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Abstract. This paper provides a detailed analysis of a primal-duakiot-point method for PDE-constrained optimiza-
tion. Considered are optimal control problems with contmhstraints inL?. It is shown that the developed primal-dual
interior-point method converges globally and locally siipearly. Not only the easieL.*>°-setting is analyzed, but also
a more involvedL?-analysis,g < oo, is presented. IiL.°°, the set of feasible controls contains interior points el t
Fréchet differentiability of the perturbed optimalityssgm can be shown. In the?-setting, which is highly relevant for
PDE-constrained optimization, these nice properties aromger available. Nevertheless, a convergence analysieviel-
oped using refined techniques. In particular, two-normnepkes and a smoothing step are required. Lheanalysis with
smoothing step yields global linear and local superlinemvergence, whereas the>-analysis without smoothing step
yields only global linear convergence.

1. Introduction. This paper is concerned with the analysis of primal-du@riot-point meth-
ods for optimization problems with PDE- and pointwise inaiify constraints. We assume that the
problem has optimal control structure and that the ineguabnstraints are posed on the controls
only. In contrast to state constraints, this situationvedidor a rigorous analysis. Related investi-
gations of other Newton-based algorithms were conducteelin, [4, 8, 12, 14, 16, 22, 20, 21, 23,
25, 26] for comparable problem settings. For primal-dugnor-point methods, although inten-
sively investigated in finite dimensional mathematicalggeonming, see, e.g., [7] and the references
therein, only little rigorous theory is available in the @lion space framework of optimal control
problems. Earlier investigations of modern optimizatioatheds in function space have resulted
in valuable deep understanding of algorithms for PDE caistd optimization. In particular, in
all analyses, a certain problem structure is required fara@essful local convergence analysis. A
common theme is that al¥-setting for the inequalities is required and that a smoatipiroperty or
smoothing step must be available. Furthermore, the uscéttaeking in interior-point methods to
keep iterates strictly positive has to be augmented by seifarojection techniques, at least if the
primal-dual Newton step for the control is notiri°. Finally, integrated barriers are the appropriate
choice, which result in a weighting of the pointwise bagiafter discretization. All of these crucial
ingredients are not visible in the finite dimensional anigly# further important benefit of an ab-
stract analysis in function space is that it is the preretguier proving mesh independence results,
see,e.g., [1, 2, 9].

The purpose of this paper is to give a rigorous analysis ofjtbleal and fast local convergence
of a primal-dual interior-point method for PDE-constraineptimization. The analysis covers not
only the (easier).*°-setting but also the quite involved but in practice highdjerantl?-setting,

q < oo. The crucial point is that for the analysis in thé°-setting one needs that the corresponding
adjoint state (i.e., the Lagrange multiplier for the stajaation) is also in.°>°, which is usually not

the case for complex systems like, e.g., the Navier-Stofeateons [6, 10, 19]. One of the difficul-
ties in theL?-setting,q < oo, is that the set of feasible controls does not contain intgrdints with
respect to thd.?-topology. As a consequence, the barrier function is netket-differentiable in
L4. Moreover, the Newton steps for the control and for the rplidtis of the control constraints live

in general only inL? and therefore we have to work in dri-setting for the control and the multi-
pliers even if the control is confined Wy°-bounds. This requires elaborate techniques, including a
suitable scaling of the primal-dual Newton system, a twasnapproach, and a smoothing step.

In the Li-setting the central path can touch the boundary of the st&asiible controls on a
set of measure zero. We will see that nevertheless intpdmt methods make sense in connection
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with a projection onto an appropriate neighborhood of thatre¢ path. We empasize that also in
the context of state constraints the central path may tolkefbobundary of the feasible set. The
results and proof techniques of the present paper showhisatdes not necessarily lead to a failure
of interior-point methods and may be valuable also in thetexdrof state constraints. The use of
two-norm technique and the introduction of a smoothing stibmvs not only to go beyond the
L*>-setting. It also results in a globally linearly and locadlyperlinearly convergent primal-dual
interior-point algorithm, whereas the™-setting without smoothing step results only in a globally
linearly convergent method.

We now give a short overview of the available literature aeiiior-point methods in function
space. In the context of optimal control with ODEs and cdrtomstraints, [24] investigates the
properties of the central path in dit°-setting and proposes a corresponding continuation method
For a similar setup, a linearly convergent primal-dualriotepoint short step method was investi-
gated in [23] in an.°>°-framework. Furthermore, a primal interior-point methodlfnear-quadratic
optimal control problems with an elliptic PDE and controhstraints was investigated in [25]. In
this approach, the control is eliminated from the perturyatimality system and linear convergence
of a short step path following method is proved. Superlinmeawergence of this method was proved
in [16] under H2-regularity assumptions. The convergence of a primal-thtatior-point method
for linear-quadratic elliptic control problems with mixedntrol-state constraints was investigated
in [14]. The problem can be reformulated as a control probAdth control constraints having spe-
cial structure. The analysis of the central path and lineavergence of a short step path following
method is carried out in abh*°-framework. In addition to the mentioned references, nicaéevalu-
ations of interior-point methods in the context of PDE coaisied optimization have been conducted
in, e.g., [3, 13].

The paper is organized as follows: In section 2 the consitlereblem class is described and
it is illustrated that elliptic optimal control problems fitto this class. Then, first order optimality
(KKT) conditions are derived. As a first step towards intepoint methods, a barrier problem is
formulated, its unique solvability is proved, and optimatonditions are stated that result in per-
turbed KKT conditions that form the basis for the primal ddalwton step. Section 3 presents and
illustrates a functional analytic setting that is used ia tbst of the paper. In section 4, properties
of the central path are derived, in particular the boundsslioé the dual variables in? and the
boundedness of the central path. Section 5 is devoted tonthlgsis of the primal-dual Newton
system on a suitable neighborhood of the central path. Ad&sylris the uniformly bounded invert-
ibility of the suitably scaled linear operator in the pringdal Newton system on bounded subsets
of the neighborhood. As a simple consequence, the norm dhteese of the unscaled operator is
uniformly bounded byO(1/,/1z) on bounded subsets of the neighborhood. The Holder catytinu
of the central path is proved in section 6. The conceptuatgridual interior-point method is for-
mulated in section 7. It includes a projection onto the niearhood of the central path that replaces
the usual backtracking. In section 8, the method is analyzebe L>°-setting. Quadratic local
convergence towards the central path and global linearezgewce are proved. Finally, in section 9,
the more involved analysis of the methodlif, ¢ < o, is carried out. As for other approaches, an
inevitable norm gap occurs that has to be closed by a smap#itép. Such a smoothing step is de-
rived and incorporated in the algorithm. For the resultirgghmnd, global linear and local superlinear
convergence is proved. Section 10 presents numericatsesul

Notations. We denote thel?-norm by || - |, 1 < p < oo. For Banach space¥, Y we
denote byZ(X,Y") the space of bounded linear operators fr&no Y equipped with the operator
norm| - | x y. X ™ is the dual space of a Banach spatend(:, ) x- x is the corresponding dual
pairing. By leb(-) we denote the Lebesgue measurei®dh Throughout the paper equalities and
inequalities betweeh?-functions are meant pointwise almost everywher& I Y is a continuous
embedding, we writd x y, Ix yx = « for the embedding operator. Sometimes, if no confusion is
to be expected, we save space by writihmstead of/x y. If ' : X — Y is an operator between
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Banach spaces, we denote BYits first Fréchet derivative and by its second Fréchet derivative,
if they exist. If X is a product space, then= (z4,...,z,,) € X hasm > 2 components and we
denote byF;, the partial Fréchet-derivative with respectitg by F, ., the derivative off,, with
respect tas;, etc., if they exist.

Occasionally, given Banach spacks C Xy, Y7 C Yy, where “C” means continuous embedding,
we will use the notationC(Xy, Y1) C £(X1,Ys) to indicate that every operatot € £(Xo, Y1)
induces an operatof € £(X;,Y;) via Az := Az, x € X].

2. Control constrained optimal control problem. Let 2 ¢ R™ be a bounded open domain
with sufficiently smooth boundary. We consider the optinwadteol problem with control constraints

2.1 in J s.t. -0 <u<b
(2.1) o (y,u) c(y,u) =0, a<u<hb,

whereU = LP(Q),p € [2,00),a,b € L™, b—a > v > 0,andY is a Banach space. We set
B:={uelU: a<u<b}, z=(yu), X:=YxU,

and assume that there exists an operfset LP(2), D D B such that
(Al) J: Y xU — R,c:Y x U — A are twice locally Lipschitz-continuously differentiable
A is a Banach space, and there exist uniform Lipschitz cotstambounded subsets of
Y x B.
(A2) ¢,(y,u) € L(Y,A) has a bounded inverse for &}, u) € Y x D andHcy(y,u)—lHAy is
uniformly bounded on bounded subsetsok 5.
(A3) For allu € D there exists a unique solutign= y(u) € Y of

c(y(u),u) =0
and there exista/, > 0 with
ly(u)lly <M, VuecbB.
(A4) The reduced objective functional
w€ (B, -lloo) = J(y(u),u) =: J (u)

is lower semicontinuous w.r.t. sequentiaP-weak' convergence.

REMARK 2.1. By the implicit function theorem (A1)—(A3) ensure thae D — y(u) € Y
andu € D — J(y(u),u) are twice locally Lipschitz-continuously differentialded in addition
Lipschitz continuous oif.

For convenience we identify* = L?(Q)* with L?' ()

[~

+ - =1, via the dual pairing

1
'p

hS]

(v, uyp=u = (v,u) := /Qvudg.

We recall that in function spaces of distributions it is coompractice to extend, -) to the dis-
tributional dual pairing. In our examples, we typically Wawith the Sobolev spaceH} () and
Y = HA(Q) N H?(Q). The dual spaces with respect to the dual pairing then result in the
following continuous and dense embeddings:

Y C HY(Q) c L*(Q) c H Q) = H}(Q)* c Y™

In this sense, we can (and will) interpr&f} -functions as (nice).?-functions andZ?-functions as
(nice) H~!-functions (the latter are generalized functions). Furtiee, we will omit operators of
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the forme1 v, 1Y € Yl — y € Yy if Y7 C Y5 is continuously embedded. In this case, we also have
Iy, v, Yy €Yy =y €Yy, thusly y = Iy; vy, i.e., the adjoint acts like the identity.
PROPOSITION2.2. Under assumptlon(s’xl) (A4) problem (2.1) has a solution.
Proof. Take a minimizing sequend@(ux), ux). Since(uy) C B, it is bounded inL> and has
a weak-convergent subsequence, which we denote agaimpyfor simplicity, with limit z € B.
But by (A4) we have

limsup J(y(ux), ug) > J(y(a), w)

k—o0
and thuqy(u), ) solves (2.1), sincéy(ux), ux) is @ minimizing sequencél.

2.1. An example.As a standard example we consider the following elliptictomrproblem

min Sy~ vall2s + Sl

(2.2) s.t. —Ay=wu ing,
y=0 1inoQ,

a<u<b inQ.

Here,Q) C R™ anda, b € L>°(Q) are as specified abovec U := L?(Q) is the controly € H'(Q)
is the statey, € L?(Q2) is the desired state, and> 0 is a regularization parameter.

There are at least two reasonable ways to choose the fuataoalytic setting. We choose
p=2,D=U andhavd/* = U = L*(Q).

2.1.1. Firstsetting. The first setting is to consider the usual weak solution okthte equation.
Here, the state space¥s= H}({2) and the PDE is considered in the weak form

/vy OTVv(€) d¢ = / £)d¢é Yove H Q).
This results in the abstract state equation
c(y,u) :=Ay—u=0 inA

with A = Y* = H—1(£2). Note that, as mentioned earlier, we have omitted the enibgadgerator
I g1 € L(L*(Q),A), Ir2 -1u = u. The operatord € L(Y, A) is defined by

(Ay,v)g—1 g1 = (Ay,v) /Vy & Vu(€) d¢ Vy,ve Hy(Q).

It is well known thatA € L£(Y, A) is invertible. Clearly,

1 2, Q. 9
J(y,u) = Slly — vally + 5 llull;
2 2
is twice continuously differentiable with
y(y ) >Y*7Y = <y_ydav> = (y_ydav)27
u(ya ) >U,U* = Oé(U,ZU> = OZ(’LL,’LU)Q,

Jyy (Y, w)va, v1)y= vy = (v1,v2)2,
(y,

(
(
(
(Juu(y, w)we, w1) - v = a(wi, ws)s.
In short notation:

Jy(y>u) =Y —Ya, Ju(yvu) = Qu, Jyy(y7u) = IY*,Y» Juu(yau) = OZIU.
4



Furthermore¢(y, u) = Ay — wu is twice continuously differentiable with

Cy(y>u) = A7 Cu(y,U) = _IL2,H*1> Cl,(yvu) = 0.

The uniform Lipschitz constants on bounded setsdod’ and their derivatives are clear due to
bounded linearity. The uniform Lipschitz continuity éfon bounded sets follows from the bound-
edness of/’ on bounded sets. Hence, (A1) is shown. (A2) follows since

Cy(y7 U) =A

is constant andl € L£(Y,A) is invertible. (A3) follows fromy(u) = A~!Bu. Finally (A4) is
satisfied since: € L? — J(A 'u,u) € R is convex and continuous, hence sequentially weakly
lower semicontinuous. As a consequendds also lower semicontinuous w.r.t. sequentiaf-
weak' convergence.

