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Abstract. This paper provides a detailed analysis of a primal-dual interior-point method for PDE-constrained optimiza-
tion. Considered are optimal control problems with controlconstraints inLp. It is shown that the developed primal-dual
interior-point method converges globally and locally superlinearly. Not only the easierL∞-setting is analyzed, but also
a more involvedLq-analysis,q < ∞, is presented. InL∞, the set of feasible controls contains interior points and the
Fréchet differentiability of the perturbed optimality system can be shown. In theLq-setting, which is highly relevant for
PDE-constrained optimization, these nice properties are no longer available. Nevertheless, a convergence analysis is devel-
oped using refined techniques. In particular, two-norm techniques and a smoothing step are required. TheLq-analysis with
smoothing step yields global linear and local superlinear convergence, whereas theL∞-analysis without smoothing step
yields only global linear convergence.

1. Introduction. This paper is concerned with the analysis of primal-dual interior-point meth-
ods for optimization problems with PDE- and pointwise inequality constraints. We assume that the
problem has optimal control structure and that the inequality constraints are posed on the controls
only. In contrast to state constraints, this situation allows for a rigorous analysis. Related investi-
gations of other Newton-based algorithms were conducted in, e.g., [4, 8, 12, 14, 16, 22, 20, 21, 23,
25, 26] for comparable problem settings. For primal-dual interior-point methods, although inten-
sively investigated in finite dimensional mathematical programming, see, e.g., [7] and the references
therein, only little rigorous theory is available in the function space framework of optimal control
problems. Earlier investigations of modern optimization methods in function space have resulted
in valuable deep understanding of algorithms for PDE constrained optimization. In particular, in
all analyses, a certain problem structure is required for a successful local convergence analysis. A
common theme is that anLp-setting for the inequalities is required and that a smoothing property or
smoothing step must be available. Furthermore, the usual backtracking in interior-point methods to
keep iterates strictly positive has to be augmented by suitable projection techniques, at least if the
primal-dual Newton step for the control is not inL∞. Finally, integrated barriers are the appropriate
choice, which result in a weighting of the pointwise barriers after discretization. All of these crucial
ingredients are not visible in the finite dimensional analysis. A further important benefit of an ab-
stract analysis in function space is that it is the prerequisite for proving mesh independence results,
see, e.g., [1, 2, 9].

The purpose of this paper is to give a rigorous analysis of theglobal and fast local convergence
of a primal-dual interior-point method for PDE-constrained optimization. The analysis covers not
only the (easier)L∞-setting but also the quite involved but in practice highly relevantLq-setting,
q <∞. The crucial point is that for the analysis in theL∞-setting one needs that the corresponding
adjoint state (i.e., the Lagrange multiplier for the state equation) is also inL∞, which is usually not
the case for complex systems like, e.g., the Navier-Stokes equations [6, 10, 19]. One of the difficul-
ties in theLq-setting,q <∞, is that the set of feasible controls does not contain interior points with
respect to theLq-topology. As a consequence, the barrier function is not Fr´echet-differentiable in
Lq. Moreover, the Newton steps for the control and for the multipliers of the control constraints live
in general only inLq and therefore we have to work in anLq-setting for the control and the multi-
pliers even if the control is confined byL∞-bounds. This requires elaborate techniques, including a
suitable scaling of the primal-dual Newton system, a two-norm approach, and a smoothing step.

In theLq-setting the central path can touch the boundary of the set offeasible controls on a
set of measure zero. We will see that nevertheless interior-point methods make sense in connection
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with a projection onto an appropriate neighborhood of the central path. We empasize that also in
the context of state constraints the central path may touch the boundary of the feasible set. The
results and proof techniques of the present paper show that this does not necessarily lead to a failure
of interior-point methods and may be valuable also in the context of state constraints. The use of
two-norm technique and the introduction of a smoothing stepallows not only to go beyond the
L∞-setting. It also results in a globally linearly and locallysuperlinearly convergent primal-dual
interior-point algorithm, whereas theL∞-setting without smoothing step results only in a globally
linearly convergent method.

We now give a short overview of the available literature on interior-point methods in function
space. In the context of optimal control with ODEs and control constraints, [24] investigates the
properties of the central path in anL∞-setting and proposes a corresponding continuation method.
For a similar setup, a linearly convergent primal-dual interior-point short step method was investi-
gated in [23] in anL∞-framework. Furthermore, a primal interior-point method for linear-quadratic
optimal control problems with an elliptic PDE and control constraints was investigated in [25]. In
this approach, the control is eliminated from the perturbedoptimality system and linear convergence
of a short step path following method is proved. Superlinearconvergence of this method was proved
in [16] underH2-regularity assumptions. The convergence of a primal-dualinterior-point method
for linear-quadratic elliptic control problems with mixedcontrol-state constraints was investigated
in [14]. The problem can be reformulated as a control problemwith control constraints having spe-
cial structure. The analysis of the central path and linear convergence of a short step path following
method is carried out in anL∞-framework. In addition to the mentioned references, numerical evalu-
ations of interior-point methods in the context of PDE constrained optimization have been conducted
in, e.g., [3, 13].

The paper is organized as follows: In section 2 the considered problem class is described and
it is illustrated that elliptic optimal control problems fitinto this class. Then, first order optimality
(KKT) conditions are derived. As a first step towards interior-point methods, a barrier problem is
formulated, its unique solvability is proved, and optimality conditions are stated that result in per-
turbed KKT conditions that form the basis for the primal dualNewton step. Section 3 presents and
illustrates a functional analytic setting that is used in the rest of the paper. In section 4, properties
of the central path are derived, in particular the boundedness of the dual variables inLq and the
boundedness of the central path. Section 5 is devoted to the analysis of the primal-dual Newton
system on a suitable neighborhood of the central path. A key result is the uniformly bounded invert-
ibility of the suitably scaled linear operator in the primaldual Newton system on bounded subsets
of the neighborhood. As a simple consequence, the norm of theinverse of the unscaled operator is
uniformly bounded byO(1/

√
µ) on bounded subsets of the neighborhood. The Hölder continuity

of the central path is proved in section 6. The conceptual primal-dual interior-point method is for-
mulated in section 7. It includes a projection onto the neighborhood of the central path that replaces
the usual backtracking. In section 8, the method is analyzedin theL∞-setting. Quadratic local
convergence towards the central path and global linear convergence are proved. Finally, in section 9,
the more involved analysis of the method inLq, q < ∞, is carried out. As for other approaches, an
inevitable norm gap occurs that has to be closed by a smoothing step. Such a smoothing step is de-
rived and incorporated in the algorithm. For the resulting method, global linear and local superlinear
convergence is proved. Section 10 presents numerical results.

Notations. We denote theLp-norm by ‖ · ‖p, 1 ≤ p ≤ ∞. For Banach spacesX, Y we
denote byL(X,Y ) the space of bounded linear operators fromX to Y equipped with the operator
norm‖ · ‖X,Y . X∗ is the dual space of a Banach spaceX and〈·, ·〉X∗,X is the corresponding dual
pairing. By leb(·) we denote the Lebesgue measure onR

n. Throughout the paper equalities and
inequalities betweenLp-functions are meant pointwise almost everywhere. IfX ⊂ Y is a continuous
embedding, we writeIX,Y , IX,Y x = x for the embedding operator. Sometimes, if no confusion is
to be expected, we save space by writingI instead ofIX,Y . If F : X → Y is an operator between
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Banach spaces, we denote byF ′ its first Fréchet derivative and byF ′′ its second Fréchet derivative,
if they exist. IfX is a product space, thenx = (x1, . . . , xm) ∈ X hasm ≥ 2 components and we
denote byFxi

the partial Fréchet-derivative with respect toxi, by Fxixj
the derivative ofFxi

with
respect toxj , etc., if they exist.
Occasionally, given Banach spacesX1 ⊂ X0, Y1 ⊂ Y0, where “⊂” means continuous embedding,
we will use the notationL(X0, Y1) ⊂ L(X1, Y0) to indicate that every operatorA ∈ L(X0, Y1)
induces an operator̃A ∈ L(X1, Y0) via Ãx := Ax, x ∈ X1.

2. Control constrained optimal control problem. Let Ω ⊂ R
n be a bounded open domain

with sufficiently smooth boundary. We consider the optimal control problem with control constraints

(2.1) min
y∈Y,u∈U

J(y, u) s.t. c(y, u) = 0, a ≤ u ≤ b,

whereU = Lp(Ω), p ∈ [2,∞), a, b ∈ L∞, b− a ≥ ν > 0, andY is a Banach space. We set

B := {u ∈ U : a ≤ u ≤ b} , x = (y, u), X := Y × U,

and assume that there exists an open setD ⊂ Lp(Ω), D ⊃ B such that
(A1) J : Y × U → R, c : Y × U → Λ are twice locally Lipschitz-continuously differentiable,

Λ is a Banach space, and there exist uniform Lipschitz constants on bounded subsets of
Y × B.

(A2) cy(y, u) ∈ L(Y,Λ) has a bounded inverse for all(y, u) ∈ Y × D and‖cy(y, u)−1‖Λ,Y is
uniformly bounded on bounded subsets ofY × B.

(A3) For allu ∈ D there exists a unique solutiony = y(u) ∈ Y of

c(y(u), u) = 0

and there existsMy > 0 with

‖y(u)‖Y ≤My ∀u ∈ B.

(A4) The reduced objective functional

u ∈ (B, ‖ · ‖∞) 7→ J(y(u), u) =: Ĵ(u)

is lower semicontinuous w.r.t. sequentialL∞-weak∗ convergence.
REMARK 2.1. By the implicit function theorem (A1)–(A3) ensure thatu ∈ D 7→ y(u) ∈ Y

andu ∈ D 7→ J(y(u), u) are twice locally Lipschitz-continuously differentiableand in addition
Lipschitz continuous onB.

For convenience we identifyU∗ = Lp(Ω)∗ with Lp
′

(Ω), 1
p

+ 1
p′

= 1, via the dual pairing

〈v, u〉U∗,U = 〈v, u〉 :=

∫

Ω

vu dξ.

We recall that in function spaces of distributions it is common practice to extend〈·, ·〉 to the dis-
tributional dual pairing. In our examples, we typically work with the Sobolev spacesH1

0 (Ω) and
Ỹ = H1

0 (Ω) ∩ H2(Ω). The dual spaces with respect to the dual pairing〈·, ·〉 then result in the
following continuous and dense embeddings:

Ỹ ⊂ H1
0 (Ω) ⊂ L2(Ω) ⊂ H−1(Ω) = H1

0 (Ω)∗ ⊂ Ỹ ∗.

