., Ulbrich, S.: Operator preconditioning for a class of inequality constrained
optimal control problems. SIAM J. Optim. 24(1), 435-466 (2014)

Schéberl, J., Zulehner, W.: Symmetric indefinite preconditioners for saddle point prob-
lems with applications to PDE-constrained optimization problems. SIAM J. Matrix
Anal. Appl. 29(3), 752-773 (electronic) (2007)

Staff, G.A., Rgnquist, E.M.: Stability of the parareal algorithm. In: Domain decom-
position methods in science and engineering, Lect. Notes Comput. Sci. Eng., vol. 40,
pp. 449-456. Springer, Berlin (2005)

Stoll, M., Wathen, A.: Preconditioning for partial differential equation constrained
optimization with control constraints. Numer. Linear Algebra Appl. 19(1), 53-71
(2012)

Troltzsch, F.: On the Lagrange-Newton-SQP method for the optimal control of semi-
linear parabolic equations. SIAM J. Control Optim. 38(1), 294-312 (electronic) (1999)
Troltzsch, F.: Optimal control of partial differential equations, Graduate Studies in
Mathematics, vol. 112. American Mathematical Society, Providence, RI (2010). The-
ory, methods and applications, Translated from the 2005 German original by Jiirgen
Sprekels

Ulbrich, M.: Semismooth Newton methods for operator equations in function spaces.
SIAM J. Optim. 13(3), 805-842 (2003) (2002)

Ulbrich, M.: Semismooth Newton methods for variational inequalities and constrained
optimization problems in function spaces, MOS-SIAM Series on Optimization, vol. 11.
Society for Industrial and Applied Mathematics (STAM), Philadelphia, PA; Mathemat-
ical Optimization Society, Philadelphia, PA (2011)

Ulbrich, M., Ulbrich, S.: Primal-dual interior-point methods for PDE-constrained op-
timization. Math. Program. 117(1-2, Ser. B), 435-485 (2009)

Ziems, J.C., Ulbrich, S.: Adaptive multilevel inexact SQP methods for PDE-
constrained optimization. SIAM J. Optim. 21(1), 1-40 (2011)

Zulehner, W.: Analysis of iterative methods for saddle point problems: a unified ap-
proach. Math. Comp. 71(238), 479-505 (electronic) (2002)