2.1.2. Second settingFor the analysis to follow, it will be useful to exploit addihal regular-
ity of the state and the adjoint state. This motivates to iclemghe following setting for (2.2):

From the assumptions dm and standard regularity results for elliptic equation®ltofvs that
the solution of the state equation enjoys more regularitmely,y € ¥ := HYNH? (weusea“”
to distinguish from the first setting). Hence, we can write $skate equation also as follows:

éy,u) =Ay—u=0 inA:= L2

with A € £(Y, A). Again A is invertible in£ (Y, A).

Since the Laplace operator is symmetric, we obtain al$aregularity for the adjoint state. This
will be important, since in assumption (A5 )ve will in particular require that there exists (p, o]
such that the adjoint statesatisfies

iy, u)h € L1(Q), ie.for(2.2), — e LYQ).

The largerg can be chosen, the better. In the first setting, we would bigslihto g-values for which
the embeddind/! C L7 holds. If we want to increasg (e.g.,q¢ = oo for n = 3), it is advantageous
to exploit any regularity that is available for, and thus arii} N H?-setting is beneficial (if it is
applicable).

Just as before, we can calculate derivatives and verifygharaptions (A1)—(A4).

2.2. Optimality conditions. If we define the closed convex set
C={0}xBCAxU

and the constraint function

c(y,u
h(y, u) := < (yu )>
then the constraintin (2.1) can be written as
h(y,u) € C.
Denote for(\, z) € A* x U* the Lagrangian function for the abstract problem

1 J st h C
o (y,u) (y,u) €

by

L(y>u> )‘7 Z) = J(y>u) + <>‘>C(y>u)>1\*71\ + (Z>u)2'
5



Letz = (y,u) € Y x B be alocal solution of (2.1). Sinag(z) is surjective by (A2), the operator

W (z) = < Cy((f) C“f) ) € L(X,A X U)
is surjective and therefof®obinson’s constraint qualificatigi 5]

0 €int(h(z) + h(z) - X = C)
is satisfied. By standard optimality theory, see [5, Prop], 3here exist\, z) € A* x U* with
(23) Lo(3,)2) = (Jy + A Ju+ G N)(@) +(0,2) =0, h(z) €C, (X2) € Ne(h())

with the normal cone

Ne(h(Z)) :={(N\,z) e A" xU* : (A w—c(Z))p+a+ (2,0 —1) <0 V(w,v) €C}
={(\,z) e A*xU" : (z,v—u) <0 VveDB}
={(A\2) e A" xU" : zl{z=ay <0, z|{azp) =0, 2|{acacsy =0}.

Hence, using the splitting = 2, — 24, 2, Z, > 0, we can write (2.3) in the following form: there
exist\ € A* andz,, z, € U* such that with the Lagrangian

g(yaua )‘72:(17 Zb) = J(y7u) + <)‘7c(y7u)>A*,A - (Zaau - a)? - (Zba b— U)Q

the first order optimality conditions hold

Cy(Z, N, Za, ) = Jy(Z) + ¢y (2)*A =0,

Cu(Ty N, Zay Z) = Ju(T) + co(Z)* AN+ 2 — Z4 = 0,
(2.4) o(z)=0, a<u<hb,

(@ —a)z, =0, Z,>0,

(b—u)z, =0, Zz >0.

2.3. Barrier problem. Now consider the associated barrier-problem

In(u — a) dzx —,u/ In(b — u) dzx

min J,(y,u) == J(y,u) — u/ ;

(2.5) Q

st c(y,u)=0, a<u<hb.

PrROPOSITION2.3. Under assumption@1)—(A4) problem (2.5) has for any > 0 a solution.

Proof. Take a minimizing sequend@(ux), ux). Since(uy) C B, it is bounded inL> and has
a weaKk-convergent subsequence, for simplicity again denote@.y, with limit « € 5. But by
(A4) we have

(2.6) J(y(uk), ur) > J(y(u),a).
Moreover, the barrier term satisfies
—,u/ In(up — a) dx — ,u/ In(b — uy)dx > —2pleb(Q) In(||b — a|| ).
Q Q
This shows that

Ju(y(ur), ue) = J(y(u),u) — 2pleb(Q) In([|b — al| ) = =M,
6



with a constanfi/; > 0.
Moreover, we have,, — @ in L>°-weak' and thus also ir.2-weak. It remains to show that

e B,y +— —,u/gln(u —a)dr — ,u/gln(b —u)dr =: fo(u) + fo(u)

is lower semicontinuous w.r.t. weak convergence.

We consider onlyf, : u — —pu [, In(u — a)dz, sincefy : u — —p [ In(b — u) dz can be
treated analogously. Siné&cC L?(9) is closed and convex anfi : B — R U {oo} is convex, it is
sufficient to show that the mapping is lower semicontinuoug.vétrong convergence, see [11, Lem.
22.6] or [27, Prop. 38.7]. To this end, IBt> v, — © in L. We have to show

(2.7) liminf fu(v) > fa(0).

If iminfy, . fa(vg) = oo this trivially holds.
Now consider the cadémy, ., f,(vx) < co. By selecting a subsequens,) x we achieve

. I}Cm fa(vr) = hmmf fa(vg) < oo, (vg)xk — v almost everywhere of.
Sk—o0

In particular, there exists a constarnt> 0 with f,(v,) < C forall £ € K. We observe that

—pln(vg —a) = —pln(max(vg — a,1)) — pln(min(vg — a,1)) =: gk + hy,
—pIn(v — a) = —pIn(max(v — a,1)) — pIn(min(s — a,1)) =: g+ h.

We have the estimate
lgx — g| < plmax(vy —a,1) — max(v — a,1)| < plvy — 9|
and thus

Kal}cm falvg) = Kal}grgoo Q(gk+hk)dx:[)gdx+klirgo Qhkdaz.

Moreover,hy > 0, |gx| < plvy —a — 1| and, fork € K,
OS/hkda:§C’—/gkdeC—i-quk—a—lHl§C+C'.
Q Q

From (v;)x — ¥ a.e. we obtair{h;)x — h a.e.. Now the Lemma of Fatou (where we can work
with lim instead oflim inf here) yieldsh € L'(Q2) and

Og/i_zdx—/ lim hrdr < lim hpde < C+C'.
Q q K3k—oo K>k—oo Jq

This concludes the proof that

k— o0 K>k

liminf f,(vg) = hm fa(vk) = hmlnf/(gk- + hy) dz > /Q(g +h)dz = f,(0).

As mentioned before, the same holds#gr— v weakly, see Jost, Lemma 4.2.2.
Applying this to the minimizing sequence, we obtain togethi¢h (2.6)

liminf J, (y(ug), ug) = hkniio%f J(y(ur), ur) + fo(ur) + folur)

k— o0
> J(y(u),a) + fo(@) + fo(@) = J,(y(w),a).
7



Hence,(y(u),u) solves (2.5)0

REMARK 2.4. It is important to point out that the proof would be eaffieve could assume
that the solution lies in thé*°-interior of B. Since, however, the case thatouches the bounds on
a null set cannot be excluded, we need alternative proohtgquals as given above. If the problem
has special structure, e.g., as in [14], it is sometimesiplest® prove that lies in the L>°-interior
of B and then a less technical argumentation can be used, seeseetipn 3 of [14]. It is obvious
that{z = a} and{u = b} have measure zero, sindg(y,u) < oo. Therefore, it is easy to derive
the following necessary optimality conditions for (2.5).

LEMMA 2.5. Let assumption§A1)—(A4) hold and letz,, = (y,,u,) be a local solution of
(2.5),p > 0. Then there is\, € A* such that

Jy(xu) + Cy(xu)*)‘u =0,
1

\ [
(2.8) Ju(xy) + cu(z,) Ay + a — - =0,

c(x,) =0, a<wu,<b

REMARK 2.6. By introducing the artificial variables, , =
write (2.8) as the perturbed KKT-conditions

andz,, = £— we can

“
Uy —a b—u,
Ey(l’“, A#v Za,p Zb,u) = Jy(xu) + Cy(xu)*Au =0,

Cu( Ty My Zapr 2b,) = Ju(Tp) + cu(®p) Ay + 26,0 — 20,0 = 0,

(2.9) c(zy) =0, a<u,<b,

(Up — @) Zap =ty Zap 2> 0,

(b—wu) 2oy =1, 20 2 0.

We call the solution set (2.9) parameterizeghby 0 central path We will see that under appropriate
assumptions the central path is actually a Holder-conotisicurve that converges for — 0 to a
solution of (2.1Y1

Proof. By (A3) there exists for any € D a unique solutiony = y(u) € Y of ¢(y,u) = 0. By
(A2) and the implicit function theorem the mappinge (D, || - ||,;) — y(u) € Y is continuously
differentiable with

CylYu = —Cy.

Thus the reduced objective functionalc (D, || - ||,;) — J(u) is continuously differentiable with
derivative
Ju(w) = =(Jy (@), ¢y(x) " eu(@) - Jy-y + Ju(2)
(@) + ()
Iy (@) + Ju(z),

wherez = (y(u),u). Let(y(u,),u,) be the solution of (2.5). With the unique solutiap € A* of

Jy(xp) + cy(@u) Ay =0

we have
(2.10) Ju(u—p) = culxp) Ay + Julzy).
We show that
w = Jy(u,) — £+ 2 _0 ae



We know thaia < u,, < b almost everywhere. The sets
My ={a+1/k<u, <b—1/k}

are monotone increasing with,~ , M, = Q \ N with a setN of measure zero. Lat € L>°(Q)
be arbitrary, them;, := vly, — vinU = LP(), sincep < oo. Forallt € (—p,p), p > 0 small
enough, we have + 1/(2k) < u,, + tv, < b— 1/(2k) and therefore the function

hi it € (—p,p) —=Ju(y(w, + tog), uy + tog)

= j(u# + tog) — ,u/an(b — (uy + tvg)) doe — ,u/an((u# + tvg) — a)

is continuously differentiable with

W (t) = { J, ¢ a — a .
k( ) <J (ull« =+ Uk) + bh— (u# +t7jk) (UH +t7jk) _aavk>2

Since(y(u,),u,) is optimal for (2.5) and:, + tv, € Bfort € (—p,p), the functionh;, has a
minimum att = 0 and thus

0—h’(0)—<ju(u)+ R ,vk>.
k ’ b—u, u,—a 9

Taking the limitk — oo we obtain

. p p
Ju — , =0.
< (uu)—i_b_uu Uy — @ U>2

This holds for allv € L>°(€2) and by density for alb € U. We deduce with (2.10) that

\ p u
cul@p) Ay + Julzy) + b=, — e =0.

d

REMARK 2.7. For the special case of linear elliptic control prokdethe previous results were
shown in a different way in [14]. The control problem in [14itisfies our assumption (Abpelow
with ¢ = oo. In this particular case the solution of the barrier prob(@mb) lies in the interior of5,
see Corollary 4.4 below, angl, z, are bounded ir.*°. The analysis in [14] makes essential use of
this fact.

In this paper we cover the more general setting that, are only bounded irl.? for some
q > p. This is of essential interest to cover state equations evtier state or adjoint equation does
not allow for a priori estimates ih>°. In the latter case solutions of (2.5) can touch the bounafry
B on a zero set and are thus no interior points in the classtcedes Nevertheless, we will see that
also in this setting interior-point methods with a projentare convergent, since — roughly speaking
— the measure of the set where the solution of (2.5) has distare to the boundary oB tends to
zero ag \, 0. The analysis is considerably more involved than for the ¢a%)... O

3. A function space setting. Unfortunately, it is not possible to work with soft analysisly.
Rather, we need a carefully adjusted function space settingre a typical requirement will be that
a continuous (or differentiable) mapping X; — Y7 also defines a mappirfg: X, — Y5 ¢ ¢from
a stronger spac&’s C X; to a stronger spack, C Y;. For instance, as a trivial example, the
identity mappingX; > = — x € X; induces the identity mappingd, > z — z € X, for any
stronger spac&, C X;.

We make the following assumptions, which are satisfied fanyraliptic and parabolic optimal
control problems, see [17, 18] and the references therein.
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(A5), There argy € (p, oo] and Banach spacésC A*, V C Y* such that the following holds:
1. The mapping

(y,u,\) € Y x LI(Q) x X+ Ly(y,u, A,0,0) € LI(Q)

is differentiable and its derivative is Lipschitz contiugoon bounded subsets Bfx
B x 3.
2. The mapping

(y,u) €Y xU — Jy(y,u) € V

is differentiable and its derivative is Lipschitz contiruson bounded subsets¥ok 5.
3. The operator

(y,u) €Y x U c,(y,u) € L(X,V)

is differentiable and its derivative is Lipschitz contirusmn bounded subsetsYok 5.
4. The following mappings are continuous and uniformly baeshon bounded sets:

(y,u) €Y x (B, - [|,) = July,u) € LY(Q),

(y,u) €Y x U — c(y,u) € L(Z, LI()),

(y,u) €Y x U ¢, (y,u) € L(V,X),

(Y, u, A) €Y x U X B = Lyy(y,u, A, 0,0) € L(Y, LI()),

(y,u, \) €Y x U x % = Ly, (y,u) € L(L*(Q),V),

(y,u, \) €Y x U X X = Ly (y,u) € L(LYQ),LH(Q)), te€[2,q]

5. The reduced gradient has the structure
Cu(y,u, X, 0,0) = B(u) + §s(y,u, A),  B€CHR), f'>ag >0,
where
(y,u, \) €Y x U X X+ gs(y,u, \) € L1(Q)

is Lipschitz continuous on bounded sets.
6. The reduced Hessian

(3.1) H(y,u, A) := Ly + ch;*ﬁyyczjlcu — €y Ly — Luyc

yCu

has the structure
ﬁ(y,u, A\) =B (u)l + ]:Is(y,u, A),

where(y,u,\) € Y x U x ¥ — H,(y,u,\) € £(L?, L9) is uniformly bounded on
bounded subsets.
REMARK 3.1. We point out that usually, (A) implies (AS5), for ¢ > ¢;. In fact, since
L% C L%, only part 1 and the first condition in part 4 can be criticaljttfor the examples to
follow, they are not.