In this sense, we can (and will) interpretH1
0 -functions as (nice)L2-functions andL2-functions as

(nice)H−1-functions (the latter are generalized functions). Furthermore, we will omit operators of
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the formIY1,Y2
: y ∈ Y1 7→ y ∈ Y2 if Y1 ⊂ Y2 is continuously embedded. In this case, we also have

I∗Y1,Y2
: y′ ∈ Y ∗

2 7→ y′ ∈ Y ∗
1 , thusI∗Y1,Y2

= IY ∗

2 ,Y
∗

1
, i.e., the adjoint acts like the identity.

PROPOSITION2.2. Under assumptions(A1)–(A4) problem (2.1) has a solution.
Proof. Take a minimizing sequence(y(uk), uk). Since(uk) ⊂ B, it is bounded inL∞ and has

a weak∗-convergent subsequence, which we denote again by(uk) for simplicity, with limit ū ∈ B.
But by (A4) we have

lim sup
k→∞

J(y(uk), uk) ≥ J(y(ū), ū)

and thus(y(ū), ū) solves (2.1), since(y(uk), uk) is a minimizing sequence.

2.1. An example.As a standard example we consider the following elliptic control problem

(2.2)

min
y,u

1

2
‖y − yd‖2

L2 +
α

2
‖u‖2

L2

s.t. −∆y = u in Ω,

y = 0 in ∂Ω,

a ≤ u ≤ b in Ω.

Here,Ω ⊂ R
n anda, b ∈ L∞(Ω) are as specified above,u ∈ U := L2(Ω) is the control,y ∈ H1(Ω)

is the state,yd ∈ L2(Ω) is the desired state, andα > 0 is a regularization parameter.
There are at least two reasonable ways to choose the functional analytic setting. We choose

p = 2, D = U and haveU∗ = U = L2(Ω).

2.1.1. First setting. The first setting is to consider the usual weak solution of thestate equation.
Here, the state space isY = H1

0 (Ω) and the PDE is considered in the weak form
∫

Ω

∇y(ξ)T∇v(ξ) dξ =

∫

Ω

u(ξ)v(ξ) dξ ∀ v ∈ H1
0 (Ω).

This results in the abstract state equation

c(y, u) := Ay − u = 0 in Λ

with Λ = Y ∗ = H−1(Ω). Note that, as mentioned earlier, we have omitted the embedding operator
IL2,H−1 ∈ L(L2(Ω),Λ), IL2,H−1u = u. The operatorA ∈ L(Y,Λ) is defined by

〈Ay, v〉H−1,H1
0

= 〈Ay, v〉 =

∫

Ω

∇y(ξ)T∇v(ξ) dξ ∀ y, v ∈ H1
0 (Ω).

It is well known thatA ∈ L(Y,Λ) is invertible. Clearly,

J(y, u) =
1

2
‖y − yd‖2

2 +
α

2
‖u‖2

2

is twice continuously differentiable with

〈Jy(y, u), v〉Y ∗,Y = 〈y − yd, v〉 = (y − yd, v)2,

〈Ju(y, u), w〉U,U∗ = α〈u,w〉 = α(u,w)2,

〈Jyy(y, u)v2, v1〉Y ∗,Y = (v1, v2)2,

〈Juu(y, u)w2, w1〉U∗,U = α(w1, w2)2.

In short notation:

Jy(y, u) = y − yd, Ju(y, u) = αu, Jyy(y, u) = IY ∗,Y , Juu(y, u) = αIU .
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Furthermore,c(y, u) = Ay − u is twice continuously differentiable with

cy(y, u) = A, cu(y, u) = −IL2,H−1 , c′′(y, u) = 0.

The uniform Lipschitz constants on bounded sets forc, J ′ and their derivatives are clear due to
bounded linearity. The uniform Lipschitz continuity ofJ on bounded sets follows from the bound-
edness ofJ ′ on bounded sets. Hence, (A1) is shown. (A2) follows since

cy(y, u) = A

is constant andA ∈ L(Y,Λ) is invertible. (A3) follows fromy(u) = A−1Bu. Finally (A4) is
satisfied sinceu ∈ L2 7→ J(A−1u, u) ∈ R is convex and continuous, hence sequentially weakly
lower semicontinuous. As a consequence,Ĵ is also lower semicontinuous w.r.t. sequentialL∞-
weak∗ convergence.

2.1.2. Second setting.For the analysis to follow, it will be useful to exploit additional regular-
ity of the state and the adjoint state. This motivates to consider the following setting for (2.2):

From the assumptions onΩ and standard regularity results for elliptic equations it follows that
the solution of the state equation enjoys more regularity, namely,y ∈ Ỹ := H1

0 ∩H2 (we use a “̃ ”
to distinguish from the first setting). Hence, we can write the state equation also as follows:

c̃(y, u) := Ãy − u = 0 in Λ̃ := L2

with Ã ∈ L(Ỹ , Λ̃). AgainÃ is invertible inL(Ỹ , Λ̃).
Since the Laplace operator is symmetric, we obtain alsoH2-regularity for the adjoint state. This

will be important, since in assumption (A5)q, we will in particular require that there existsq ∈ (p,∞]
such that the adjoint stateλ satisfies

c∗u(y, u)λ ∈ Lq(Ω), i.e., for (2.2), − λ ∈ Lq(Ω).

The largerq can be chosen, the better. In the first setting, we would be limited toq-values for which
the embeddingH1

0 ⊂ Lq holds. If we want to increaseq, (e.g.,q = ∞ for n = 3), it is advantageous
to exploit any regularity that is available forλ, and thus anH1

0 ∩ H2-setting is beneficial (if it is
applicable).

Just as before, we can calculate derivatives and verify the assumptions (A1)–(A4).

2.2. Optimality conditions. If we define the closed convex set

C := {0} × B ⊂ Λ × U

and the constraint function

h(y, u) :=

(

c(y, u)

u

)

then the constraint in (2.1) can be written as

h(y, u) ∈ C.

Denote for(λ, z) ∈ Λ∗ × U∗ the Lagrangian function for the abstract problem

min
y∈Y,u∈U

J(y, u) s.t. h(y, u) ∈ C

by

L(y, u, λ, z) = J(y, u) + 〈λ, c(y, u)〉Λ∗,Λ + (z, u)2.
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Let x̄ = (ȳ, ū) ∈ Y × B be a local solution of (2.1). Sincecy(x̄) is surjective by (A2), the operator

h′(x̄) =

(

cy(x̄) cu(x̄)
0 I

)

∈ L(X,Λ × U)

is surjective and thereforeRobinson’s constraint qualification[15]

0 ∈ int(h(x̄) + hx(x̄) ·X − C)

is satisfied. By standard optimality theory, see [5, Prop. 3.2], there exist(λ̄, z̄) ∈ Λ∗ × U∗ with

(2.3) Lx(x̄, λ, z) = (Jy + c∗yλ̄, Ju + c∗uλ̄)(x̄) + (0, z̄) = 0, h(x̄) ∈ C, (λ̄, z̄) ∈ NC(h(x̄))

with the normal cone

NC(h(x̄)) := {(λ, z) ∈ Λ∗ × U∗ : 〈λ,w − c(x̄)〉Λ∗,Λ + (z, v − ū) ≤ 0 ∀ (w, v) ∈ C}
= {(λ, z) ∈ Λ∗ × U∗ : (z, v − ū) ≤ 0 ∀ v ∈ B}
=
{

(λ, z) ∈ Λ∗ × U∗ : z|{ū=a} ≤ 0, z|{ū=b} ≥ 0, z|{a<ū<b} = 0
}

.

Hence, using the splittinḡz = z̄b − z̄a, z̄b, z̄a ≥ 0, we can write (2.3) in the following form: there
existλ̄ ∈ Λ∗ andz̄a, z̄b ∈ U∗ such that with the Lagrangian

ℓ(y, u, λ, za, zb) = J(y, u) + 〈λ, c(y, u)〉Λ∗,Λ − (za, u− a)2 − (zb, b− u)2

the first order optimality conditions hold

(2.4)































ℓy(x̄, λ̄, z̄a, z̄b) = Jy(x̄) + cy(x̄)
∗λ̄ = 0,

ℓu(x̄, λ̄, z̄a, z̄b) = Ju(x̄) + cu(x̄)
∗λ̄+ z̄b − z̄a = 0,

c(x̄) = 0, a ≤ ū ≤ b,

(ū− a) z̄a = 0, z̄a ≥ 0,

(b− ū) z̄b = 0, z̄b ≥ 0.

2.3. Barrier problem. Now consider the associated barrier-problem

min Jµ(y, u) := J(y, u) − µ

∫

Ω

ln(u− a) dx− µ

∫

Ω

ln(b− u) dx

s.t. c(y, u) = 0, a ≤ u ≤ b.

(2.5)

PROPOSITION2.3. Under assumptions(A1)–(A4) problem (2.5) has for anyµ > 0 a solution.
Proof. Take a minimizing sequence(y(uk), uk). Since(uk) ⊂ B, it is bounded inL∞ and has

a weak∗-convergent subsequence, for simplicity again denoted by(uk), with limit ū ∈ B. But by
(A4) we have

(2.6) J(y(uk), uk) ≥ J(y(ū), ū).

Moreover, the barrier term satisfies

−µ
∫

Ω

ln(uk − a) dx− µ

∫

Ω

ln(b− uk) dx ≥ −2µleb(Ω) ln(‖b− a‖∞).

This shows that

Jµ(y(uk), uk) ≥ J(y(ū), ū) − 2µleb(Ω) ln(‖b− a‖∞) ≥ −M1
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with a constantM1 > 0.
Moreover, we haveun → ū in L∞-weak∗ and thus also inL2-weak. It remains to show that

u ∈ (B, ‖ · ‖2) 7→ −µ
∫

Ω

ln(u− a) dx− µ

∫

Ω

ln(b− u) dx =: fa(u) + fb(u)

is lower semicontinuous w.r.t. weak convergence.
We consider onlyfa : u 7→ −µ

∫

Ω
ln(u − a) dx, sincefb : u 7→ −µ

∫

Ω
ln(b − u) dx can be

treated analogously. SinceB ⊂ L2(Ω) is closed and convex andfa : B 7→ R ∪ {∞} is convex, it is
sufficient to show that the mapping is lower semicontinuous w.r.t. strong convergence, see [11, Lem.
22.6] or [27, Prop. 38.7]. To this end, letB ∋ vk → v̄ in L2. We have to show

(2.7) lim inf
k→∞

fa(vk) ≥ fa(v̄).

If lim infk→∞ fa(vk) = ∞ this trivially holds.
Now consider the caselimk→∞ fa(vk) <∞. By selecting a subsequence(vk)K we achieve

lim
K∋k→∞

fa(vk) = lim inf
k→∞

fa(vk) <∞, (vk)K → v̄ almost everywhere onΩ.