3.1. Verification for the elliptic control problem.
10



3.1.1. Firstsetting. In the first setting we can verify (A for anyq > 2 suchthat” = H}(Q2)
is continuously embedded ib?(€2). We do not need the additional spadésndy, since we just
canchoos® =Y* = H-1(Q)andX = A* = H}(Q) =Y.

We have

1 2 Qo
Uy, u,\, Zq, 2) = §||y — yall3 + §||U||2

+ <>\7Ay - ’LL> - (Zaau - (1)2 + (Zb)u - b)Qa
=Y —Yd, Ju(yau) = au,

Therefore, (A3) is a direct consequence of the following observations:
1. 0y(y,u,\,0,0) = au— X € LI(Q)+ 3 = LI(Q).

2. Jy(y,u)=y—ya€L>CH ' =V.
3. ci(y,u)=Ae€ LIH,, H 1) =L(Z,V).
4

Y

cu(y,u) = In- = = Iy 12 € L35, LY(Q)),
¢, "(y,u) = A~ € L(H™Y, Hy) = L(V, D),
luy(y,u, A, 0,0) =0,

Eyu(yvu) = 07

Euu(:’/? u) = aI'

5. Ly(y,u, A, 0,0) = au— X = B(u) + gs(y,u, \)
with 3(t) = at, B'(t) =, gs(y,u, A) = —A.
Hence,3 € C1(R), 5'(t) = a > g for anyag € (0,a], andgs(y, u, A) = =\ € HE C LI(Q).

6. H(y,u,\) = ol + IHg,L2A_IIH3,H71A_1IL2,H*1 =al + A2 = '(u)] + Hy(y,u, \),

whereH,(y,u,\) = A2 € L(H™', H}) c £(L?, L) is constant and thus uniformly bounded
on bounded subsets.

3.1.2. Second settingHere, we choos® = L?, ¥ =Y, and verify (A5)) for anyq € (2, o0
satisfyingy” = H!NH? C L4 (continuous embedding). In particular, fer< 3, we haveY” c L°°.

It is quite obvious that the operatdre £(H}, H~!) from the first setting is the unique exten-
sionof A € £L(Y,L?) c L(Y,H ") to H} D Y. Therefore A* € L(L?,Y*) is the unique exten-
sionofA* = A e L(H}, H™') Cc L(H},Y*)toL? D Hy. Since, as saidd = A* is the unique ex-
tension of4, this shows thati* € £(L?,Y*) is the unique extension of ¢ £L(Y,L?) C L(Y,Y*)
to L2. Hence,

(3.2) yeY — A*ye L? is continuous linear and boundedly invertibledy’, L?).

The derivatives can be computed similar to the first setflige validity of (A5,) follows from
1. y(y,u,2,0,0) =au— X e LI(Q)+ X =LI(Q) +Y = LIQ).

2. Jy(y,u) =y—ya € L2 =V.
11



3. ci(y,u) = A* € L(Y,L?) = L(Z,V) (see (3.2)).

4. J,(y,u) = au,
ci(y,u) = In» y= = Ip2 € L(X, L9(Q)),
¢ (y,u) = A" € L(L2Y) = L(V, %) (see (3.2)),
luy(y,u, A, 0,0) =0,
Eyu(yvu) - Oa
luu(y,u) = ad

5' gu(yﬂh )‘7 07 0) = au — )\ = /B(u) + gs(y7u7 )‘)
with B(u) = at, 8'(t) =a, gs(y,u,A) = —A.
Hence,3 € C1(R), B'(t) = a > «ap for anyag € (0,a], and

Gs(y,u,\) == eX =Y c LYQ) for\eX.
6. By 3.2),H(y,u,\) = al + A*Iy . A~V = al + A2 = §'(u)] + Hy(y,u, N),

whereH,(y,u,\) = A=2 € L(L?,Y) C L£L(L?, L9) is constant and thus uniformly bounded on
bounded subsets.

4. Properties of the central path. We study next the regularity of the dual variablgs,, 2.,
on the central path.

LEMMA 4.1. Let (A1)—(A5), hold and let(y,,, w,, A\, Za, 1, 2,,) D€ @ solution of (2.9). Then
there holds\, € %,

(41) 0 S Za7;u Zb,u S maX(3M/V7 2|Ju(aju) + Cu(xu)*)‘uba
and thus with (A5)

(4.2) [Za,ullgs 1ol < [Tmax(3p/v, 2| Ju(zp) + cul@n) " Aul)ll, < oo

Proof. From the first equation in (2.9) we see that
Ap = —cy(@u) " Jy(zu) € ey(xy) "V C XL

We have

p = M
’ T :
U, —a b—u,

Ra,p =

This yields on the sed/ = {u, —a < (b —u,)/2} the estimate, ,|r»s > 22, ,,|p @and thus by
(2.9)

1 *
0< §Za7u‘M < Zaulvr — 2ol = (Ju(@p) + cu(@pn) A s

On the complement/¢ := Q \ M we have

3 1 1
§(u# —a)|pe > §(b— a)|pre > 37

and thus(u,, — a)|ame > v/3. Both cases together prove (4.1) foy,. The estimate for; , is
obtained in the same way. Singg € ¥, the right hand side of (4.1) is ib? by (A5), and thus (4.2)
is obviousO

12



We introduce fors € [1, oo] the function spaces

We: =Y xL° x X x L® x L,
W!: =V xL°xAxL°x L,

equipped with the norms

002, = ol + I+ | /o 22 2|

H@mv%xmm,umwwwA'Ww+ﬁ+%

REMARK 4.2. The choice of the Euclidean norm far(¢), z,(€), z(£)) € R? will be conve-
nient, since we will later use a pointwise orthogonal prtjgcof these components with respect to
the Euclidean inner product & [

As a direct consequence of the previous lemma all solutibtiseoperturbed optimality condi-
tions (2.9) are contained in a bounded setigf.

COROLLARY 4.3. Let(A1)—(A5), hold. Then for any.;, > 0 there exists a constat,, > 0
such that for alld < p < po any solutionw,, = (yYu, Uu; Aus Za,u» 26,,) Of (2.9) is inW, and

9

kuHWq < Clp-

Proof. Sinceu,, € Bwe have|u,||, < [[al[,+|b], =: Cu. ByRemark2.u € U — y(u) € Y
is Lipschitz continuous of8 and therefordly,, ||, = [|y(u,)|y < C, with a constan€,. Now (2.9)
yields

A = —cy(@u) " Ty(2h)

and by (A5), the right hand side is uniformly bounded i sincez, lies in a bounded subset of
Y x B. Finally, this implies with (A5} that the right hand side of (4.2) is uniformly bounded. The
proof is completel

If (AD) ., is satisfied then we can deduce immediately that solutiontiseobarrier problem are
true interior points. In fact, we have the simple

COROLLARY 4.4. Let(A1)—(A5)- hold. Then for any:, > 0 there exists a constat,, > 0
such that for alld < p < po any solutionw,, = (Yu, Uus Aus Za,u» 26,) OF (2.9) satisfies

p 0

CHO .

Uy, —a > , b—u, >

2

0

Proof. Corollary 4.3 yields a constant,, > 0 with

1za,illsos 12,0l < Nl < Chao-
Now the last two equations in (2.9) yield

Y LA

, .
Zaw  Cho 2o Cg

Uy —a=

O

REMARK 4.5. For linear elliptic control problems, which satisfyl()A-(A5).., this result was
shown in [14], where it is used to prove the existence of smhstfor (2.5). We used a different proof
to cover also the more general case that (A%)lds only for some < oo. O
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We show next, that the dual variablgs, 2, ,, 2, depend continuously on the primal variables
Yy Uy -
LEMMA 4.6. Let(A1)—(A5), hold and let(y,,, u,, Ay, Za,u, 2,,.) D€ @ solution of (2.9). Then

A = —cy(@u) " Ty(20)
and for any measurable setg, N C Q) one has

I
Uy, —a

1
b—uy,

)

M

ZaulM =

(4.3) Zou|N =

)

N
ZaulN = (2b,0 + Ju(Ty) + cu(p) A N

Zb,u|M = (Za,u - Ju(xu) - CU(‘T#)*)‘N”M'

Moreover, ifu,, — u, in LY(2) asn — p then
(s Yns Mps Zams 2om) = (U, Ypus Ay Zag, 26,0) 1IN W
Proof. The equations fok,,, z, ,, andz, , follow directly from (2.9).

Now assume that,, — w, in L?(Q) asn — p. Theny, = y(u,) — y, = y(u,) in Y follows
from (A1)-(A3), see Remark 2.1. Moreover,

Ay = _Cy(xn)_*Jy(fﬂn) — Ay = _Cy(fﬂu)_*Jy(fﬂu) in

is a direct consequence of (A5)
Finally, we know by Lemma 4.1 that, ,,, 2, € L9(2) for all n > 0.
Now we use the formulas (4.3) with

M=»M,={u,>a+(b—a)/4, u, >a+ (b—a)/4},
N=N, ={u,<a+30b—-a)/4, u, <a+3(b—a)/4}\ M,.

Then we obtain o/, by (4.3)

(= 2ap)ar,| = < no ) B/t | Y 1 U ek ]
Un =@ Uy =04/, up —aly, o (ug —a)(uy —a)fy,
< B )
and thus
1(za,n = za,u) lar, |, < O = pl + [[(wy = wp)l, ll,) — 0 asn — p.
Now (4.3) yields with (A5)

1z, = 20,0) a1, Wl < 1(zam = Za) [an, M|, + [ u(2n) = (@),

+ [leu(@y) Ay = cu(@w) Ap)ll, = 0 asp — p.
In the same way we obtain

I (2a,n — Za,u)|Nn||q + 1(zp,5 — Zb,u)|Nn||q — 0 asn—pu.
14



Next, we show that for/3 < n < 3y, there holds o/, := Q \ (M,) UN,):
(4.4) SQMza,n — Za,u)ls, = —SIN 26, — 20,)]J,-
In fact, consider

J% ={u, >a+30b—-a)/4, v, <a+(b—a)/4}.

Then

n 7 4n 1
2 — — <= —4p) ——<0
(Z sM z ,#)J}] <u?7 —a uy _ a)Jl < 3 #) (b _ CL)JI

forn < 3u.

U p A L
N _ _ >(4n—— | 7——— >0
(2b,n = 2b,u) 13 <b_u77 b—uH>J1 - < T3 ) (b—a)y

forn > u/3.
Now, consider

Jr={uy <a+(b—a)/4, u,>a+3(b—a)/i}.

Then

n Iz 4p 1
- = - >(4n— =) +—<—>0
(Za,’n ZaM)J,l] <u?7 —a u“ . (I) n = < n 3 ) (b _ a)JTZ

n 1

forn > u/3.

n 7 4n 1
— | = — <= —4p) ——<0
(26,7 = 2b,) 72 <b—u,7 - uﬂ)ﬂ < ( 3 u) = <

forn < 3u.
Thus, using (4.4), the difference of the second equatio.®) forn andu, respectively, yields

1Czo0 = 26,4, 1l + 1o = 2a,) L, 1y = W20 = 20,0 + 200 = 2ain) ], Il
< ulzy) = Jul@p)ll, + llew(@n) Ay — culz)* AW, — 0 asn — p.
SinceM,, U N,, U J,, = €2, we have shown that
2am = Zapull, + 126, = 2o,ull, = 0 @sy — p

which concludes the prodil

5. Analysis of the primal-dual Newton system.Throughout this section we assume that
(A1)—(A5), with someg > p hold.

5.1. Primal-dual Newton system.For convenience, we will use the abbreviations
Uy =u—a, u,=>b—u.

The formal application of Newton’s method to the perturbddiksystem (2.9) yields with the mul-
tiplication operators

Zog =241, Zpy=2zp-1, Ug:=(u—a)-I, Uy:=(0b—-u)-I
15



the primal-dual Newton system

byy Ly ¢, O 0 Sy Cy(y,u, A, Za, 2p)
byy lyuw ¢ =1 I Su Loy, u, N, 24, 2)
cy ¢ 0 0 0 sx | =— c(y,u)
0 Z, 0 U, 0 Sq zo(u —a) — i
0o -2, 0 0 U Sp zp(b—u) — p

We write this briefly as

DF,(w)s = —F,(w).
To ensure a certain quality of the primal-dual Newton stepyill keep the iteration in the following
wide neighborhood of the central path

N_woq(p) = {(y,u,k,za,zb) EY xBxXOxL!x LI :

(u—a)zq >y, (b—u)z >y,

2max (oo, 1/7)
14

2max(p—oo, 1/
s Zblfu<(vra) 2y < (e 1] )7

14
- 2 max(pi—oo, 4/7)
Min (2o | fu=(b+a)/2}s 2| fu=(b+a)/2}) < >

Zal{u> (b+a)/2p <

with constantsy € (0,1), u—o > 0. By Corollary 4.3 any solution of (2.9) is contained in
N_oo,q()-

We note thatV_ . ,(x) is similar to the usual wide neighborhood used by many finiteed-
sional primal-dual interior-point methods. The differerare the upper bounds @R|{.> (5+q)/2}
andzy|{u<(s+a) /23, Which excludes too large multipliers at points with striyrigactive bound con-
straints. Our neighborhood is still a wide neighborhoodgsiit approaches fqi \, 0 the usual
wide neighborhood and since for™, 0 it exhausts the s€t(y, u, A, z4,25) € Y x B x X x L9 x
LT : 24,2, > 0}.