In particular, there exists a constantC > 0 with fa(vk) ≤ C for all k ∈ K. We observe that

−µ ln(vk − a) = −µ ln(max(vk − a, 1)) − µ ln(min(vk − a, 1)) =: gk + hk,

−µ ln(v̄ − a) = −µ ln(max(v̄ − a, 1)) − µ ln(min(v̄ − a, 1)) =: ḡ + h̄.

We have the estimate

|gk − ḡ| ≤ µ|max(vk − a, 1) − max(v̄ − a, 1)| ≤ µ|vk − v̄|

and thus

lim
K∋k→∞

fa(vk) = lim
K∋k→∞

∫

Ω

(gk + hk) dx =

∫

Ω

ḡ dx+ lim
k→∞

∫

Ω

hk dx.

Moreover,hk ≥ 0, |gk| ≤ µ|vk − a− 1| and, fork ∈ K,

0 ≤
∫

Ω

hk dx ≤ C −
∫

Ω

gk dx ≤ C + µ‖vk − a− 1‖1 ≤ C + C ′.

From (vk)K → v̄ a.e. we obtain(hk)K → h̄ a.e.. Now the Lemma of Fatou (where we can work
with lim instead oflim inf here) yields̄h ∈ L1(Ω) and

0 ≤
∫

Ω

h̄ dx =

∫

Ω

lim
K∋k→∞

hk dx ≤ lim
K∋k→∞

∫

Ω

hk dx ≤ C + C ′.

This concludes the proof that

lim inf
k→∞

fa(vk) = lim
K∋k→∞

fa(vk) = lim inf
k→∞

∫

Ω

(gk + hk) dx ≥
∫

Ω

(ḡ + h̄) dx = fa(v̄).

As mentioned before, the same holds forvk → v̄ weakly, see Jost, Lemma 4.2.2.
Applying this to the minimizing sequence, we obtain together with (2.6)

lim inf
k→∞

Jµ(y(uk), uk) = lim inf
k→∞

J(y(uk), uk) + fa(uk) + fb(uk)

≥ J(y(ū), ū) + fa(ū) + fb(ū) = Jµ(y(ū), ū).
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Hence,(y(ū), ū) solves (2.5).
REMARK 2.4. It is important to point out that the proof would be easier if we could assume

that the solution lies in theL∞-interior ofB. Since, however, the case thatū touches the bounds on
a null set cannot be excluded, we need alternative proof techniques as given above. If the problem
has special structure, e.g., as in [14], it is sometimes possible to prove that̄u lies in theL∞-interior
of B and then a less technical argumentation can be used, see, e.g., section 3 of [14]. It is obvious
that{ū = a} and{ū = b} have measure zero, sinceJµ(ȳ, ū) < ∞. Therefore, it is easy to derive
the following necessary optimality conditions for (2.5).

LEMMA 2.5. Let assumptions(A1)–(A4) hold and letxµ = (yµ, uµ) be a local solution of
(2.5),µ > 0. Then there isλµ ∈ Λ∗ such that

(2.8)















Jy(xµ) + cy(xµ)
∗λµ = 0,

Ju(xµ) + cu(xµ)
∗λµ +

µ

uµ
− µ

uµ − a
= 0,

c(xµ) = 0, a < uµ < b.

REMARK 2.6. By introducing the artificial variablesza,µ = µ
uµ−a andzb,µ = µ

b−uµ
we can

write (2.8) as the perturbed KKT-conditions

(2.9)































ℓy(xµ, λµ, za,µ, zb,µ) = Jy(xµ) + cy(xµ)
∗λµ = 0,

ℓu(xµ, λµ, za,µ, zb,µ) = Ju(xµ) + cu(xµ)
∗λµ + zb,µ − za,µ = 0,

c(xµ) = 0, a ≤ uµ ≤ b,

(uµ − a) za,µ = µ, za,µ ≥ 0,

(b− uµ) zb,µ = µ, zb,µ ≥ 0.

We call the solution set (2.9) parameterized byµ > 0 central path. We will see that under appropriate
assumptions the central path is actually a Hölder-continuous curve that converges forµ → 0 to a
solution of (2.1).

Proof. By (A3) there exists for anyu ∈ D a unique solutiony = y(u) ∈ Y of c(y, u) = 0. By
(A2) and the implicit function theorem the mappingu ∈ (D, ‖ · ‖U ) 7→ y(u) ∈ Y is continuously
differentiable with

cyyu = −cu.

Thus the reduced objective functionalu ∈ (D, ‖ · ‖U ) 7→ Ĵ(u) is continuously differentiable with
derivative

Ĵu(u) = −〈Jy(x), cy(x)−1cu(x) · 〉Y ∗,Y + Ju(x)

= −cu(x)∗cy(x)−∗Jy(x) + Ju(x)

= −cu(x)∗cy(x)−∗Jy(x) + Ju(x),

wherex = (y(u), u). Let (y(uµ), uµ) be the solution of (2.5). With the unique solutionλµ ∈ Λ∗ of

Jy(xµ) + cy(xµ)
∗λµ = 0

we have

(2.10) Ĵu(u− µ) = cu(xµ)
∗λµ + Ju(xµ).

We show that

w := Ĵu(uµ) −
µ

uµ − a
+

µ

b− uµ
= 0 a.e.
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We know thata < uµ < b almost everywhere. The sets

Mk := {a+ 1/k ≤ uµ ≤ b− 1/k}

are monotone increasing with
⋃∞
k=1Mk = Ω \ N with a setN of measure zero. Letv ∈ L∞(Ω)

be arbitrary, thenvk := v1Mk
→ v in U = Lp(Ω), sincep < ∞. For all t ∈ (−ρ, ρ), ρ > 0 small

enough, we havea+ 1/(2k) ≤ uµ + tvk ≤ b− 1/(2k) and therefore the function

hk : t ∈ (−ρ, ρ) 7→Jµ(y(uµ + tvk), uµ + tvk)

= Ĵ(uµ + tvk) − µ

∫

Ω

ln(b− (uµ + tvk)) dx− µ

∫

Ω

ln((uµ + tvk) − a)

is continuously differentiable with

h′k(t) =

〈

Ĵu(uµ + tvk) +
µ

b− (uµ + tvk)
− µ

(uµ + tvk) − a
, vk

〉

2

.

Since(y(uµ), uµ) is optimal for (2.5) anduµ + tvk ∈ B for t ∈ (−ρ, ρ), the functionhk has a
minimum att = 0 and thus

0 = h′k(0) =

〈

Ĵu(uµ) +
µ

b− uµ
− µ

uµ − a
, vk

〉

2

.

Taking the limitk → ∞ we obtain
〈

Ĵu(uµ) +
µ

b− uµ
− µ

uµ − a
, v

〉

2

= 0.

This holds for allv ∈ L∞(Ω) and by density for allv ∈ U . We deduce with (2.10) that

cu(xµ)
∗λµ + Ju(xµ) +

µ

b− uµ
− µ

uµ − a
= 0.

REMARK 2.7. For the special case of linear elliptic control problems, the previous results were
shown in a different way in [14]. The control problem in [14] satisfies our assumption (A5)q below
with q = ∞. In this particular case the solution of the barrier problem(2.5) lies in the interior ofB,
see Corollary 4.4 below, and̄za, z̄b are bounded inL∞. The analysis in [14] makes essential use of
this fact.

In this paper we cover the more general setting thatz̄a, z̄b are only bounded inLq for some
q > p. This is of essential interest to cover state equations where the state or adjoint equation does
not allow for a priori estimates inL∞. In the latter case solutions of (2.5) can touch the boundaryof
B on a zero set and are thus no interior points in the classical sense. Nevertheless, we will see that
also in this setting interior-point methods with a projection are convergent, since – roughly speaking
– the measure of the set where the solution of (2.5) has distance≤ ε to the boundary ofB tends to
zero asεց 0. The analysis is considerably more involved than for the case (A5)∞.

3. A function space setting.Unfortunately, it is not possible to work with soft analysisonly.
Rather, we need a carefully adjusted function space setting, where a typical requirement will be that
a continuous (or differentiable) mappingh : X1 → Y1 also defines a mappingh : X2 → Y2 ¿¿from
a stronger spaceX2 ⊂ X1 to a stronger spaceY2 ⊂ Y1. For instance, as a trivial example, the
identity mappingX1 ∋ x 7→ x ∈ X1 induces the identity mappingX2 ∋ x 7→ x ∈ X2 for any
stronger spaceX2 ⊂ X1.

We make the following assumptions, which are satisfied for many elliptic and parabolic optimal
control problems, see [17, 18] and the references therein.

9



(A5)q There areq ∈ (p,∞] and Banach spacesΣ ⊂ Λ∗, V ⊂ Y ∗ such that the following holds:
1. The mapping

(y, u, λ) ∈ Y × Lq(Ω) × Σ 7→ ℓu(y, u, λ, 0, 0) ∈ Lq(Ω)

is differentiable and its derivative is Lipschitz continuous on bounded subsets ofY ×
B × Σ.

2. The mapping

(y, u) ∈ Y × U 7→ Jy(y, u) ∈ V

is differentiable and its derivative is Lipschitz continuous on bounded subsets ofY×B.
3. The operator

(y, u) ∈ Y × U 7→ c∗y(y, u) ∈ L(Σ, V )

is differentiable and its derivative is Lipschitz continuous on bounded subsets ofY×B.
4. The following mappings are continuous and uniformly bounded on bounded sets:

(y, u) ∈ Y × (B, ‖ · ‖q) 7→ Ju(y, u) ∈ Lq(Ω),

(y, u) ∈ Y × U 7→ c∗u(y, u) ∈ L(Σ, Lq(Ω)),

(y, u) ∈ Y × U 7→ c−∗
y (y, u) ∈ L(V,Σ),

(y, u, λ) ∈ Y × U × Σ 7→ ℓuy(y, u, λ, 0, 0) ∈ L(Y,Lq(Ω)),

(y, u, λ) ∈ Y × U × Σ 7→ ℓyu(y, u) ∈ L(L2(Ω), V ),

(y, u, λ) ∈ Y × U × Σ 7→ ℓuu(y, u) ∈ L(Lt(Ω), Lt(Ω)), t ∈ [2, q].

5. The reduced gradient has the structure

ℓu(y, u, λ, 0, 0) = β(u) + ĝs(y, u, λ), β ∈ C1(R), β′ ≥ α0 > 0,

where

(y, u, λ) ∈ Y × U × Σ 7→ ĝs(y, u, λ) ∈ Lq(Ω)

is Lipschitz continuous on bounded sets.
6. The reduced Hessian

(3.1) Ĥ(y, u, λ) := ℓuu + c∗uc
−∗
y ℓyyc

−1
y cu − c∗uc

−∗
y ℓyu − ℓuyc

−1
y cu

has the structure

Ĥ(y, u, λ) = β′(u)I + Ĥs(y, u, λ),

where(y, u, λ) ∈ Y × U × Σ 7→ Ĥs(y, u, λ) ∈ L(L2, Lq) is uniformly bounded on
bounded subsets.

REMARK 3.1. We point out that usually, (A5)q2 implies (A5)q1 for q2 > q1. In fact, since
Lq2 ⊂ Lq1 , only part 1 and the first condition in part 4 can be critical, but for the examples to
follow, they are not.

3.1. Verification for the elliptic control problem.
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3.1.1. First setting. In the first setting we can verify (A5q) for anyq > 2 such thatY = H1
0 (Ω)

is continuously embedded inLq(Ω). We do not need the additional spacesV andΣ, since we just
can chooseV = Y ∗ = H−1(Ω) andΣ = Λ∗ = H1

0 (Ω) = Y .
We have

ℓ(y, u, λ, za, zb) =
1

2
‖y − yd‖2

2 +
α

2
‖u‖2

2

+ 〈λ,Ay − u〉 − (za, u− a)2 + (zb, u − b)2,

Jy(y, u) = y − yd, Ju(y, u) = αu,

ℓy(y, u, λ, za, zb) = Jy(y, u) +A∗λ = y − yd +Aλ,

ℓu(y, u, λ, za, zb) = αu− λ− za + zb,

ℓyu(y, u, λ, za, zb) = 0,

ℓuy(y, u, λ, za, zb) = 0,

ℓyy(y, u, λ, za, zb) = IY,Y ∗ ,

ℓuu(y, u, λ, za, zb) = αI.

Therefore, (A5q) is a direct consequence of the following observations:
1. ℓu(y, u, λ, 0, 0) = αu− λ ∈ Lq(Ω) + Σ = Lq(Ω).

2. Jy(y, u) = y − yd ∈ L2 ⊂ H−1 = V .

3. c∗y(y, u) = A ∈ L(H1
0 ,H

−1) = L(Σ, V ).

4. Ju(y, u) = αu,
c∗u(y, u) = IΛ∗,U∗ = IH1

0 ,L
2 ∈ L(Σ, Lq(Ω)),

c−∗
y (y, u) = A−1 ∈ L(H−1,H1

0 ) = L(V,Σ),
ℓuy(y, u, λ, 0, 0) = 0,
ℓyu(y, u) = 0,
ℓuu(y, u) = αI.

5. ℓu(y, u, λ, 0, 0) = αu− λ = β(u) + ĝs(y, u, λ)
with β(t) = αt, β′(t) = α, ĝs(y, u, λ) = −λ.
Hence,β ∈ C1(R), β′(t) = α ≥ α0 for anyα0 ∈ (0, α], andĝs(y, u, λ) = −λ ∈ H1

0 ⊂ Lq(Ω).

6. Ĥ(y, u, λ) = αI + IH1
0 ,L

2A−1IH1
0 ,H

−1A−1IL2,H−1 = αI +A−2 = β′(u)I + Ĥs(y, u, λ),

whereĤs(y, u, λ) = A−2 ∈ L(H−1,H1
0 ) ⊂ L(L2, Lq) is constant and thus uniformly bounded

on bounded subsets.

3.1.2. Second setting.Here, we chooseV = L2, Σ = Ỹ , and verify (A5q) for anyq ∈ (2,∞]

satisfyingỸ = H1
0 ∩H2 ⊂ Lq (continuous embedding). In particular, forn ≤ 3, we haveỸ ⊂ L∞.

It is quite obvious that the operatorA ∈ L(H1
0 ,H

−1) from the first setting is the unique exten-
sion ofÃ ∈ L(Ỹ , L2) ⊂ L(Ỹ ,H−1) toH1

0 ⊃ Ỹ . Therefore,Ã∗ ∈ L(L2, Ỹ ∗) is the unique exten-
sion ofA∗ = A ∈ L(H1

0 ,H
−1) ⊂ L(H1

0 , Ỹ
∗) toL2 ⊃ H1

0 . Since, as said,A = A∗ is the unique ex-
tension ofÃ, this shows that̃A∗ ∈ L(L2, Ỹ ∗) is the unique extension of̃A ∈ L(Ỹ , L2) ⊂ L(Ỹ , Ỹ ∗)
toL2. Hence,

(3.2) y ∈ Ỹ 7→ Ã∗y ∈ L2 is continuous linear and boundedly invertible inL(Ỹ , L2).

The derivatives can be computed similar to the first setting.The validity of (A5q) follows from
1. ℓu(y, u, λ, 0, 0) = αu− λ ∈ Lq(Ω) + Σ = Lq(Ω) + Ỹ = Lq(Ω).

2. Jy(y, u) = y − yd ∈ L2 = V .
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3. c∗y(y, u) = Ã∗ ∈ L(Ỹ , L2) = L(Σ, V ) (see (3.2)).

4. Ju(y, u) = αu,
c∗u(y, u) = IΛ∗,U∗ = IL2 ∈ L(Σ, Lq(Ω)),

c−∗
y (y, u) = Ã−∗ ∈ L(L2, Ỹ ) = L(V,Σ) (see (3.2)),
ℓuy(y, u, λ, 0, 0) = 0,
ℓyu(y, u) = 0,
ℓuu(y, u) = αI.

5. ℓu(y, u, λ, 0, 0) = αu− λ = β(u) + ĝs(y, u, λ)
with β(u) = αt, β′(t) = α, ĝs(y, u, λ) = −λ.
Hence,β ∈ C1(R), β′(t) = α ≥ α0 for anyα0 ∈ (0, α], and

ĝs(y, u, λ) = −λ ∈ Σ = Ỹ ⊂ Lq(Ω) for λ ∈ Σ.

6. By (3.2),Ĥ(y, u, λ) = αI + Ã−∗IỸ ,Ỹ ∗Ã−1 = αI + Ã−2 = β′(u)I + Ĥs(y, u, λ),

whereĤs(y, u, λ) = Ã−2 ∈ L(L2, Ỹ ) ⊂ L(L2, Lq) is constant and thus uniformly bounded on
bounded subsets.

4. Properties of the central path. We study next the regularity of the dual variablesza,µ, zb,µ
on the central path.

LEMMA 4.1. Let (A1)–(A5)q hold and let(yµ, uµ, λµ, za,µ, zb,µ) be a solution of (2.9). Then
there holdsλµ ∈ Σ,

(4.1) 0 ≤ za,µ, zb,µ ≤ max(3µ/ν, 2|Ju(xµ) + cu(xµ)
∗λµ|),

and thus with (A5)q

(4.2) ‖za,µ‖q, ‖zb,µ‖q ≤ ‖max(3µ/ν, 2|Ju(xµ) + cu(xµ)
∗λµ|)‖q <∞.

Proof. From the first equation in (2.9) we see that

λµ = −cy(xµ)−∗Jy(xµ) ∈ cy(xµ)
−∗V ⊂ Σ.

We have

za,µ =
µ

uµ − a
, zb,µ =

µ

b− uµ
.

This yields on the setM = {uµ − a ≤ (b− uµ)/2} the estimateza,µ|M ≥ 2zb,µ|M and thus by
(2.9)

0 ≤ 1

2
za,µ|M ≤ za,µ|M − zb,µ|M = (Ju(xµ) + cu(xµ)

∗λµ)|M .

On the complementM c := Ω \M we have

3

2
(uµ − a)|Mc ≥ 1

2
(b− a)|Mc ≥ 1

2
ν

and thus(uµ − a)|Mc ≥ ν/3. Both cases together prove (4.1) forza,µ. The estimate forzb,µ is
obtained in the same way. Sinceλµ ∈ Σ, the right hand side of (4.1) is inLq by (A5)q and thus (4.2)
is obvious.
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We introduce fors ∈ [1,∞] the function spaces

Ws := Y × Ls × Σ × Ls × Ls,

W ′
s := V × Ls × Λ × Ls × Ls,

equipped with the norms

‖(y, u, λ, za, zb)‖Ws
= ‖y‖Y + ‖λ‖Σ +

∥

∥

∥

∥

√

u2 + z2
a + z2

b

∥

∥

∥

∥

s

,

‖(y, u, v, za, zb)‖W ′

s
= ‖y‖V + ‖v‖Λ +

∥

∥

∥

∥

√

u2 + z2
a + z2

b

∥

∥

∥

∥

s

.

REMARK 4.2. The choice of the Euclidean norm for(u(ξ), za(ξ), zb(ξ)) ∈ R
3 will be conve-

nient, since we will later use a pointwise orthogonal projection of these components with respect to
the Euclidean inner product onR3.

As a direct consequence of the previous lemma all solutions of the perturbed optimality condi-
tions (2.9) are contained in a bounded set ofWq.

COROLLARY 4.3. Let (A1)–(A5)q hold. Then for anyµ0 > 0 there exists a constantCµ0
> 0

such that for all0 < µ ≤ µ0 any solutionwµ = (yµ, uµ, λµ, za,µ, zb,µ) of (2.9) is inWq and

‖wµ‖Wq
≤ Cµ0

.

Proof. Sinceuµ ∈ B we have‖uµ‖q ≤ ‖a‖q+‖b‖q =: Cu. By Remark 2.1u ∈ U → y(u) ∈ Y

is Lipschitz continuous onB and therefore‖yµ‖Y = ‖y(uµ)‖Y ≤ Cy with a constantCy . Now (2.9)
yields

λµ = −cy(xµ)−∗Jy(xµ)

and by (A5)q the right hand side is uniformly bounded inΣ, sincexµ lies in a bounded subset of
Y × B. Finally, this implies with (A5)q that the right hand side of (4.2) is uniformly bounded. The
proof is complete.

If (A5)∞ is satisfied then we can deduce immediately that solutions ofthe barrier problem are
true interior points. In fact, we have the simple

COROLLARY 4.4. Let (A1)–(A5)∞ hold. Then for anyµ0 > 0 there exists a constantCµ0
> 0

such that for all0 < µ ≤ µ0 any solutionwµ = (yµ, uµ, λµ, za,µ, zb,µ) of (2.9) satisfies

uµ − a ≥ µ

Cµ0

, b− uµ ≥ µ

Cµ0

.

Proof. Corollary 4.3 yields a constantCµ0
> 0 with

‖za,µ‖∞, ‖zb,µ‖∞ ≤ ‖wµ‖W∞

≤ Cµ0
.

Now the last two equations in (2.9) yield

uµ − a =
µ

za,µ
≥ µ

Cµ0

, b− uµ =
µ

zb,µ
≥ µ

Cµ0

.