The neighborhood poses no constraintgy/@nd ), but it poses pointwise a.e. constraints of the
form (u(€), za(£), 2(€)) € Ne C R on the triple(u, z4, 2). A sketch of the sel, is depicted in
Figure 5.1. It is the union of two congruent convex sets. Tawnlary is composed of planes and of
hyperbolas that are extruded along the andz,-axis, respectively, see also Remark 7.2.

5.2. Regularity of the primal-dual Newton system. We will now show that under a coercitiv-
ity condition for the reduced Hessid#h and under assumptions (A1)-(Ashor all w € N_ 4(x)
the operatoD F},(w) has a right invers® F},(w)~! € L(W/,W;), t € [p, g, with

C
o < ———
HDFN(U)) HWt,Wt — mln(l,\/ﬁ)
Moreover, if we premultiplyD F,(w) by the scaling operator
1
1
(5.1) S(w) = I

(Us+ Z,) 1
(Up + Zy) !

we will even show that (w)DF, (w) € LW/, W), t € [p,q|, is boundedly invertible with

1(S() DFu(w)) iy, < C-
16
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Moreover,D F),(w) has a bounded right inverse (in the cage= oo even a bounded inverse)
DF,(w)~ € L(W/[,W}),t € [p,q], with

Cl
DFE,(w) Y o) < ———
H ,u(w) HWt7Wt = min(l,\/ﬁ)’
whereC'’ = m with the above constaidt.
Proof. We consider the equation

byy lyy ¢, 0 0 Sy Ty
Euy guu CZ -1 I Su Tu
(54) Cy (iu 0 p 0 SA = TA
0 Z, 0 U, O Sa Tq
0 —Zy 0 0 Uy Sp Ty

with r = (7,74, 72,74, 1p) € W{, t € [p,q], where we omit the arguments.

We note that by (A5)the operatoS(w) D F,(w) on the left hand side of (5.4) is (W, W),
p<t<gq.

Elimination with the last two block rows and subsequentlyhvthe first and third block row
yields as above witlt/ (y, u, \) in (3.1) the reduced system
(5 5) (ﬁ(y7u7 )‘) + 00,_12& + 0{,_1217)51; =
' =7y + Uglra — [Afb_lrb + Biry — Bary =: r;.

with the abbreviations

ok —% —1 —1 ok —k
B, = C,C, Kyycy —Kuycy , Bg—cucy .

Note thatB, € L(A, L1(Q2)), B, € L(V, L4(2)) by (A5),.
Let

0<e<1/2

A~

and definel;, = {u, < e,up > e}, o = {tp < e,0, > €}, Is = {t, < &, < ¢} and
I, =Q \ (Il Ul U 13) MUltlply (55) by

D = €I|[4 + Ua|[1 + Ub|[2 —l—min(Ua,Ub)hs,

WhereI|]4 = 1]4[, 0a|11 = ﬁaljl, R
Then we obtain od;

(Ualr, Hy, u, N) + (Za + UaU; 20 |1) 50 = (Uarra + 70 — UaUy vy + U Byra — Ua Bary)|1, -
We have
0 < gty <1, Zaln >1/2.

Thus, the right hand side is pointwise|r, | + || + |rs| + |Bi7A| + | B2ry| and the operator on the

left has the form(d|;, I + D|;, H) with a functions € L*°(Q),§ > 1/2.
On I, the situation is analogous. Similarly, we havelgrwith Uy, := min(d,, ) - 1

(Uab|13f[(y>u7 )‘) + (UabUa_lZAa + Uabﬁljlzb)|13)3u
— (Uabru + UabUa_lra - UabUb_lrb + UabBlr)\ - UabBQTy)|I3-
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Again, the right hand side is pointwise |r,,| + |r4| + |73 + |B1ira| + |B2ry| and the operator on

the left has the forma|;, I + D|;, H) with § € L> (), > 1/2.
On I, we obtain

(eI, H(y,u, ) + (U Zo + Uyt Z3) 1) 80 = e(ru + Uy trg — Uy ey 4 Birs — Bary) |1,

Sincet,|;, > € anddy|;, > e the right hand side iS €|ry, | + |ro| + |15| + €| Bira| + €|Bary|. The
operator has ofy the formd, I + aII4I§I with § > 0.

Thus, after multiplication withD the operator on the left hand side has the féiw- D H with
d|r,ur,ur; > 1/2 andé|;, > 0 and the right hand side is pointwise|r,,| + |ra| + |75] + [B1ira| +

| Bory|. Moreover, we have
(5:6)  llrul +[ral + o] + [Baral + [Barylll, < 3+ [ Billa e + [1Ballz o) llrllw,-

Let without restrictiony < 1/2in (5.3). Then we have for all € L2(2) with the abbreviations
Si:S]i,i: 1,...,4,

(5,(61 + DH)s) > a(s1,51) + s, 52) + as3, 53) + (84, 54)
+ e(s4, H(s1 + 89+ 53)) + (51, Us Hs) + (52, Uy Hs)
+ (83, ﬁabﬁs).

Using that(pu — v/p, pu — v/p) > 0 for anyp > 0 and thus

1
Q(U,U) < pQ(uvu) + F(%U)

we obtain
A o a, o 1o .2 a, o &2 . 2
(s1,Uatls) 2 =2 ls1llz = — Ul Hslly 2 = llsully = —[1H sl
and analogously
Ao « 2 62 ~ 2
(s2,UpHs) > _ZH82H2 - E||HS||27
2
PRSP Q 2 &7 2
(s3,min(Ua, Us) Hs) = =7 llsally = — || Hsll
Finally,
~ EQx g A 2
e(s4, H(s1+ 52+ 53)) = —ZH&;H? = SlIH (s 4 52 4 53)ll5-
Now set

' .9
e = min(a, o) /(1 + 16| H || 12 p2)-

Sincel|s||> = ||s1]|2 + [|s2]l2 + [|s3ll3 + ||s4l|2, inserting these estimates yields

. o « «a e
(s,(6I + DH)s) > 5(31,51) + 5(52,52) + 5(53,33) + 7(54,34).

This shows together with (5.6) that

C
5.7 ullg £ — /
(5.7) lsully < Il
19



whereC depends only o and H but not ong. R
To obtain a bound ir.t-topology we multiply (5.5) bys,,. By the structure off according to
(A5), this yields the pointwise estimate

LN L1 .2 3 L1 L1
0 < (g4, 2a+u, 2)s, < su(ry — Hgsy) + Suly ra — Suly T

(5.8)
+ 54 (B17)) — sy(Bary).

Sincet, + 2, = 1 + %, = 1, we have

gt - T 1 - 1

~ 1, pomy o i1, T~ o~ s >
Qo+ G Za Uy "2y T o +la 2, Qolle +Za ~ min(ag, 1)

and analogously

iyt 1 1

ag + Uz 2, + 0y 5, aolly + 2 — min(ag, 1)

Division of (5.8) by (cvo + tig 12 + @, '25) |5, yields

1 X
‘Su‘ < a_o‘ru_Hssu"i_Blrx\_BQTy‘"i_ (|TG‘+ |71b‘)'

min(ayg, 1)

This yields together with (5.7) for atl€ [p, q]
1 N
[sull, < o (HmHt + (1l g2 pellsully + 1 Bully ellralla + HBsz,Ltllrva>

(5.9) 1

+ mimaey (ralle + el

< C'|1rlly;-

We derive now also bounds fey, s, s,, sp. We have
Sy = cgl(—cusu + 7))
and thusL! C L? for ¢ € [p,q] yields
(5.10) Isylly < lley eall oy lisulle + lleg Ly lralla:
Next, we obtain
Sx = C;*(Ty — Llyysy — Lyusu),

which yields by (A5)
(5.11) [salls < lley "Il s Urylly + 1yylly v llsylly + 11€yull ey lsull,)-

To estimates,, s, we partition{2 into the sets

Oy = {u> (b+a)/2}U {u: (b+a)/2, 24 < 2max(“‘°°’“/7)}, 0 = 0\ Q.

14

Now (5.4) yields

Sala, = Ua_l(ra - Zasu)|9a>

Sploe = szl(rb + ZbSu)|Qg,

Salae = (CuySy + luusSu + €8x + 55 — Tu)|0c,
spla, = (—luySy — LuuSu — CuSA + Sa + Tu)|, -
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By the definition of the neighborhoadl_ ., , (1) we have

2max(p—oo, 11/7)
1%

< 2max(p oo, 1/7)
B v

(65.12)  zula, <

=: Cl“ Zb|Q(cL = Cﬂ

and thus

Uq 1 N Up 1
— Y R tp| e = 2> A T
Uq + Zalg, 1+ 2C,v U+ 2 e 1+2C,v

ﬂa|Qa —

Using that) < 2, < 1,0 < %, < 1 this yields for allt € [p, ¢

Isala,ll; < (1 +2Cuw = )(lIrall, + llsull,)
Isslagll, < (1+2Cuv= ) (lIrll, + Isull,)
Isalogll, < Nuylly,pellsylly + uwllze ellsull,
Fliculls pellsalls + lisslagll, + lIrull,
Il lle < Wluylly, Lellsylly + Wluall e e llsull,

Flculls, cellsalls + lsalaglls + ll7ulls-

We conclude that

(5.13) Isally < (X +2Cur =) (lIrall, + lIsull)
+ C'(Isylly + lIsully + llsalls + lIrully),
(5.14) lssll, < (1 +2C,~ Y (lIroll, + lsull,)

+ C'(Isylly + lIsully + lIsalls + lIrall)-
Now (5.9), (5.10), (5.11), (5.13), (5.14) yield

1(S(w) D (1)l 4y, < C"

It is easy to check thaf”’ can be chosen uniformly on bounded subset$(af w) € (0,00) x
N_,q(1)} on which (5.3) holds uniformly.
Finally, the definition of the neighborhoad_ ., , () yields

Ug + Za 2 24/UaZa = 24/, Up + 2b 2 24/ Up2Zb = 2\/V[4.
Therefore, the scaling matri%(w) in (5.1) satisfies

1
1S (W)l wr < min(L, 2./A7)
and is invertible. ThusDF,,(w)™! = (S(w)DF,(w))~S(w) and
IDEL (@)™ vy w, = 1(S(w) DE,(w) 7 S(w)llyys w,
C//

< NS DE ()l w, 1S @) oy < S 5

O
We have the following variant of Lemma 5.1 that will be usdérishowing the Holder-contin-
uity of the central path.
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LEMMA 5.2. Let the assumptions of Lemma 5.1 hold, but assume only that

1
(515) w = (y; u, )‘7 Zay Zb) € §(Nfoo,q(,ull) + Nfoo,q(,u’Q))
with 41, po € (0, 00) and setfw = min(u1, pi2).
ThenDF,(w) has a bounded right inverse F},(w) ' € L(W/,W;), t € [p, g}, with
C
. -y, <

whereC' > 0 is a constant. The consta@tcan be chosen uniformly on bounded subsets of

{1 20) € (0,007 5 SN ir) + N2}

on which (5.3) holds uniformly.
REMARK 5.3. (5.15) is weaker thafy, u, A, zq, 2,) € N_ 4(1t), Since the constraints

< 2max(poo, p/7) < 2max(p oo, p1/7)
Zal{u>(b+a)/2y < ” » o Zl{u<vra)2y < ” :

2max(pi—oo; /)
1%

Min(Za | {u=(b+a)/2}> 2 {u=(b+a)/2}) <

are nonconvex and can be violated by points satisfying {%115

Proof Letw = (4,1, A, %, %) € Nooog(p1), @ = (§,, A, 20, 2) € N_ooq(u2), and
w = (y,u,\, zq,2) = (@ + w) according to (5.15). Without restriction we assume fhat< /-
thenp = min(p1, p2) = pi1.