REMARK 4.5. For linear elliptic control problems, which satisfy (A1)–(A5)∞, this result was
shown in [14], where it is used to prove the existence of solutions for (2.5). We used a different proof
to cover also the more general case that (A5)q holds only for someq <∞.
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We show next, that the dual variablesλµ, za,µ, zb,µ depend continuously on the primal variables
yµ, uµ.

LEMMA 4.6. Let (A1)–(A5)q hold and let(yµ, uµ, λµ, za,µ, zb,µ) be a solution of (2.9). Then

λµ = −cy(xµ)−∗Jy(xµ)

and for any measurable setsM,N ⊂ Ω one has

za,µ|M =
µ

uµ − a

∣

∣

∣

∣

M

,

zb,µ|N =
µ

b− uµ

∣

∣

∣

∣

N

,

za,µ|N = (zb,µ + Ju(xµ) + cu(xµ)
∗λµ)|N

zb,µ|M = (za,µ − Ju(xµ) − cu(xµ)
∗λµ)|M .

(4.3)

Moreover, ifuη → uµ in Lq(Ω) asη → µ then

(uη, yη, λη , za,η, zb,η) → (uµ, yµ, λµ, za,µ, zb,µ) in Wq.

Proof. The equations forλµ, za,µ, andzb,µ follow directly from (2.9).
Now assume thatuη → uµ in Lq(Ω) asη → µ. Thenyη = y(uη) → yµ = y(uµ) in Y follows

from (A1)–(A3), see Remark 2.1. Moreover,

λη = −cy(xη)−∗Jy(xη) → λµ = −cy(xµ)−∗Jy(xµ) in Σ

is a direct consequence of (A5)q.
Finally, we know by Lemma 4.1 thatza,η, zb,η ∈ Lq(Ω) for all η > 0.
Now we use the formulas (4.3) with

M = Mη := {uη ≥ a+ (b− a)/4, uµ ≥ a+ (b− a)/4} ,
N = Nη := {uη ≤ a+ 3(b− a)/4, uµ ≤ a+ 3(b− a)/4} \Mη.

Then we obtain onMη by (4.3)

|(za,η − za,µ)Mη
| =

∣

∣

∣

∣

∣

(

η

uη − a
− µ

uµ − a

)

Mη

∣

∣

∣

∣

∣

≤ |η − µ|
uη − a

∣

∣

∣

∣

Mη

+
µ|uη − uµ|

(uη − a)(uµ − a)

∣

∣

∣

∣

Mη

≤ 4|η − µ|
ν

+
16µ

ν2
|(uη − uµ)Mη

|

and thus

‖(za,η − za,µ)|Mη
‖
q
≤ C(|η − µ| + ‖(uη − uµ)|Mη

‖
q
) → 0 asη → µ.

Now (4.3) yields with (A5)q

‖(zb,η − zb,µ)|Mη
‖
q
≤ ‖(za,η − za,µ)|Mη

‖
q
+ ‖Ju(xη) − Ju(xµ)‖q

+ ‖cu(xη)∗λη − cu(xµ)
∗λµ)‖q → 0 asη → µ.

In the same way we obtain

‖(za,η − za,µ)|Nη
‖
q

+ ‖(zb,η − zb,µ)|Nη
‖
q
→ 0 asη → µ.
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Next, we show that forµ/3 < η < 3µ, there holds onJη := Ω \ (Mη ∪Nη):

(4.4) sgn(za,η − za,µ)|Jη
= − sgn(zb,η − zb,µ)|Jη

.

In fact, consider

J1
η = {uη > a+ 3(b− a)/4, uµ < a+ (b− a)/4} .

Then

(za,η − za,µ)J1
η

=

(

η

uη − a
− µ

uµ − a

)

J1
η

≤
(

4η

3
− 4µ

)

1

(b− a)J1
η

< 0

for η < 3µ.

(zb,η − zb,µ)J1
η

=

(

η

b− uη
− µ

b− uµ

)

J1
η

≥
(

4η − 4µ

3

)

1

(b− a)J1
η

> 0

for η > µ/3.
Now, consider

J2
η = {uη < a+ (b− a)/4, uµ > a+ 3(b− a)/4} .

Then

(za,η − za,µ)J1
η

=

(

η

uη − a
− µ

uµ − a

)

J1
η

≥
(

4η − 4µ

3

)

1

(b− a)J2
η

> 0

for η > µ/3.

(zb,η − zb,µ)J1
η

=

(

η

b− uη
− µ

b− uµ

)

J1
η

≤
(

4η

3
− 4µ

)

1

(b− a)J2
η

< 0

for η < 3µ.
Thus, using (4.4), the difference of the second equation in (2.9) forη andµ, respectively, yields

‖(zb,η − zb,µ)|Jη
‖
q

+ ‖(za,η − za,µ)|Jη
‖
q

= ‖(zb,η − zb,µ + za,µ − za,η)|Jη
‖
q

≤ ‖Ju(xη) − Ju(xµ)‖q + ‖cu(xη)∗λη − cu(xµ)
∗λµ)‖q → 0 asη → µ.

SinceMη ∪Nη ∪ Jη = Ω, we have shown that

‖za,η − za,µ‖q + ‖zb,η − zb,µ‖q → 0 asη → µ

which concludes the proof.

5. Analysis of the primal-dual Newton system.Throughout this section we assume that
(A1)–(A5)q with someq > p hold.

5.1. Primal-dual Newton system.For convenience, we will use the abbreviations

ua = u− a, ub = b− u.

The formal application of Newton’s method to the perturbed KKT-system (2.9) yields with the mul-
tiplication operators

Za := za · I, Zb := zb · I, Ua := (u− a) · I, Ub := (b− u) · I
15



the primal-dual Newton system












ℓyy ℓyu c∗y 0 0
ℓuy ℓuu c∗u −I I
cy cu 0 0 0
0 Za 0 Ua 0
0 −Zb 0 0 Ub

























sy
su
sλ
sa
sb













= −













ℓy(y, u, λ, za, zb)
ℓu(y, u, λ, za, zb)

c(y, u)
za(u− a) − µ
zb(b− u) − µ













.

We write this briefly as

DFµ(w) s = −Fµ(w).

To ensure a certain quality of the primal-dual Newton step, we will keep the iteration in the following
wide neighborhood of the central path

N−∞,q(µ) :=

{

(y, u, λ, za, zb) ∈ Y × B × Σ × Lq × Lq :

(u− a)za ≥ γµ, (b− u)zb ≥ γµ,

za|{u>(b+a)/2} ≤ 2 max(µ−∞, µ/γ)

ν
, zb|{u<(b+a)/2} ≤ 2 max(µ−∞, µ/γ)

ν
,

min(za|{u=(b+a)/2}, zb|{u=(b+a)/2}) ≤
2 max(µ−∞, µ/γ)

ν

}

with constantsγ ∈ (0, 1), µ−∞ > 0. By Corollary 4.3 any solution of (2.9) is contained in
N−∞,q(µ).

We note thatN−∞,q(µ) is similar to the usual wide neighborhood used by many finite dimen-
sional primal-dual interior-point methods. The difference are the upper bounds onza|{u≥(b+a)/2}
andzb|{u≤(b+a)/2}, which excludes too large multipliers at points with strongly inactive bound con-
straints. Our neighborhood is still a wide neighborhood, since it approaches forµ ց 0 the usual
wide neighborhood and since forγ ց 0 it exhausts the set{(y, u, λ, za, zb) ∈ Y × B × Σ × Lq ×
Lq : za, zb ≥ 0}.

The neighborhood poses no constraints ony andλ, but it poses pointwise a.e. constraints of the
form (u(ξ), za(ξ), zb(ξ)) ∈ Nξ ⊂ R

3 on the triple(u, za, zb). A sketch of the setNξ is depicted in
Figure 5.1. It is the union of two congruent convex sets. The boundary is composed of planes and of
hyperbolas that are extruded along theza- andzb-axis, respectively, see also Remark 7.2.

5.2. Regularity of the primal-dual Newton system.We will now show that under a coercitiv-
ity condition for the reduced Hessian̂H and under assumptions (A1)-(A5)q for all w ∈ N−∞,q(µ)
the operatorDFµ(w) has a right inverseDFµ(w)−1 ∈ L(W ′

t ,Wt), t ∈ [p, q], with

‖DFµ(w)−1‖W ′

t ,Wt
≤ C

min(1,
√
µ)
.

Moreover, if we premultiplyDFµ(w) by the scaling operator

(5.1) S(w) =













I
I

I
(Ua + Za)

−1

(Ub + Zb)
−1













we will even show thatS(w)DFµ(w) ∈ L(W ′
t ,Wt), t ∈ [p, q], is boundedly invertible with

‖(S(w)DFµ(w))−1‖W ′

t ,Wt
≤ C.
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FIG. 5.1.Sketch of the pointwise(u, za, zb)-neighborhoodNξ.

Setting

Ûa = (Ua + Za)
−1Ua, Ûb = (Ub + Zb)

−1Ub,

Ẑa = (Ua + Za)
−1Za, Ẑb = (Ub + Zb)

−1Zb,
(5.2)

we haveÛa + Ẑa = I, Ûb + Ẑb = I and

S(w)DFµ(w) =













ℓyy ℓyu c∗y 0 0
ℓuy ℓuu c∗u −I I
cy cu 0 0 0

0 Ẑa 0 Ûa 0

0 −Ẑb 0 0 Ûb













where we omit the arguments. For convenience, we use also theabbreviations

ûa =
ua

ua + za
, ẑa =

za
ua + za

, ûb =
ub

ub + zb
, ẑb =

zb
ub + zb

.

We show first thatS(w)DFµ(w) has a bounded inverse. This fact will play an essential role in this
paper.

LEMMA 5.1. Let (A1)–(A5)q hold for someq ∈]2,∞] and letw = (y, u, λ, za, zb) ∈ N−∞,q(µ)
for someγ ∈ (0, 1), µ−∞ > 0.

If the reduced Hessian̂H(y, u, λ) in (3.1) satisfies

(5.3) (v, Ĥ(y, u, λ)v) ≥ α‖v‖2
2 ∀ v ∈ L2(Ω)

with someα > 0 thenS(w)DFµ(w) has a bounded inverse inL(W ′
t ,Wt) for all t ∈ [p, q] and

‖(S(w)DFµ(w))−1‖W ′

t ,Wt
≤ C

with a constantC > 0. The constantC can be chosen uniformly on bounded subsets of{(µ,w) ∈
(0,∞) ×N−∞,q(µ)} on which (5.3) holds uniformly.
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Moreover,DFµ(w) has a bounded right inverse (in the caseq = ∞ even a bounded inverse)
DFµ(w)−1 ∈ L(W ′

t ,Wt), t ∈ [p, q], with

‖DFµ(w)−1‖W ′

t ,Wt
≤ C ′

min(1,
√
µ)
,

whereC ′ = C
min(1,2

√
γ)

with the above constantC.
Proof. We consider the equation

(5.4)













ℓyy ℓyu c∗y 0 0
ℓuy ℓuu c∗u −I I
cy cu 0 0 0

0 Ẑa 0 Ûa 0

0 −Ẑb 0 0 Ûb

























sy
su
sλ
sa
sb













=













ry
ru
rλ
ra
rb













with r = (ry, ru, rλ, ra, rb) ∈W ′
t , t ∈ [p, q], where we omit the arguments.

We note that by (A5)q the operatorS(w)DFµ(w) on the left hand side of (5.4) is inL(Wt,W
′
t ),

p ≤ t ≤ q.
Elimination with the last two block rows and subsequently with the first and third block row

yields as above witĥH(y, u, λ) in (3.1) the reduced system

(Ĥ(y, u, λ) + Û−1
a Ẑa + Û−1

b Ẑb)su =

= ru + Û−1
a ra − Û−1

b rb +B1rλ −B2ry =: r′u.
(5.5)

with the abbreviations

B1 = c∗uc
−∗
y ℓyyc

−1
y − ℓuyc

−1
y , B2 = c∗uc

−∗
y .

Note thatB1 ∈ L(Λ, Lq(Ω)),B2 ∈ L(V,Lq(Ω)) by (A5)q.
Let

0 < ε ≤ 1/2

and defineI1 = {ûa ≤ ε, ûb > ε}, I2 = {ûb ≤ ε, ûa > ε}, I3 = {ûa ≤ ε, ûb ≤ ε} and
I4 = Ω \ (I1 ∪ I2 ∪ I3). Multiply (5.5) by

D = εI|I4 + Ûa|I1 + Ûb|I2 + min(Ûa, Ûb)|I3 ,

whereI|I4 = 1I4I, Ûa|I1 = ûa1I1 , . . ..
Then we obtain onI1

(Ûa|I1Ĥ(y, u, λ) + (Ẑa + ÛaÛ
−1
b Ẑb)|I1)su = (Ûaru + ra − ÛaÛ

−1
b rb + ÛaB1rλ − ÛaB2ry)|I1 .

We have

0 ≤ ûaû
−1
b |I1 ≤ 1, ẑa|I1 ≥ 1/2.

Thus, the right hand side is pointwise≤ |ru|+ |ra|+ |rb|+ |B1rλ|+ |B2ry| and the operator on the
left has the form(δ|I1I +D|I1Ĥ) with a functionδ ∈ L∞(Ω), δ ≥ 1/2.

On I2 the situation is analogous. Similarly, we have onI3 with Ûab := min(ûa, ûb) · I

(Ûab|I3Ĥ(y, u, λ) + (ÛabÛ
−1
a Ẑa + ÛabÛ

−1
b Ẑb)|I3)su

= (Ûabru + ÛabÛ
−1
a ra − ÛabÛ

−1
b rb + ÛabB1rλ − ÛabB2ry)|I3 .
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Again, the right hand side is pointwise≤ |ru| + |ra| + |rb| + |B1rλ| + |B2ry| and the operator on
the left has the formδ|I3I +D|I3Ĥ) with δ ∈ L∞(Ω), δ ≥ 1/2.

On I4 we obtain

(εI|I4Ĥ(y, u, λ) + ε(Û−1
a Ẑa + Û−1

b Ẑb)|I4)su = ε(ru + Û−1
a ra − Û−1

b rb +B1rλ −B2ry)|I4 .

Sinceûa|I4 > ε andûb|I4 > ε the right hand side is≤ ε|ru|+ |ra|+ |rb|+ ε|B1rλ|+ ε|B2ry|. The
operator has onI4 the formδI4I + εII4Ĥ with δ ≥ 0.

Thus, after multiplication withD the operator on the left hand side has the formδI +DĤ with
δ|I1∪I2∪I3 ≥ 1/2 andδ|I4 ≥ 0 and the right hand side is pointwise≤ |ru| + |ra| + |rb| + |B1rλ| +
|B2ry|. Moreover, we have

(5.6) ‖|ru| + |ra| + |rb| + |B1rλ| + |B2ry|‖t ≤ (3 + ‖B1‖Λ,Lt + ‖B2‖Σ,Lt)‖r‖W ′

t
.

Let without restrictionα ≤ 1/2 in (5.3). Then we have for alls ∈ L2(Ω) with the abbreviations
si = s|Ii

, i = 1, . . . , 4,

(s, (δI +DĤ)s) ≥ α(s1, s1) + α(s2, s2) + α(s3, s3) + εα(s4, s4)

+ ε(s4, Ĥ(s1 + s2 + s3)) + (s1, ÛaĤs) + (s2, ÛbĤs)

+ (s3, ÛabĤs).

Using that(ρu− v/ρ, ρu − v/ρ) ≥ 0 for anyρ > 0 and thus

2(u, v) ≤ ρ2(u, u) +
1

ρ2
(v, v)

we obtain

(s1, ÛaĤs) ≥ −α
4
‖s1‖2

2 −
1

α
‖Ûa|I1Ĥs‖

2

2 ≥ −α
4
‖s1‖2

2 −
ε2

α
‖Ĥs‖2

2

and analogously

(s2, ÛbĤs) ≥ −α
4
‖s2‖2

2 −
ε2

α
‖Ĥs‖2

2,

(s3,min(Ûa, Ûb)Ĥs) ≥ −α
4
‖s3‖2

2 −
ε2

α
‖Ĥs‖2

2.

Finally,

ε(s4, Ĥ(s1 + s2 + s3)) ≥ −εα
4
‖s4‖2

2 −
ε

α
‖Ĥ(s1 + s2 + s3)‖

2

2.

Now set

ε = min(α,α2)/(1 + 16‖Ĥ‖2

L2,L2).

Since‖s‖2
2 = ‖s1‖2

2 + ‖s2‖2
2 + ‖s3‖2

2 + ‖s4‖2
2, inserting these estimates yields

(s, (δI +DĤ)s) ≥ α

2
(s1, s1) +

α

2
(s2, s2) +

α

2
(s3, s3) +

εα

2
(s4, s4).

This shows together with (5.6) that

(5.7) ‖su‖2 ≤ C

εα
‖r‖W ′

2
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whereC depends only onα andĤ but not onµ.
To obtain a bound inLt-topology we multiply (5.5) bysu. By the structure of̂H according to

(A5)q this yields the pointwise estimate

0 ≤ (α0 + û−1
a ẑa + û−1

b ẑb)s
2
u ≤ su(ru − Ĥssu) + suû

−1
a ra − suû

−1
b rb

+ su(B1rλ) − su(B2ry).
(5.8)

Sinceûa + ẑa = ûb + ẑb = 1, we have

û−1
a

α0 + û−1
a ẑa + û−1

b ẑb
≤ û−1

a

α0 + û−1
a ẑa

=
1

α0ûa + ẑa
≤ 1

min(α0, 1)

and analogously

û−1
b

α0 + û−1
a ẑa + û−1

b ẑb
=

1

α0ûb + ẑb
≤ 1

min(α0, 1)
.

Division of (5.8) by
(

α0 + û−1
a ẑa + û−1

b ẑb
)

|su| yields

|su| ≤
1

α0
|ru − Ĥssu +B1rλ −B2ry| +

1

min(α0, 1)
(|ra| + |rb|).

This yields together with (5.7) for allt ∈ [p, q]

‖su‖t ≤
1

α0

(

‖ru‖t + ‖Ĥs‖L2,Lt‖su‖2 + ‖B1‖Λ,Lt‖rλ‖Λ + ‖B2‖V,Lt‖ry‖V
)

+
1

min(α0, 1)
(‖ra‖t + ‖rb‖t)

≤ C ′‖r‖W ′

t
.

(5.9)

We derive now also bounds forsy, sλ, sa, sb. We have

sy = c−1
y (−cusu + rλ)

and thusLt ⊂ Lp for t ∈ [p, q] yields

‖sy‖Y ≤ ‖c−1
y cu‖Lt,Y

‖su‖t + ‖c−1
y ‖

Λ,Y
‖rλ‖Λ.(5.10)

Next, we obtain

sλ = c−∗
y (ry − ℓyysy − ℓyusu),

which yields by (A5)q

‖sλ‖Σ ≤ ‖c−∗
y ‖

V,Σ
(‖ry‖V + ‖ℓyy‖Y,V ‖sy‖Y + ‖ℓyu‖Lt,V ‖su‖t).(5.11)

To estimatesa, sb we partitionΩ into the sets

Ωa = {u > (b+ a)/2} ∪
{

u = (b+ a)/2, za ≤ 2 max(µ−∞, µ/γ)

ν

}

, Ωca = Ω \ Ωa.

Now (5.4) yields

sa|Ωa
= Û−1

a (ra − Ẑasu)|Ωa
,

sb|Ωc
a

= Û−1
b (rb + Ẑbsu)|Ωc

a
,

sa|Ωc
a

= (ℓuysy + ℓuusu + c∗usλ + sb − ru)|Ωc
a
,

sb|Ωa
= (−ℓuysy − ℓuusu − c∗usλ + sa + ru)|Ωa

.
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By the definition of the neighborhoodN−∞,q(µ) we have

(5.12) za|Ωa
≤ 2 max(µ−∞, µ/γ)

ν
=: Cµ, zb|Ωc

a
≤ 2 max(µ−∞, µ/γ)

ν
= Cµ

and thus

ûa|Ωa
=

ua
ua + za

∣

∣

∣

∣

Ωa

≥ 1

1 + 2Cµν−1
, ûb|Ωc

a
=

ub
ub + zb

∣

∣

∣

∣

Ωc
a

≥ 1

1 + 2Cµν−1
.

Using that0 ≤ ẑa ≤ 1, 0 ≤ ẑb ≤ 1 this yields for allt ∈ [p, q]

‖sa|Ωa
‖t ≤ (1 + 2Cµν

−1)(‖ra‖t + ‖su‖t)
‖sb|Ωc

a
‖
t
≤ (1 + 2Cµν

−1)(‖rb‖t + ‖su‖t)
‖sa|Ωc

a
‖
t
≤ ‖luy‖Y,Lt‖sy‖Y + ‖luu‖Lt,Lt‖su‖t
+ ‖c∗u‖Σ,Lt‖sλ‖Σ + ‖sb|Ωc

a
‖
t
+ ‖ru‖t

‖sb|Ωa
‖t ≤ ‖luy‖Y,Lt‖sy‖Y + ‖luu‖Lt,Lt‖su‖t

+ ‖c∗u‖Σ,Lt‖sλ‖Σ + ‖sa|Ωa
‖t + ‖ru‖t.