We modify the proof of Lemma 5.1, but consider this time thstesgn

Ty Ty Ty
DF,(w)s=7=:| rx» |,ie, S(w)DF,(w)s= T = | rn [,
Ta (Ua + Za)ilfa Ta
p (Up + Zp) Ty
which yields
Lyy  Lyu ¢y, O 0 Sy Ty Ty
lyy lyu ¢ —1 1 Sy T Ty
(5.17) ¢y ¢ 0 0 0 sy | = A = |,
0 Z, 0 U, 0 Sa (Ug + Zo) 17, T
0 —-Z, 0 0 U sp (Up + Zp) 1y Ty

with U,, Uy, Za, Zs, in (5.2).
(y,u, A, zq, 2) according to (5.15) satisfies all constraintsMf ., (1) with the possible ex-
ception of the nonconvex constraints

2 max(f—oo, f1/7) 2max(H—oco, 4/7)
15 Zalfus (b+a) /2y < » bl {u<(bra) 2y < ” :
(5-18) 2max(p— oo, 11/7)

min(za|{u:(b+a)/2}, Zb\{u=(b+a)/2}) < v ’

The only point, where the latter property is used in the paddfemma 5.1, is (5.12) for the deriva-
tion of (5.13), (5.14). Therefore, we still obtain the esies (5.7), (5.9), (5.10), (5.11), which yield
a constant > 0 with

(5.19) [sully + lIsylly + lIsallg < Clirlly, Ve lp.ql-
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We derive now bounds fofts, ||, and||s,||,. Since (5.18) does not necessarily hold, we have to
modify the proof of Lemma 5.1. Consider the subsets

— <{ﬂ>(b+a)/2}u{&:(b+a)/2’ 5 < 2 max(p_ OO,MM }

Oy = <{a< (b+a)/2} U {&: (b+a)/2, Z, > 2 max(u— oo>u1/7 }

)
A <{ﬂ>(b+a)/2}u{a:(b+a)/2, %4 < 2maX,u oo,uz/v })
)
|

n <{ﬂ <(b+a)/2}U {a =(b+a)/2, z, > 2 max(pi— oo,uz/v >
This yields by using:; < po

b—a | <2maX(u ) | 2max(u oo,%) _ 2max(p oo, 2)

ua‘Qa Z 2 ’ Za|Q < 5

\]

14 14

and similarly

b—a
upla, > 5 2o, <

=2

1 <2max(,uoo, B 2max(p— oo, ﬂ)) 2max(fi—oo, £2)
v 1) < '
v v

Hence, we have wit)’ = Q, U Q,

2 _ 2 _
Zala, < max( OO’MQ/,Y)7 2lona. < max(p OO’M/W).

14 v

Thus, (5.12) holds of’ instead of2 with .5 instead ofu and we obtain exactly as in the proof of
Lemma 5.1 the following analogs of (5.13), (5.14)@h

(5-20) lsalerlly < (1+2Cuv™ ) (lIrally + lIsull,) + C'(lsylly + sl + lsalls + lIrall,),
(5.21)  |Iselevlly < (1 +2Cuv ™) (lIrsll, + llsully) + C'(lsylly + lsull, + lsalls + lralle)-

It remains to estimatgs,|o- ||,, ||ss|o~ ||, for the set

=0\ Q.
By the definition of2’ we have
Ugq + Ug b—a _ v Uy + Up b—a _ v
"= > > — "= > > —.
talo 2 |y, - 4 — 4 o 2 |- 4 1

We now splitQ” into the sets

O ={1Zasul < lral}, 9 ={1Zesal <Inol}, Q1 ="\ (2 L),

This yields by using (5.2)

N A 2\uq + z4||7 o
slong] = 107 (ra — Zusilog| < ot 2ellal) i)
. N 2
lspla| = [0 (s — Zosa)lay| < 2t 2l gm0,
b b ub Q;}’ b

Sa|Qg = (ﬁuysy + Euusu + CZS)\ + sp — Tu)|Q’b’a
splar = (—luySy — LuuSu — CiuSA + Sa + Tu)|ar.
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Hence, we obtain of2]; U ;.
(5.22) Isalayuoy ll, <80~ I7all, + € Usylly + lsull, + Isxlls + llrul,),
(5.23) Iselaruoyll, < 8V M7l + C (Isylly + Isull, + lsalls + llrall,)-
Finally, we have o2/
salor = Uy (ra = Zasu)lay,  solar = Uy H(re + Zysa) |y

and thus by the definition @@/

sgN(salar) = —sgn(sulor),

sgr(se|ay) = sgr(sulay).
Hence, the second line in (5.17) yields

Isalar| + [splar| = [(s6 — sa)|ar| = [P — luySy — LuwSu — Cisalar.

Therefore, (5.20), (5.21) hold also &} and we have shown that

l[sall; < 8V_1||72aHt +2(1+ 20#27/_1)(||Ta”t + lIsully)
+2C"(IIsylly + llsull, + llsalls + Irulle),

Isolly < 8077l +2(1 + 2Cu,v™ ) (7ol + llsull,)
+2C" (Isylly + lsull, + Isalls + lIrully)-

Together with (5.19) we conclude that the solution of (54at)sfies for alt € [p, ¢

Islw, < "Il + 171w, ),

whereC” can be chosen uniformly for gl , uo € (0, o] only depending omg.
Sinceu = min(uq, uo), We obtain as at the end of the proof of Lemma 5.1

Ug + Za 2 29/, Ub + 26 2 24/

and thus by the definition ofin (5.17)

1
7|y <max |1, —— | [|7]|y-
Il < e (1 5= ) il
Therefore, (5.16) is proven, where the constdntan be chosen uniformly on bounded subsets of
{(p1, p2,w) € (0,00)% x L(N_oo,q(111) + N_oo,q(112)) } on which (5.3) holds uniformiy

6. Holder continuity of the central path. We will now state conditions under which the cen-
tral path defines a Holder continuous curve that converges T\, 0 to a solution of (2.1).

The analysis of the central path is quite obvious if (ABplds forq = co and more involved in
the case < oo. This is caused by the fact that

(U,Z) S (B7H ’ ||q) X LT — uz € L9

is only differentiable in the casg= co. Otherwise we have to weaken the image space to achieve
differentiability. More precisely we have the followingstt.
LEMMA 6.1. Let Z be an open bounded setli°. Then for anyp < ¢ < oo the mapping

u,z € (Z,]-||,) x LY — uz € LP
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is continuously differentiable and the remainder termfads the estimate
I(u+ ') (2 + 2") —uz — (uz’ + 20)||,, = (|2, < ']l g qep 121l
If p/(¢ — p) > 1then the remainder term can further be estimated by

— 1—(g—
16l sqp 121 < 18722 2 427212

Moreover,
u,z € L X L +— uz € L™
is continuously differentiable and the remainder termsfags

I+ u)(z +2") —uz — (w2 + 20)[| o = [W'2" o < Mu'lloo 2]l oc-

Proof. By the Holder inequality the remainder term can be estahas follows

1 1
w4 u)(z + 2') = uz — (w2 + 2, = 2], < [@)PIE 1P

- Hu,Hpq/(qu)HZ,Hq'

In particular, this shows that for apy< ¢ < oo the mappings, z € (Z, | - [|,) x LY — uz € LPis
continuously differentiable. Ip/(¢ — p) > 1 then interpolation betweeb? and L*° yields

— 1—(g—
16l sqp 121 < 18722 2 427212

Finally,u,z € L*>° x L> — wuz € L is continuously differentiable, since the remainder teem ¢
be estimated by

w4+ u)(z+2") —uz = (w2 + 20) [l o = [0'2" oo < Hv'lloo 2]l oo

We consider now first the case that ~c.

LEMMA 6.2. Let (A1)—(A4) and (A%)with ¢ = oo hold. Ifu € B — J(y(u), u) is convex then
for anyp > 0 the central pathu € (0,00) — w(u) € W, according to (2.9) is well defined.

If for po > 0 the reduced Hessian satisfies

(0, H(y(p), u(m), Ap)v) = alloll; Vo € L*(Q), V€ (0, ol

with somex > 0 then the central pathy € (0, uo] — w(p) € W is continuously differentiable,
satisfies

o (12) |y < % Vi € (0. uo]

with a constantC > 0 and is thus Hlder-continuous with indek/2. More precisely, we have with
L=2C

6.1)  [w(u) —w(p2)llyw, < LIvVir — izl < Ly/|p — p2| Y, pe € (0, po)-

Moreoverw = lim,~ o w(p) exists inNW.,, w € W, satisfies the KKT-conditions (2.9) afg, @)
is global solution of (2.1).
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Proof. By assumption the reduced objective functiog B — J(y(u), u) is convex. Since the
barrier term ist strictly convex, the barrier problem (2 therefore the strictly convex reduced
objective functionu — J,(y(u),u), and thus the solutiofy,,,v,) = (y(u,),u,) provided by
Proposition 2.3 is the unique solution of (2.5). Now alsg z, ,, 2, are uniquely determined
by the first and the last two equations in (2.9). Thus, togettih Corollary 4.3 the central path
w € (0,00) — w(p) € Wy is well defined and bounded on bounded subggts,].

The mappingF), : W — W/ is by (A1)—(A5),, and by Lemma 6.1 continuously differen-
tiable. Foru > 0 the primal-dual central path — w(p) := (y,u, A, 24, 25) (1) given by (2.9) is the
unique solution of

FM((y7u7 A, Za, Zb)(M)) =0, a< U(M) <b.

Sincew(p) € N_oo,0o(pt), DF,(w(p)) € L(Wo, WS) has by Lemma 5.1 a bounded inverse.
Thus, the implicit function theorem shows that- w(u) is continuously differentiable and that the
derivative w.r.t..;. satisfies

(6.2) DF,(w(p))w(p) =

_ -0 O O

For fixeduo > 0 Lemma 5.1 yields a constaat > 0 with || DF, (w(p)) ™y, . < % for all
€ (0, pol. With (6.2) we conclude thahi (u) ||y, < % for all € (0, o). This gives for all
0<pr <p2<po

() = i)l < [ TGl do < [ dp = 20(y7 - v

M2 — H1
=20———— < 2C/ 2 — 1.
VH2 T /11

This shows thaiv(:) € CV2((0, uo); W) for any iy > 0. Hence, the central path is Holder-
continuous iV, and admits a continuation unfil= 0, i.e.,w = lim,\ o w(p) exists iNW.,. By
continuity,w satisfiesF(w) = 0, which are just the KKT-conditions (2.4). Consequenttly,u) is

a global solution of (2.1), since the reduced objective fiomal andB are convext

For the general case we use the following auxiliary result.

LEMMA 6.3. Let (A1)—(A4) and (A5)with somep < ¢ < oo hold and letw € B — J(y(u), u)
be convex. Then for any > 0 the central pathy: € (0,00) — w(p) € W, according to (2.9) is
well defined.

If for po > 0 the reduced Hessian satisfies

(v, H(y (), u(u), A(p))v) = alloll; Vo € L*(Q), ¥ p € (0, o]

with somex > 0 then the central pathy € (0, ;9] — w(p) € W, is continuous.

Proof. As at the beginning of the proof of Lemma 6.2 the barrier wb(2.5) has the strictly
convex reduced objective functien— J,,(y(u), v), and thus the solutio(y, z) = (y(u), w) pro-
vided by Proposition 2.3 is the unique solution of (2.5). Naiao )\, Z,, Z, are uniquely determined
by the first and the last two equations in (2.9). Thus, togettith Corollary 4.3 the central path
w € (0,00) — w(p) € W, is well defined and bounded on bounded sub&gtg).

We show next the continuity of the central path. Dek z be given and lefi < i < n be
arbitrary. We write

H2

July,u) = J(y,u) + pB(u)
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with the log-barrier ternB. We know thatB(u) > —cp on B with somecp > 0. Now we have for
the solutionsy,,, u,, of the barrier problems (2.5)

The first and third row shows that
B(uy) — B(uy) > 0
and thus in particulaB(u,,) < B(ug). This yields
Ju(y(up) s up) < Ju(y(ung), wy) < Ju(y(uw),we) + (n— p) (e + B(ug))
and thus
| (y(un) un) — Ju(y(we), wa)l < (0= p)les + Blup)| — 0 forn—p—0, o<p<n.
As we have already observed, (A1)—(A4) imply that the redudlgiective functional is twice con-
tinuously differentiable. Since the barrier terms are exandJ, (y(u,),u,) = 0, we have
Ju(y(un), un) — Ju(y(up), up) > (uy — uu,ﬁ(u(r))(un —uy)) > allu, — uu”g
with u(7) = u, + 7(u, — v, ) and appropriate < [0, 1]. This yields
un—u#—>0inL2f0rn—>,u, nu>n

and thus in allL®, s < oo by interpolation with the uniforni>°-bound||u, — u,|| < ||b— al| .
Now Lemma 4.6 yields

(s Yns Mg Za,ms 2o,m) = (Upss Ypus Apis Zapus 26,0) N Wy fOrn — p, m,p > fi

O
LEMMA 6.4. Letthe assumptions of Lemma 6.3 hold. Then in addition toh&f3 the central
pathy € (0, o] — w(p) € W, satisfies

6.3) lim sup lw(n) —w(wlly, < Ve ]

n—p n—u VI

with a constanC' > 0 and is thus Hlder-continuous with indek/2 in all spacesiV;, t € [p, q].
More precisely, we have with = 2C

6.4)  Nw(ur) —w(p2)lly, < LIVin — Vil < Ly/|pn — pel Y pa, p2 € (0, pol.