We conclude that

‖sa‖t ≤ (1 + 2Cµν
−1)(‖ra‖t + ‖su‖t)(5.13)

+ C ′(‖sy‖Y + ‖su‖t + ‖sλ‖Σ + ‖ru‖t),
‖sb‖t ≤ (1 + 2Cµν

−1)(‖rb‖t + ‖su‖t)(5.14)

+ C ′(‖sy‖Y + ‖su‖t + ‖sλ‖Σ + ‖ru‖t).

Now (5.9), (5.10), (5.11), (5.13), (5.14) yield

‖(S(w)DFµ(w))−1‖W ′

t ,Wt
≤ C ′′.

It is easy to check thatC ′′ can be chosen uniformly on bounded subsets of{(µ,w) ∈ (0,∞) ×
N−∞,q(µ)} on which (5.3) holds uniformly.

Finally, the definition of the neighborhoodN−∞,q(µ) yields

ua + za ≥ 2
√
uaza ≥ 2

√
γµ, ub + zb ≥ 2

√
ubzb ≥ 2

√
γµ.

Therefore, the scaling matrixS(w) in (5.1) satisfies

‖S(w)‖W ′

t ,W
′

t
≤ 1

min(1, 2
√
γµ)

and is invertible. Thus,DFµ(w)−1 = (S(w)DFµ(w))−1S(w) and

‖DFµ(w)−1‖W ′

t ,Wt
= ‖(S(w)DFµ(w))−1S(w)‖W ′

t ,Wt

≤ ‖(S(w)DFµ(w))−1‖W ′

t ,Wt
‖S(w)‖W ′

t ,W
′

t
≤ C ′′

min(1, 2
√
γµ)

.

We have the following variant of Lemma 5.1 that will be usefulfor showing the Hölder-contin-
uity of the central path.
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LEMMA 5.2. Let the assumptions of Lemma 5.1 hold, but assume only that

(5.15) w = (y, u, λ, za, zb) ∈
1

2
(N−∞,q(µ1) +N−∞,q(µ2))

with µ1, µ2 ∈ (0,∞) and setµ = min(µ1, µ2).
ThenDFµ(w) has a bounded right inverseDFµ(w)−1 ∈ L(W ′

t ,Wt), t ∈ [p, q], with

(5.16) ‖DFµ(w)−1‖W ′

t ,Wt
≤ C

min(1,
√
µ)

whereC > 0 is a constant. The constantC can be chosen uniformly on bounded subsets of
{

(µ1, µ2, w) ∈ (0,∞)2 × 1

2
(N−∞,q(µ1) +N−∞,q(µ2))

}

on which (5.3) holds uniformly.
REMARK 5.3. (5.15) is weaker than(y, u, λ, za, zb) ∈ N−∞,q(µ), since the constraints

za|{u>(b+a)/2} ≤ 2 max(µ−∞, µ/γ)

ν
, zb|{u<(b+a)/2} ≤ 2 max(µ−∞, µ/γ)

ν
,

min(za|{u=(b+a)/2}, zb|{u=(b+a)/2}) ≤
2 max(µ−∞, µ/γ)

ν

are nonconvex and can be violated by points satisfying (5.15).
Proof. Let w̃ = (ỹ, ũ, λ̃, z̃a, z̃b) ∈ N−∞,q(µ1), w̄ = (ȳ, ū, λ̄, z̄a, z̄b) ∈ N−∞,q(µ2), and

w = (y, u, λ, za, zb) = 1
2(w̃ + w̄) according to (5.15). Without restriction we assume thatµ1 ≤ µ2

thenµ = min(µ1, µ2) = µ1.
We modify the proof of Lemma 5.1, but consider this time the system

DFµ(w)s = r̂ =:













ry
ru
rλ
r̂a
r̂b













, i.e., S(w)DFµ(w)s =













ry
ru
rλ

(Ua + Za)
−1r̂a

(Ub + Zb)
−1r̂b













=:













ry
ru
rλ
ra
rb













,

which yields

(5.17)













ℓyy ℓyu c∗y 0 0
ℓuy ℓuu c∗u −I I
cy cu 0 0 0

0 Ẑa 0 Ûa 0

0 −Ẑb 0 0 Ûb

























sy
su
sλ
sa
sb













=













ry
ru
rλ

(Ua + Za)
−1r̂a

(Ub + Zb)
−1r̂b













=













ry
ru
rλ
ra
rb













,

with Ûa, Ûb, Ẑa, Ẑb in (5.2).
(y, u, λ, za, zb) according to (5.15) satisfies all constraints ofN−∞,q(µ) with the possible ex-

ception of the nonconvex constraints

za|{u>(b+a)/2} ≤ 2 max(µ−∞, µ/γ)

ν
, zb|{u<(b+a)/2} ≤ 2 max(µ−∞, µ/γ)

ν
,

min(za|{u=(b+a)/2}, zb|{u=(b+a)/2}) ≤
2 max(µ−∞, µ/γ)

ν
.

(5.18)

The only point, where the latter property is used in the proofof Lemma 5.1, is (5.12) for the deriva-
tion of (5.13), (5.14). Therefore, we still obtain the estimates (5.7), (5.9), (5.10), (5.11), which yield
a constantC > 0 with

(5.19) ‖su‖t + ‖sy‖Y + ‖sλ‖Σ ≤ C‖r‖W ′

t
∀ t ∈ [p, q].
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We derive now bounds for‖sa‖t and‖sb‖t. Since (5.18) does not necessarily hold, we have to
modify the proof of Lemma 5.1. Consider the subsets

Ωa =

(

{ũ > (b+ a)/2} ∪
{

ũ = (b+ a)/2, z̃a ≤ 2 max(µ−∞, µ1/γ)

ν

})

∩
(

{ū > (b+ a)/2} ∪
{

ū = (b+ a)/2, z̄a ≤ 2 max(µ−∞, µ2/γ)

ν

})

,

Ωb =

(

{ũ < (b+ a)/2} ∪
{

ũ = (b+ a)/2, z̃a >
2 max(µ−∞, µ1/γ)

ν

})

∩
(

{ū < (b+ a)/2} ∪
{

ū = (b+ a)/2, z̄a >
2 max(µ−∞, µ2/γ)

ν

})

.

This yields by usingµ1 ≤ µ2

ua|Ωa
≥ b− a

2
, za|Ωa

≤ 1

2

(

2 max(µ−∞,
µ1

γ )

ν
+

2 max(µ−∞,
µ2

γ )

ν

)

≤
2 max(µ−∞,

µ2

γ )

ν

and similarly

ub|Ωb
≥ b− a

2
, zb|Ωb

≤ 1

2

(

2 max(µ−∞,
µ1

γ
)

ν
+

2 max(µ−∞,
µ2

γ
)

ν

)

≤
2 max(µ−∞,

µ2

γ
)

ν
.

Hence, we have withΩ′ = Ωa ∪ Ωb

za|Ωa
≤ 2 max(µ−∞, µ2/γ)

ν
, zb|Ω′\Ωa

≤ 2 max(µ−∞, µ2/γ)

ν
.

Thus, (5.12) holds onΩ′ instead ofΩ with µ2 instead ofµ and we obtain exactly as in the proof of
Lemma 5.1 the following analogs of (5.13), (5.14) onΩ′

‖sa|Ω′‖t ≤ (1 + 2Cµ2
ν−1)(‖ra‖t + ‖su‖t) + C ′(‖sy‖Y + ‖su‖t + ‖sλ‖Σ + ‖ru‖t),(5.20)

‖sb|Ω′‖t ≤ (1 + 2Cµ2
ν−1)(‖rb‖t + ‖su‖t) + C ′(‖sy‖Y + ‖su‖t + ‖sλ‖Σ + ‖ru‖t).(5.21)

It remains to estimate‖sa|Ω′′‖t, ‖sb|Ω′′‖t for the set

Ω′′ = Ω \ Ω′.

By the definition ofΩ′ we have

ua|Ω′′ =
ũa + ūa

2

∣

∣

∣

∣

Ω′′

≥ b− a

4
≥ ν

4
, ub|Ω′′ =

ũb + ūb
2

∣

∣

∣

∣

Ω′′

≥ b− a

4
≥ ν

4
.

We now splitΩ′′ into the sets

Ω′′
a =

{

|Ẑasu| ≤ |ra|
}

, Ω′′
b =

{

|Ẑbsu| ≤ |rb|
}

, Ω′′
r = Ω′′ \ (Ω′′

a ∪ Ω′′
b ).

This yields by using (5.2)

|sa|Ω′′

a
| = |Û−1

a (ra − Ẑasu)|Ω′′

a
| ≤ 2|ua + za||ra|

ua

∣

∣

∣

∣

Ω′′

a

≤ 8ν−1|r̂a|Ω′′

a
|,

|sb|Ω′′

b
| = |Û−1

b (rb − Ẑbsu)|Ω′′

b
| ≤ 2|ub + zb||rb|

ub

∣

∣

∣

∣

Ω′′

b

≤ 8ν−1|r̂b|Ω′′

b
|,

sa|Ω′′

b
= (ℓuysy + ℓuusu + c∗usλ + sb − ru)|Ω′′

b
,

sb|Ω′′

a
= (−ℓuysy − ℓuusu − c∗usλ + sa + ru)|Ω′′

a
.
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Hence, we obtain onΩ′′
a ∪ Ω′′

b .

‖sa|Ω′′

a∪Ω′′

b
‖
t
≤ 8ν−1‖r̂a‖t + C ′(‖sy‖Y + ‖su‖t + ‖sλ‖Σ + ‖ru‖t),(5.22)

‖sb|Ω′′

a∪Ω′′

b
‖
t
≤ 8ν−1‖r̂b‖t + C ′(‖sy‖Y + ‖su‖t + ‖sλ‖Σ + ‖ru‖t).(5.23)

Finally, we have onΩ′′
r

sa|Ω′′

r
= Û−1

a (ra − Ẑasu)|Ω′′

r
, sb|Ω′′

r
= Û−1

b (rb + Ẑbsu)|Ω′′

r

and thus by the definition ofΩ′′
r

sgn(sa|Ω′′

r
) = − sgn(su|Ω′′

r
),

sgn(sb|Ω′′

r
) = sgn(su|Ω′′

r
).

Hence, the second line in (5.17) yields

|sa|Ω′′

r
| + |sb|Ω′′

r
| = |(sb − sa)|Ω′′

r
| = |ru − ℓuysy − ℓuusu − c∗usλ|Ω′′

r
.

Therefore, (5.20), (5.21) hold also onΩ′′
r and we have shown that

‖sa‖t ≤ 8ν−1‖r̂a‖t + 2(1 + 2Cµ2
ν−1)(‖ra‖t + ‖su‖t)

+ 2C ′(‖sy‖Y + ‖su‖t + ‖sλ‖Σ + ‖ru‖t),
‖sb‖t ≤ 8ν−1‖r̂b‖t + 2(1 + 2Cµ2

ν−1)(‖rb‖t + ‖su‖t)
+ 2C ′(‖sy‖Y + ‖su‖t + ‖sλ‖Σ + ‖ru‖t).