Moreoverw = lim,~\ o w(p) exists inW,, w € W, satisfies the KKT-conditions (2.9) aqg, @) is
global solution of (2.1).
Proof. By assumptions (A1), (A the first three components of the mapping

F,: W, —VxLIxAxL/?x L2

are continuously differentiable. Moreover, we have

o (n)2an) () za(p) = "I oy gy 4 22D ) ),
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Therefore, we obtain with

()= (o, L ), 220 L 2e0) () ) )
the identity
0
0
0 = F,(w — F(w
©5) o (w(n) — Fy(w(p))
n—p
= DFM(@(M))(W(H) - w(M)) + Owé(”w(ﬁ) — w(,u«)”Wq)’
where

llow; (Hwo(m) = wlllw, ),

— 0 forn— pu,
lw(n) —w(p)lw,

sincellw(n) — w(p)|y, — 0forn — p by Lemma 6.3.
Since

B01) € 5V seig() + o (1),

Lemma 5.2 yields for the right inverse

NP C
I DE (@) gy w, € ———
! min g, 1)
For|n — u] < e, e > 0 small enough we have with the remainder term in (6.5) clearly

zgmm—wwmm

| ewn) = wi) + DEL @) ows (wm) = win) )|

for all |n — p| < . We conclude with (6.5) that

0
llw(n) — w(w)|w, 20 0 20C"
R 0 < forall|p—pl<e.
n=H min(p,n) || 1 \/min(u, )
1

Wy

This shows (6.3) and the Holder continuity with inde)2 follows immediately. By writing the
integralf:f % dp as a limit of Riemann sums and by using (6.3), we see that again

o) — ()l < | [

C
——du‘—2CWMﬁI—\ﬂEI
Hl\/ﬁ

<20V |y — p2| Y1, pe € (0, pol.

The fact thatw = lim,,\ o w(p) exists inW,, satisfies (2.4) and is global solution of (2.1) follows
now exactly as at the end of the proof of Lemma G12.

REMARK 6.5. As usual for interior-point methods, we used a convexityiagtion to ensure
that the central path is a uniquely defined curve. Here anchafollowing, extensions to more
general, non-convex, settings are possible by consideéighborhoods where the central path is a
unigque curve.
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7. A primal-dual interior-point method. Let (A1)—(A5), hold. The previous considerations
show that forw € N_ ,(1) the solutions of the primal-dual Newton system

DF,(w)s = —F,(w)

is only contained inf/,. Therefore, in the casg < oo we cannot ensure + as € N_. (1)
by choosing an appropriate stepsize= (0, 1]. Instead, we use in addition a projection onto the
neighborhoodV_ . ,(1).

DEFINITION 7.1. We denote by, a projection ontaN_., ,(x) in Wy, i.e.

Pu(w) € Nooog(it),  [1Pu(w) = wly, = min {[l&— wlly, : &€ N wq(u)}.

If more than one projection point exist8, selects one of them.
Obviously,

Pp(%% )‘7 Zas Zb) = (y; *, )‘7 *, *)7

i.e. P, does not change thg- and A-component. Furthermore, the projection does not depend
on ¢, since it reduces to a pointwise projection®i with respect to the Euclidean norm of the
(u, 24, zp)-part.

REMARK 7.2. The form of our neighborhoall_ . , allows for a pointwise computation of the
projectionP,,. In fact, for almost alk € © we have to project the poirtti(¢), z4(£), 25(£)) € R3
onto the set (see the sketch in Figure 5.1)

Ne = {(v,sa,sb) ER® ¢ 54,5 >0, (v—a(&))sq >y, (b(E)—v)sy > ’yu}

(OO ) g, 200D,
a(©) + b(¢)
2

0,00))

ZmaX(u—oo,u/v)D'

U (a(8),

The first set is convex and the second set is the union of twoidslof infinite length. There
are several possibilities for computing the projectione@pproach consists in projecting onto the
boundary surfaces and (if necessary) onto the edges. Thewask then consists in computing
the projection onto the two surfaces generated by the hgliedonstraints, and possibly onto their
intersection. These three projections can be computedfteretize other, and we can stop as soon
as the point lies inV¢. They can be reduced to one dimensional least squares prslit@t can be
solved with a Newton- or Gauss-Newton iteration of compie&i(1). All other cases turn out to be
easy. We implemented the projection along these linessigisficantly less expensive than solving
the primal-dual Newton syster.

We show now thaP’, has a Lipschitz constant 2.

LEMMA 7.3. Let (A5), hold and letw,, = (yu,uu, Ay, 2a,us 20,,) € W, be a point on the
central path. Then we have

] [0, 00) x [0,

([ P(w) — wuHWq < 2[jw — wuHWq Vwe W,

Proof. Sincew,, € N_ 4(11), we have
1Pu(w) = wlly, < llwy —wly,
Hence,

1P(w) = wally, < 1Pulw) = wllyy, + o= w,lly, < 20w = w,lyy,

We consider now the following conceptual algorithm.
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Algorithm PDPF: Projected Primal-Dual Interior-Point Met hod.
1. Choosgiy > 0,7 € (0,1), fi—oe > 0, omin € (0,1), 1o € (0, i—c), @and

wo = (Yo, U0, A0, 2a,0, 26,0) € N—oo,q(1t0)-

Setk := 0.
2. Solve the primal-dual Newton system

DF,, (wy)sp = —F, (wy)

and setwy 1 := P, (wy, + si).
3. Choosery € [omin, 1] and sefuy+1 := ok k-
4. Setk := k + 1 and goto step 2.

REMARK 7.4. The algorithm is formulated here as compact as possiliie method can be
augmented by additional features and safeguards. In plnti@a stepsize can be introduced to damp
the full step if necessary. The choice of the stepsize coelddsed on a decrease condition for a
merit function, the simplest one being an appropriate ndrth@residualF’,, . A detailed study of
this issue would go beyond the purpose of this paper.

We will analyze Algorithm PDPF under assumption (A1)—(A5) If merely (A1)—(A5), for
q < oo hold, we will have to modify the algorithm by introducing a sathing step, see Algorithm
PDPFS in section 9. Appropriate implementations of AldoritPDPFS will even yield superlinear
convergencdl

8. Global linear convergence for thel.>°-setting. We assume throughout this section that the
assumptions (A1l)—(A4) and (A3) hold.

8.1. Quadratic local convergence towards the central pathWe show first that the primal-
dual iteration

(8.1) DF,(w)s = —F,(w), wi=w+s.

yields quadratic local convergence towards the central. pat
LEMMA 8.1. Letpug > 0 andpy > 0 be fixed. Assume that (A1)—(A4) and (A)old, that
u € B~ J(y(u),u) is convex (to ensure uniqueness of the central path), artd tha

(v, H(y,u, \)v) > allv|2 Yo e L3(Q),

(8.2)
Vw € Nooooo(), lw—w(plly_ < po, € (0, pol.

Then there exists a constafit> 0 such that for all0 < p < po and for allw € N_ o (1) with
|lw—w(p)| ., < pothe solutionw,. of the primal dual Newton step (8.1) satisfies

C
lws — w(p)lly_ < —=llw— w5

R
For the projected iterate’, (w;.) € N_ (1) the estimate holds
2C 2
P,(wy)—w < —lw—w .
[1Pu(w) = w(w)lly \/ﬁll ().

and thus the projected iteration converges locally with dyaaic rate.
Proof. We know by Corollary 4.3 thai () is uniformly bounded iV, for all i € (0, uo].
Thus,[[w — w(u) |y, < po implies |lwl|y, < M for some constamt/ > 0. Hence, allu, w in

(8.2) are contained in a bounded subsef@f, w) € (0,00) x N_ oo(1)} and Lemma 5.1 yields
a constan > 0 with

C
DF,(w) Y\, < .
IDEu(w) ™ Ml w., N7
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We have

(8.3)  DE,(w)(wy —w) = —Fu(w), DE,(w)(w(p) - w(p) = —Fu(w(p)).
and thus
(8.4) DF,(w)(wy — w(p)) = F,(w(i)) — F,(w) — DF,(w)(w(p) — w).

Since the first three components Bf : W, — W/, are by (A1), (A5) Lipschitz continuously
differentiable on bounded subsets, this gives

Ry(w(p) —w)
Ro(w(p) —w)
(8.5) DE,(w)(wy —w(p)) = Rs(w(p) —w) :
(u(p) = u)(2a(pt) — 2a)
(u(p) — u)(2(p) — 2p)

where with a Lipschitz constatit > 0

1Ry (w(p) = w)lly + [ Ra(w(p) =)o + [1Rs(w(p) = w)lly < Llfw(n) = wlyy_ -

Therefore,

lws = w()lly.. < IDFu(w) o . (Ellw(p) = wlly,
{1 (u(p) = ) (za(1) = 2a)llo + [(ulpe) = w)(2(n) = 26) 5 )-
This yields

|m+—wwmmm55%@+LMw—wWN%;

Finally, the estimate foP, (w..) follows from Lemma 7.30

8.2. Global linear convergence of the interior-point methd. The previous result yields lin-
ear convergence for a short step method.

THEOREM 8.2. Letyuy > 0 andpy > 0 be fixed. Assume that (A1)—(A4), (A5hold, that
u € B— J(y(u),u) is convex (to ensure uniqueness of the central path), artd tha

(v, H(y, u, \v) > allvll; Vv e L*(Q),

(8.2)
Vw € Noog,oo(t)s [0 —w(p) |y < po, w € (0, o).

Then there are constangse (0, po] andamin € (0, 1) such that Algorithm PFPF has the following
convergence property:

For any starting pointwg € N_o oo (#0) With [lwo — w(po) |y, < p, Algorithm PDPF with
omin € (Tmin, 1) generates a sequenag. € N_ oo (k) With

(8.6) wi — w(pe) . < OV
(8.7) Jwe — @y, < (C+L)Vhk
(8.8) HE =00 Ok—1H0-

Here,C > 0 is a constant,L, > 0 is the Hlder constant of the central path a, 1], and
w = lim,\ o w(p) is the solution of (2.1). In particular, if, for akk, o, € [omin, 7] is chosen with
omin < 0 < 1, then(wy,) converges tav with R-linear rate.
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Proof. Consider an arbitrary. € (0, o). Then there exists by Lemma 8.1 a const@nt- 0
such that for anyw € N 0 (1) With |lw — w(p)[ly, < po the estimate

2C 2
P, (wy)—w <2llwy —w 2 < —lw—-w
[Pu(wy) = w(p)lly < 2flwy —w(p)llw,, ﬁll () lw.,
holds, whereu, is the result of the primal-dual Newton step (8.1).
Now fix 7 € (0,1) such that

_ T\/Ho
. = < .
(8.9) p °c = Po
Then for anyw € N_ oo (1) with
TV
lw —w(lly. < 57
we have
2C 2/l
®10)  1Pu(ws) —wllhy, < Zllw = w) R, < 7l = )y, < 2({ .

Moreover, we have with the Holder constdnof the central path in (6.1) fdr < o < 1

() = w(om) |y < L0~ V&) Vi
and thus
1Bus) — wloml. < S+ L1~ Vo) Vi

Therefore, we can ensure that the new iterate satisfies

T/O
2C 7

(811) 1Pu(ws) — wlom . <

if o € (0,1) is chosen such that
2

T o
—+L(1—\/E)§%.

2C
Sincer € (0, 1), this holds foro € (0, 1) sufficiently close tal, more precisely for
72 +2LC\°

Thus we obtain by induction: 1 is chosen according to (8.9) amg, is given by (8.12) then
Algorithm PDPF withomin € [omin, 1) generates a sequengey,) with w1 = P, (wy, + sx) and
(see (8.11))

T/ HBE+1
2C

(8.13) we+1 — w(pr+1)ly < <Dy Myl = Opflk,

and (see (8.10))

>k _
(8.14) w1 — w(pe) llw,, < s =P
With the solutionw = lim,,\ o w(p) of (2.1) we have by (8.13) in addition

< T Pk

lw = llyy,, < llwe = wlpw)lly,, + lwln) = ol < 5=+ Ly

This proves (8.6), (8.7), (8.8).
The R-linear convergence follows trivially df, is bounded above by < 1.0
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9. Global linear and superlinear local convergence for the gneral Li-setting. If (A5),
holds only for some < ¢ < oo the convergence analysis is more delicate. Under a stmopts
mentarity assumption and by using an additional smoothigyg we will prove global linear conver-
gence in the generdl?-setting. Moreover, we will also show that superlinear l@mnvergence is
achieved ifu;, is reduced fast enough.

To keep the presentation compact, we exclude the gaseoco, since this would have to be
discussed separately at several places. Neverthelesgecgoarts of the following results can be
obtained also for the cage= ~c.

We refine our previous analysis as follows. Since under tharaptions of Lemma 5.1

IDFu(w(i) ™ g w, = On™"%), but [[(S(w) DEu(w)) [y, w, <O t€ [pdl,

with the scaling operator

(5.1) S(w) = I :
(Ua + Za) !
(Ub + Zb)_l

we use now for the analysis of the primal-dual Newton iteratnstead of (8.4) the scaled equation
9.1)  Sw)DFu(w)(wy —w(p)) = S(w) (Fu(w(p) — Fu(w) = DE,(w)(w(p) —w)).

Then we use a two-norm technique based onlthe- L7 norm gap to estimate the right hand side.
Independently of the size @f > 0 this will yield an estimate of the form

lwy —w(p)lly, = ollw —w(w)lly,)-
The norm gap will then be closed by using a smoothing step.ad&lirthat with the notations

Uy = Uy + Zo) U, Uy = (Uy + Z) " U,
Zo=Us+Za)  Za, Zy = (Up+ Zp) "' %y,

we havel, + Z, = I, Uy, + Z, = I and

by Ly ¢ 0 0

luy lyuw ¢ —1 1

S(w)DF,(w)=] ¢ ¢ 0 0 0
0o Z, 0 U, 0

0 -2, 0 0 U

where we omit the arguments.

9.1. Refined analysis of the primal-dual Newton stepWe first prove a similar result as in
Lemma 8.1 where we avoid thedependent convergence factor by using a two-norm teckniye
will need a strict complementarity assumption.

DEFINITION 9.1. Letw = (7,4, A, 24, %) € Y x U x A* x U* x U* satisfy the KKT-conditions
(2.4). Therstrict complementarityrolds atw if

leb ({min (@, + Z4,a» + 2) = 0}) = 0.

whereleb() is the Lebesgue measure @n
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We define the function
(9.2) w(t) = leb({min(aq + Za, up + 2) < t}).
Under a strict complementarity assumption we then have

(9.3) }{r{l)w(t) = 0.
If w(t) = O(t") ast \, 0, we say that strong strict complementarity holds.

DEFINITION 9.2. Letw = (§,, A, Z4, 2p) € Y xU x A* x U* x U* satisfy the KKT-conditions
(2.4). Therstrong strict complementarityolds atw if there exist constantS,. > 0, x > 0 such that

(9.4) w(t) < Ct™ Vit >0.
We start with the following technical result.

LEMMA 9.3. Let the assumptions of Lemma 6.3 hold anddet lim,\ o w(1) be the solution
of (2.4). Define the function

(9.5) wy(t) = leb({min(uq (1) + 24 (1), us (1) + 25 (1)) < t}).
Then there exists a constafit> 0 with
) =0 fort <2,/u,
w q q
Y < w(2max(t, t737)) + Cmax(t, tai)  fort > 2,/i

with w according to (9.2).
Proof. Sinceu, (11)z, (1) = 1, we haveu, (i) + zq (1) > 2,/p and similarlyw, (1) + 2, (1) >
2,/pt. This shows thab,, (t) = 0 for t < 2,/p. For brevity, we set now

o = a1y =)y 20 = za(l), 7 = 25(11).

Now lett > 2,/u1. Then we have for any > ¢

wy(t) < leb({min(u, + 24, up + 2) < s})
< leb({min(tq + Za, Uy + 2) — max(|ug — tUa| + |20 — Zal, |us — U] + |26 — Z]) < s5})
< w(2s) + leb({max(Jug — ta| + |24 — Zals |up — | + |26 — Zb]) > s})
< w(2s) +leb({|ua — ta| = 5/2}) +leb({|za — Za| = 5/2})
+leb({|uy — ap| > s/2}) +leb({|z, — z| > s/2})
< w(2s) + (s/2) " (|lua — Tallg + ll2a — Zallg + llus — llg + [lz6 — Z61l3)-

By Lemma 6.4 there exists a Holder constant 0 with [jw(u) — wlly, < Ly/u. This yields
W (t) < w(2s) + 4(s/2) "L /2.
Now lett > 2,/u. If t > 1 then we obtain with the choice= ¢
W, (1) < w(2t) + 4(t/2)"ILIuY? < w(2t) +4L9 < w(2t) + 4L%.
If ¢ < 1 then the choice = t?/(¢+1) = ¢1-1/(¢+1) yjelds

wy(t) < w(th/(qul)) + 4tfq+q/(q+1)(2L)qu/2 < w(gtq/(q+1)) + 4949/ (a+1)
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O
We show now that fofjw — w(#)\|wq small enough the result, of the primal-dual Newton

step satisfie§w, — w(p)lly, = ofllw — w(u)|y, ), where the estimate is uniform jne (0, uo).
Thus, in contrast to Lemma 8.1 we avoid fiaglependent convergence factor but obtalia— W,
norm gap. This norm gap will be closed by using a smoothing, ste

LEMMA 9.4. Let o > 0 andpy > 0 be fixed. Assume that (A1)—(A4), (ABpld with some
q € (p,00), and that

(©.6) (v, H(y,u, \)v) > allv|2 Yo e L3(Q),
Vw € Nooog(p), lv—w(p)llw, < po, 1€ (0, pol.

If in addition w = lim,,\ o w(y) satisfies strict complementarity then there exists a congta> 0
such that for any) < p < po and for anyw € N_oo 4(11) With |[w — w(p)|[yy,, < po the solution
w of the primal dual Newton step (8.1) satisfies

1P(ws) = w(plly, < 2llws — w(plly,
©.7) <20 (w(tllw — w(R) )Y+l = w(m) I3y, ) o = w()ly,

= o[lw = w(p)lw,)

with
(¢ —p)min(p,g—p) , _ qp
(9.8) n= ;4=
pa(p+1) q—p
Moreover, ifw satisfies strong strict complementarity (9.4) then
(9.9) 1Pu(ws) = w(p)lly, < 2wy —w(p)lly, < 20w —w(u)|y”
with
min(1,x)(q — p) min(p,q — p
©.10) = min(L.)(q =) win(p. g = p)
p?(¢+1) + min(1, k)p(g — p)
Proof. We know by Corollary 4.3 that(y) is uniformly bounded iV, for all ;2 € (0, 0.
Thus, [[w — w(p)lly, < po implies [lw||y, < M for some constant/ > 0. Hence, allu, w in

(8.2) are contained in a bounded subsef(@f, w) € (0,00) X N_ (1)} and Lemma 5.1 yields a
constanC' > 0 with

1) DE, () s, <C. p<t<aq,

whereS(w) is the scaling operator (5.1). Furthermore, (8.3) and (Bof)l. Since the first three
components of” : W, — W, are by (A1), (A5), Lipschitz continuously differentiable on bounded
subsets, we obtain (8.5), where with a Lipschitz constamt 0 the following estimate holds:

1R (w(p) = w)lly + [ Ra(w(p) = w)ll,, + | Ra(w(p) = w)ll, < Llw(p) = wllyy, .

To obtain an operator with uniformly bounded inverse on #fehand side we multiply with the
scaling operatof (w) in (5.1) and obtain

Ry (w(p) — w)
Ry (w(p) — w)
S(w)DF,(w)(wy —w(p) = | Hs(wlp) —w)

(u(p) =) (za () =Za)

Ug+2
(u(p) —uf (zp (1)~ 23)
Up+2p
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Therefore,

lws —w(p)llw, < 1(S(w)DE(w) ™ iy, w, (Lllw(u) — wlly,

(u(p) — u)(za(pt) — 2a) (u(p) — u)(zp(p) — 2)
* Uq + 24 p+ up + 2p p>'
This yields
(9.11) lwy —w(p)lly, < C(Llw —w(w)lly, + | Rall, + [|Rsl,)
with

Ry ) =G = za) B () — )00 — )
Uq + Zq Up + 2p

It remains to estimat@R, |, + || R ||, We show first that for € N_« 4(x)

R, < (1 n %) max(fu — u()], |2 — za(W)).

By < (1 n %) max(Ju — u(y2)] 25 — 2(u)]).

To this end we note thatu(u) — a)z, (1) = p, (u — a)z, > yu. This yields withu,, z, > 0
Ug + 2a 2 24/ UgZq = 24/

Now we have

R = (2t 20 o) = ) = (2 2 ) - ).

Uq + 24 Uq + 24 Uq + 24 Uq + Zq

Sinceu, (1) zq (1) = p we havemin(uq (1), za (1)) < /. On{ug (1) </} we have
1
Rl < (14 50 ) b = a0
and on{z,(u) </} we have
1
Rl < (14 32 ) o = i)
The estimate fofR; | is obtained in the same way.
To estimate| R, |, + [ ], we splitS2 for an arbitrarys € (0, min(1, (¢ — p)/p)) into the sets
J={ta+ 20 > [w—w(p)lly,}, JO=Q\J.
We have withw,, in (9.5)
leb({ua + 20 < 1}) < leb({ua(p) + 2a(p) = [tia — ua(p)| = [2a = za ()| < t})
< wy(2t) +leb({|ua — ua(p)| + |20 — 2a(p)| = })
< wu(2t) +leb({lua — ua(p)| = 1/2}) + 1eb(|za — za(p)| = /2})
< wu(26) + (/2) " (lta — ua ()l + 20 — 2a(1)ll3)
< wu(2t) +2(¢/2) " Jw — w(p)lly,

+
+
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This yields the upper bound for the measure/6f
leb(J¢) < w,(2||w — w(M)HEVq) 429 | — w(p )H(l fa.

Using|juv], < ull,

¢ = pq/(q— p), we have
1-8
[Rall, s < llu—w(wlly sllza — 2o, s
If ¢ < g thisyields
1_
1Rl < coullu—u()ll, sllza — za(w) 1L
: q/d 1—q/q : :
otherwiseflu — u(u), < [lu —w(p)l["" |b —al . by interpolation and thus
1—(g— 1—
I1Rall, ;< 16— all s PP lu — w(@) 19577 ) 20 — za (W1}
Combining both cases we obtain

1 +min(1,(g—p)/p) —
1Rall,,; < Cillw — w(pa)[fy ™ @P/2 =8,

On the complement set® we obtain by using thatl|| , ;. = Ieb(Jc)l/q/

IRall e < (14 7) 100y 5e (e = il e + D20 = 208, 52

< <2 + ﬁ) Ieb(JC)q_l’ llw — w(#)”vvq

< (2+ %) (w2l = wo)l,) + 2 oo = (i, ™) lw = w(p) |y,

: <2+ 1 >< el () l5,) 7 +257 ( )II;I:
< w w — w(p a’ @ lw—w(p
NGl : 1

Bla
)= Gl
Using Lemma 9.3 and/q’ = (¢ — p)/p, we finally obtain constantS,, C's > 0 with
min(1,(qg— —
1Rall, < Callw — w() 5 PP = lww — w(p) |y,
1 — — 1
+ Cy (w(dflw = w(p) 5 Y@@ oy — () [P DY o — (),
1— —
+ Cllw — w(w) [y, TP lw = w(p) |y,

The last term has at least the order of the first term. Balgrtbie orders of the first and second term
leads to

g g+ )min(p.g—p)
q(p+1)

and results in the estimate
I Rall, < € (w(@llw = w) R + llw = w(ll, ) o = 1wy,
with

_ (¢—p)min(p,q —p) g =P
pq(p+1) ’ q—p
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The same estimate is valid f§#2,|| ,. Inserting this in (9.11) yields (9.7).

If in addition strong strict complementarity (9.4) hold®.jw(t) < C.t"*, then the middle term

has ordenO ([|w — w(y) 4~/ *(@*1)y and balancing with the first term gives

__ (g+1)min(p,g —p)
p(g+ 1) + min(1,5)(q — p)
Inserting this choice of leads to the asserted estimate (9D).

We see that a norm gap occurs in the estimates (9.7), (9.%Jo%e the norm gap we will use a
smoothing step.

9.2. Smoothing stepsWe construct now an operator
Qu: (W, u,\ za,20) € Wy = (y,0, N, 20, Z) € Wy
such that there exists a constdnt > 0 with
(9.12) 1Qu(w) —w(p)llyy, < Lsllw —w(p)lly,

to close the norm gap in (9.7). Let (Al1)-(Aband the assumptions of Lemma 6.4 hold. Thep)
is the unique solution of (2.9) and satisfies with the notetiof (A5),, 5. in particular

0= Ly (w(p)) = Blu(p)) + gs(y(p), w(p), M) + 25 (1) — 2a (1)

_ 0 1 )
= Blu(n) + 7= ) w0 —a + G5 (y (1), ulpe), A1)
=: Bu(u(p)) + gs(y(p), ul(p), M),

whereg € C1(R), 8’ > ap > 0 and where
Gs (Y, u, A) €Y x U x 3 — Jy(y,u) — B(u) + cu(y,u)* A € LYQ)
is by (A5),, 5. well defined and Lipschitz on bounded sets. Since the ingpp

B
b)) —t t—al(f)

satisfy 3, > ap > 0 andp,.¢((a(€),b(§))) = R, the inverse mapping@;% R — (a(€),b())
exist and are Lipschitz continuous with Lipschitz constant/«g. Thus, also the mapping

Bue + t € (a(§),b(§)) — B(t) +

p 1

b—u uwu-—a

Bprue{v: a<v<b}r— B,(u) =pF(u)+
has a Lipschitz continuous inverse
Bt L1(Q) — ({v = a<v<b}|-,)
and we have

u(p) = B (=35 (y (), u(p), Mp)))-

Thus, given anyw € W, the “smoothed” control

(9.13) u® = B, (—gs(y, u, N)
satisfies
(9.14) [u® —u(p)l, < aiollés(y,u, A) = Gs(y () w(p), A(p)Il, < i—i\lw —w(p)|lw,
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with a Lipschitz constant, of g, according to (A5), 5.
Smoothing of they,, z,-components can now be obtained by using the identities

H H
(9.15) za(p) = m7 2 (p) = b—u(p)

In fact, after computing® we choose:;, z; according to

1 p
9.16 = S = .
( ) “ us —a’ R —

We will see that this leads in fact to an operator that hasri@oshing property (9.12).
DEFINITION 9.5. The smoothing operatap,, : W, — W, is defined by

Q#(y,u, )\7 Za s Zb) = (y’us’ >\7 227 Zlf)

with »* according to (9.13) and;, z; according to (9.16), wheré,(y,u, \) = J,(y,u) — B(u) +
cu(y,uw)* X according to (A5), 5.

THEOREM 9.6. Let the assumptions of Lemma 6.3 hold. Then for;any 0, pg > 0 thereis a
constantLg > 0 such that the smoothing operatQy, : W, — W, of Definition 9.5 is well defined
and satisfies
(9.17)

1Qu(w) —w(plly, < Lsllw—w(p)ly, YweWy, [w—wplly, <po, ue(0 ]
Moreover,(y, u®, \, 2}, z; ) = Q,(w) satisfies
a<u®<b, (w—a)z=p b-—u’)z=n

and thusQ, (w) € N_o 4(1t).

Proof. We have already shown that (9.14) holds, whiges the Lipschitz constant gf, on the
bounded set of alb € W, considered in (9.17). Moreover, we have by (9.16) and théecel(®.13)
of u®

(9.18) zp — 2o = —p(W’) — gs(y,u, ).
On the other hand
(9.19) zp(p) — 2a(p) = —=B(u(p)) — gs(y(p), u(p), A(p))-

Now consider the following partition d®

Qo ={v* = (b+a)/2, u(p)
Q= {u” > (b+a)/2, u(p)

(b+a)/2}, Q={u’<(b+a)/2, u(p)

>
<(b+a)/2}, Q={uv’<(b+a)/2, u(p)

(AVARAN
=
+
3@
~
[\)
—

Then we obtain ofi, by (9.16) and (9.19)

s _ 5 _ H _ H _ M|us — u(:u’)‘ 4_“ s
(e 2ol = [ = —alo, ™ G-t )|y, = 72

a a

Now (9.18), (9.19) yield

(25 = 20(1)) | < 1(z5 = 2a(p))e,] + 1(B(u®) = Blu(p)))a.l
+ |(gs(yvuv )‘) - gs(y(ﬂ)?u(u)v A(M)))QJ
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Completely similar we obtain oft; by (9.16) and (9.19)

i ol = |~ s | < S (e,

Now again (9.18), (9.19) yield
(za = Za() e, | < [(25 — 20 (1)), | + [(B(w®) = Blulp))) el
+ |(gs(yv u, )‘) - gs(y(:u)? u(lu’)v A(H’)))Qb|

Finally, (9.16), (9.15) yield o/,

(za = za(W))ay, <0, (2 —2(p))ay, >0

and thus the difference of (9.18), (9.19) yields

(25 — 26(1)) e | + (20 — za(1)) oy | = (25 — 20(1) + 20 (1) — 25)0 |
< (B(w”) = Blu(p))ar | + 1(Gs(y, u, A) — Gs(y(p), ulp), AMp))), |-

Analogously we obtain of;,

(25 — 26(1)ey | + (22 — za (1)) ey | = (25 — 26(1t) + 2a(p) — 22) 0y
< |(B(u?) = Blu(p)) oyl + [(Gs(ys us A) = gs(y(p)s u(p), M)y |-

Taking all together, we have shown that

|25 = 2o(1)] + |2 = za(p)]

< B(u®) — Blu(m))] +19s (Y, us A) — s (y(p), ulpe), Mp))| + %\us —u(p)|

g|gs<y,u,x>—gsw(m,u(u),w»u<%+ sup ﬁ’) 0 = u(p)|

[inf a,sup b]

Hence, (9.14) yields

s s Ly (8p
25 = 2o ()l + 22 — za (W)l < (Lg + a—z (V—ZO + sup B)) [lw —w(p)lly,-

[inf a,sup b]

Together with (9.14), (9.17) is proven. The last statem@nbivious by the definition ap,,. O

If we replace the projectio®’, in Lemma 9.4 by the smoothing operat@y, (which yields a
point in the neighborhood) then we obtain directly the failog corollary.

COROLLARY 9.7. Let the assumptions of Lemma 9.4 holdo = lim,,~ o w(y) satisfies strict
complementarity then there exist constahts C' > 0 such that for any) < u < uo and for any
w € N_qgo,q(p) with |Jw — w(#)\|wq < pop the solutionw of the primal dual Newton step (8.1)
satisfies

(9.20)
1Qu(ws) — w()lly, < Lslhws — w(p)yy,
< 2150 (w(dlfw — w() [T + [ = w(p)ly, ) llo = w() ly,

= o([lw —w(p)llw,)
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with

(¢ — p) min(p,q — p) g =P
pe(p+1) ’ q—p

n=
Moreover, ifw satisfies strong strict complementarity (9.4) then

(9.21) 1Qu(wy) = w(p)lly, < Lsllwy —w(p)lly, < 2LsCllw—w(u)|y"
with

_ min(1,x)(g — p) min(p, g — p)
p2(q¢+1) +min(1,x)p(q — p)

Note that no norm gap appearsin (9.20) and (9.21).

9.3. A modified interior-point method with smoothing step. We consider now the following
modification of Algorithm PDPF.

Algorithm PDPFS: Primal-Dual Interior-Point Method with S moothing.
1. Choosgy > 0,7 € (0,1), fi—oo > 0, (omink) C (0,1), po € (0, u—oo], and

wo 1= (Yo, U0, A0, 2a,0, 26,0) € N—oo,q(1h0)-

Setk := 0.
2. Solve the primal-dual Newton system

DF,, (wy)sy = —F, (wr)

and setwy 1 := Qp, (Wi + k).
3. Choosery, € [omink, 1] and sefugy1 = o .
4. Setk := k + 1 and goto step 2.

REMARK 9.8. As already algorithm PDPF, we have stated this algorithm ireay basic form.
We now will prove global linear and local superlinear comarce of algorithm PDPFS.

THEOREM 9.9. Letyy > 0 andp, > 0 be fixed. Assume that (A1)-(A4) and (A®)th some
q € (p,o00) hold, thatu € B — J(y(u),u) is convex (to ensure uniqueness of the central path), and
thatw = lim,,\ o w(y) satisfies strict complementarity. Furthermore, assume tha

(v, H(y,u, \)v) > allv|2 Yo e L3(Q),

(9.6)
Ve € Neorg (i), o = w(n)lly, < po, 1 € (0, o).

Then there exist constantse (0, po], Gmax € (0,1) and a sequencemax > minx \, 0 such that
Algorithm PFPFS has the following convergence property:

For all initial points wy € N_ 4(po) With [Jwy — w(ﬂo)HWq < p and every choicenin i €
[Tmin.k» omax], Algorithm PDPFES generates a sequence with

(9.22) lwi = wlpk) ly, < CvV/iwk—1
929) g~ wlly, < (C+ L)y
(9.24) e = 00 Op_1pto < OF tto — 0.

Here,C' > 0 is a constant and. is the Hlder constant of the central path df, 1,0]. This shows
global convergence with R-linear rate.
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The above conditions allow to chooBe< ominr < o \, 0, which yields R-superlinear
convergence.
If strong strict complementarity (9.4) holdsat then

Omink = O(NZ)

with » > 0 according to (9.10) and the choiegin x = O(min k) Yields R-superlinear convergence
with rate1 + 7.

Proof. Consider an arbitrary € (0, uo]. Then there exists by Corollary 9.7 a constant- 0
such that for anyw € N_oo,q(p) With [[w — w(p)llyy, < po the estimate holds

(9.25) 1Qu(w+) —w(p)lly, < ¥(llwy — wlp)llw ws —wlp)lw,
with
(9.26) W(t) = 2LgC(w (4t )/ 4 ¢7)

andn > 0, ¢’ according to (9.8), where_, is the result of the primal-dual Newton step (8.1).
Chooser > 0 such that

P(r) <
and set
(9.27) p = min(7, 2L+/110)
with the Holder constant of the central path. Now let Algorithm PDPFS use the iterates

(9.28) w1 = Quy, (Wi + Sk),  Hkt1 = Ok flk,

whereo;, satisfies

max (1 - 77(171/)(7)))2 4p(r)? s if T < 2L/,
(9.29) Ok 2 Omink ‘= Lvime )40

4 (2L /i )? if 7> 2L /fig.

We note thad < ominr < 1, more precisely,

Fming < max { <1 - 7(1_71/’(7)))2 ,4¢(T)2} =: Omin < 1.

Ly /),
We show next that the choice (9.29) yields
(9.30) lwe = w(pe)llyy, < min(r, 2L\/pr—1),
(9.31) lwe —w (1), < min(r,2L/Gr1),

where we sef._y = po. In fact, this is true fork = 0 if |Jwo — w(uo)llyy, < p. Moreover, to
proceed by induction we observe that
[wkr1 = ), < lw(pnn) = wl)ly, + e = w(pe)lly,
< Ly = v/ier1) + 9 ([[we — wlpe) L, Mlwe = wpe)llw,
< L(1 — /or) ik + Y(min(7, 2L /fi—1)) min(7, 2L/t —1).
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We consider now three cases.
Case 17 < 2L, /. Then we obtain by using (9.29)

lwe1 — wlper ), < llwlpes1) — wle) by, + lwesr — wlie) ly,

< L(1 — \/or) ik + ¢(7)7 < 7 = min(7, 2L/f11).

Case 22L,/py, <7 < 2L\/fr—1. Then (9.29) yieldgy, > 44 (7)?u,—1 and thus

okt = wlper)llw, < lw(pnen) = w()ly, + e = (),

< L(1 — /ER) ik + ¢(r) < Ly/fiE + 0(r)2L i
< 2L\/py = min(7, 2L/ pix,).

Case 32L,/iix_1 < 7. Then (9.29) yields:;, > 4v(2L./fix_1)*p,—1 and thus

lwi1 — wlper ), < llwpes1) — wlpe) by, + lwesr — w(ie) ly,

< L1 = Vor) Viir + (L2l
< L\/pu + L/ < 2L\/pu; = min(7, 2L+/1x,).

Hence, in all three cases (9.30), (9.31) hold. This show&2j%nd with the Holder constaift of
the central path also (9.23), since

[we = wllyy, < llwk — w(pe—1)llw, + lw(pe-1) — @y, < min(r, 2L/fe=1) + Ly/Be—1.-

(9.24) is obvious fromuy 11 = oy i, and yields R-linear convergence.

Moreover, (9.29) shows now that férlarge enouglemin , = 4¢(2L\/;Tk)2 — 0 and therefore
for any constant > 1 the choicery, € [Gmin i, Min(Komin k, Omax)] Yields p,11 = o(uy) and thus
R-superlinear convergence.

Finally, let strong strict complementarity be satisfied. efitthere exists by Corollary 9.7 a
constantC' > 0 such that (9.25) is satisfied with with

(9.32) W(t) = 2LgCt"

andn > 0 according to (9.10). Now (9.30), (9.31) can be shown exaxlgbove for the definition
(9.32) ofy and the correspondingmin . according to (9.29). Moreover, (9.29) shows now thatifor
large enouglamin ;, = 49(2L /i )? = O(p!) — 0 and therefore for any constant> 1 the choice

Ok € [Omink, MiN(KGmin k, Omax)] YieldS g1 = O(,u,lj”). O

10. Numerical results. We conclude the paper by a demonstration of the practicédpeance
of the proposed method. We consider the elliptic controbfam (2.2) with

Q=(0,1)? ie,n=2,
a=-5 b=0, a=0.001,
yq = sin(w&y) sin(m€z) cos(3&7).
Both, the first and the second setting are applicable. In tsedetting ¥ = H}(Q), etc.), our
assumptions are satisfied for any value (p, ). In the second setting( = H}(Q) N H%(R),
etc.), our assumptions are satisfied for any valae(p, oo].

In our implementation of algorithm PDPFS, the adjustment,gfand thus the choice of, is
done adaptively based on the valueigf It turns out to be beneficial (sometimes one iteration is
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T MFu (@, | e
Grid 4: 30529 Nodes

0 8.60e+01 2.50e+00
1 3.23e-07 2.50e-01
2 7.86e-02 1.57e-02
3 7.75e-01 3.95e-04
4 7.93e-01 2.90e-06
5 1.10e-01 4.13e-09
6 1.66e-03 6.62e-13
7 5.05e-09
TAaBLE 10.1

Results for algorithm PDPFS applied on the finest grid.

saved) to compute not only the smoothing step, but also thjegied step, and to use the latter if it
reduces the norm df},, significantly more than the smoothing step.

The discretization is done by linear finite elements. We ¢gtieea hierarchy of 5 triangular
grids, the coarsest with 139 nodes, the finest with 30529s1d8li@rting from the coarsest, the next
finer grid is obtained by uniform refinement of the previouslgiWe perform two numerical tests,
the second (nested iteration) being of higher practicelesice.

In the first test we solve the fine grid problem directly wite PDPFS method from the follow-
ing initial point:

Yn =Yan, A =0, (up,z),,2,) obtained by one smoothing step

Here, the subscript indicates that we are working in finite element space,angdis the nodewise
interpolation ofy,.

In the second test, we use nested iteration, i.e., we staineccparsest grid, solve the discretized
problem approximately, and prolongate the solution toiokda initial point on the next finer level.
This is repeated until the problem on the finest grid is solyetb the desired accuracy. The accuracy
requirements are increased from grid to grid. The proldngas performed for the state and the
adjoint state only, the initial contraf) and the initial multipliers:? , , z? , are obtained by applying
a smoothing step. The approximate solution of the discneﬂblprﬁs on the various grids is done by
a discrete version of Algorithm PDPFS. The initalalue is computed from}, 2 ,,, andzy ,,.

The results of the first test can be found in Table 10.1. Wervbdast local convergence pf;
and of the residual as predicted by the theory.

The results for the second test in Table 10.2 show that néstedion is very efficient. Thanks
to the smoothing step, we obtain very good initial pointsgsionly the smooth paris, and\;, of
the coarse grid solution are prolongated. On the finer gndspeed only two iterations, which is a
very good performance.
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