Together with (5.19) we conclude that the solution of (5.17)satisfies for allt ∈ [p, q]

‖s‖Wt
≤ C ′′(‖r‖W ′

t
+ ‖r̂‖Wt

),

whereC ′′ can be chosen uniformly for allµ1, µ2 ∈ (0, µ0] only depending onµ0.
Sinceµ = min(µ1, µ2), we obtain as at the end of the proof of Lemma 5.1

ua + za ≥ 2
√
γµ, ub + zb ≥ 2

√
γµ

and thus by the definition ofr in (5.17)

‖r‖W ′

t
≤ max

(

1,
1

2
√
γµ

)

‖r̂‖W ′

t
.

Therefore, (5.16) is proven, where the constantC can be chosen uniformly on bounded subsets of
{

(µ1, µ2, w) ∈ (0,∞)2 × 1
2(N−∞,q(µ1) +N−∞,q(µ2))

}

on which (5.3) holds uniformly.

6. Hölder continuity of the central path. We will now state conditions under which the cen-
tral path defines a Hölder continuous curve that converges for µց 0 to a solution of (2.1).

The analysis of the central path is quite obvious if (A5)q holds forq = ∞ and more involved in
the caseq <∞. This is caused by the fact that

(u, z) ∈ (B, ‖ · ‖q) × Lq 7→ uz ∈ Lq

is only differentiable in the caseq = ∞. Otherwise we have to weaken the image space to achieve
differentiability. More precisely we have the following result.

LEMMA 6.1. LetZ be an open bounded set inL∞. Then for anyp < q ≤ ∞ the mapping

u, z ∈ (Z, ‖ · ‖q) × Lq 7→ uz ∈ Lp
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is continuously differentiable and the remainder term satisfies the estimate

‖(u+ u′)(z + z′) − uz − (uz′ + zu′)‖p = ‖u′z′‖p ≤ ‖u′‖pq/(q−p)‖z′‖q.

If p/(q − p) > 1 then the remainder term can further be estimated by

‖u′‖pq/(q−p)‖z′‖q ≤ ‖u′‖(q−p)/p
q ‖u′‖1−(q−p)/p

∞ ‖z′‖q.

Moreover,

u, z ∈ L∞ × L∞ 7→ uz ∈ L∞

is continuously differentiable and the remainder term satisfies

‖(u+ u′)(z + z′) − uz − (uz′ + zu′)‖∞ = ‖u′z′‖∞ ≤ ‖u′‖∞‖z′‖∞.

Proof. By the Hölder inequality the remainder term can be estimated as follows

‖(u+ u′)(z + z′) − uz − (uz′ + zu′)‖p = ‖u′z′‖p ≤ ‖(u′)p‖1/p
q/(q−p)‖(z′)p‖

1/p
q/p

= ‖u′‖pq/(q−p)‖z′‖q.

In particular, this shows that for anyp < q ≤ ∞ the mappingu, z ∈ (Z, ‖ · ‖q) × Lq 7→ uz ∈ Lp is
continuously differentiable. Ifp/(q − p) > 1 then interpolation betweenLq andL∞ yields

‖u′‖pq/(q−p)‖z′‖q ≤ ‖u′‖(q−p)/p
q ‖u′‖1−(q−p)/p

∞ ‖z′‖q.

Finally, u, z ∈ L∞ × L∞ 7→ uz ∈ L∞ is continuously differentiable, since the remainder term can
be estimated by

‖(u+ u′)(z + z′) − uz − (uz′ + zu′)‖∞ = ‖u′z′‖∞ ≤ ‖u′‖∞‖z′‖∞.

We consider now first the case thatq = ∞.
LEMMA 6.2. Let (A1)–(A4) and (A5)q with q = ∞ hold. Ifu ∈ B 7→ J(y(u), u) is convex then

for anyµ > 0 the central pathµ ∈ (0,∞) → w(µ) ∈W∞ according to (2.9) is well defined.
If for µ0 > 0 the reduced Hessian satisfies

(v, Ĥ(y(µ), u(µ), λ(µ))v) ≥ α‖v‖2
2 ∀ v ∈ L2(Ω), ∀µ ∈ (0, µ0]

with someα > 0 then the central pathµ ∈ (0, µ0] → w(µ) ∈ W∞ is continuously differentiable,
satisfies

‖ẇ(µ)‖W∞

≤ C√
µ

∀µ ∈ (0, µ0]

with a constantC > 0 and is thus Ḧolder-continuous with index1/2. More precisely, we have with
L = 2C

(6.1) ‖w(µ1) − w(µ2)‖W∞

≤ L|√µ1 −
√
µ2| ≤ L

√

|µ1 − µ2| ∀µ1, µ2 ∈ (0, µ0].

Moreover,w̄ = limµց0 w(µ) exists inW∞, w̄ ∈ W∞ satisfies the KKT-conditions (2.9) and(ȳ, ū)
is global solution of (2.1).

25



Proof. By assumption the reduced objective functionu ∈ B → J(y(u), u) is convex. Since the
barrier term ist strictly convex, the barrier problem (2.5)has therefore the strictly convex reduced
objective functionu 7→ Jµ(y(u), u), and thus the solution(yµ, uµ) = (y(uµ), uµ) provided by
Proposition 2.3 is the unique solution of (2.5). Now alsoλµ, za,µ, zb,µ are uniquely determined
by the first and the last two equations in (2.9). Thus, together with Corollary 4.3 the central path
µ ∈ (0,∞) → w(µ) ∈ W∞ is well defined and bounded on bounded subsets(0, µ0].

The mappingFµ : W∞ → W ′
∞ is by (A1)–(A5)∞ and by Lemma 6.1 continuously differen-

tiable. Forµ > 0 the primal-dual central pathµ 7→ w(µ) := (y, u, λ, za, zb)(µ) given by (2.9) is the
unique solution of

Fµ((y, u, λ, za, zb)(µ)) = 0, a ≤ u(µ) ≤ b.

Sincew(µ) ∈ N−∞,∞(µ), DFµ(w(µ)) ∈ L(W∞,W ′
∞) has by Lemma 5.1 a bounded inverse.

Thus, the implicit function theorem shows thatµ→ w(µ) is continuously differentiable and that the
derivative w.r.t.µ satisfies

(6.2) DFµ(w(µ))ẇ(µ) =













0
0
0
1
1













.

For fixedµ0 > 0 Lemma 5.1 yields a constantC > 0 with ‖DFµ(w(µ))−1‖W ′

∞
,W∞

≤ C√
µ

for all

µ ∈ (0, µ0]. With (6.2) we conclude that‖ẇ(µ)‖W∞

≤ C√
µ for all µ ∈ (0, µ0]. This gives for all

0 < µ1 < µ2 ≤ µ0

‖w(µ2) − w(µ1)‖W∞

≤
∫ µ2

µ1

‖ẇ(µ)‖W∞

dµ ≤
∫ µ2

µ1

C√
µ
dµ = 2C(

√
µ2 −

√
µ1)

= 2C
µ2 − µ1√
µ2 +

√
µ1

≤ 2C
√
µ2 − µ1.

This shows thatw(·) ∈ C1/2((0, µ0];W∞) for anyµ0 > 0. Hence, the central path is Hölder-
continuous inW∞ and admits a continuation untilµ = 0, i.e.,w̄ = limµց0 w(µ) exists inW∞. By
continuity,w̄ satisfiesF0(w̄) = 0, which are just the KKT-conditions (2.4). Consequently,(ȳ, ū) is
a global solution of (2.1), since the reduced objective functional andB are convex.

For the general case we use the following auxiliary result.
LEMMA 6.3. Let (A1)–(A4) and (A5)q with somep < q <∞ hold and letu ∈ B → J(y(u), u)

be convex. Then for anyµ > 0 the central pathµ ∈ (0,∞) → w(µ) ∈ Wq according to (2.9) is
well defined.

If for µ0 > 0 the reduced Hessian satisfies

(v, Ĥ(y(µ), u(µ), λ(µ))v) ≥ α‖v‖2
2 ∀ v ∈ L2(Ω), ∀µ ∈ (0, µ0]

with someα > 0 then the central pathµ ∈ (0, µ0] → w(µ) ∈Wq is continuous.
Proof. As at the beginning of the proof of Lemma 6.2 the barrier problem (2.5) has the strictly

convex reduced objective functionu 7→ Jµ(y(u), u), and thus the solution(ȳ, ū) = (y(ū), ū) pro-
vided by Proposition 2.3 is the unique solution of (2.5). Nowalsoλ̄, z̄a, z̄b are uniquely determined
by the first and the last two equations in (2.9). Thus, together with Corollary 4.3 the central path
µ ∈ (0,∞) → w(µ) ∈ Wq is well defined and bounded on bounded subsets(0, µ0].

We show next the continuity of the central path. Let0 < µ̄ be given and let̄µ ≤ µ < η be
arbitrary. We write

Jµ(y, u) = J(y, u) + µB(u)
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with the log-barrier termB. We know thatB(u) ≥ −cB onB with somecB ≥ 0. Now we have for
the solutionsuµ, uη of the barrier problems (2.5)

Jµ(y(uµ), uµ) ≤ Jµ(y(uη), uη) = Jη(y(uη), uη) + (µ− η)B(uη)

≤ Jη(y(uµ), uµ) + (µ− η)B(uη)

= Jµ(y(uµ), uµ) + (µ− η)(B(uη) − B(uµ))

≤ Jµ(y(uµ), uµ) + (η − µ)(cB +B(uµ)).

The first and third row shows that

B(uµ) −B(uη) ≥ 0

and thus in particularB(uµ) ≤ B(uµ̄). This yields

Jµ(y(uµ), uµ) ≤ Jµ(y(uη), uη) ≤ Jµ(y(uµ), uµ) + (η − µ)(cB +B(uµ̄))

and thus

|Jµ(y(uη), uη) − Jµ(y(uµ), uµ)| ≤ (η − µ)|cB +B(uµ̄)| → 0 for η − µ→ 0, µ̄ ≤ µ < η.

As we have already observed, (A1)–(A4) imply that the reduced objective functional is twice con-
tinuously differentiable. Since the barrier terms are convex andJ ′

µ(y(uµ), uµ) = 0, we have

Jµ(y(uη), uη) − Jµ(y(uµ), uµ) ≥ (uη − uµ, Ĥ(u(τ))(uη − uµ)) ≥ α‖uη − uµ‖2
2

with u(τ) = uµ + τ(uη − uµ) and appropriateτ ∈ [0, 1]. This yields

uη − uµ → 0 in L2 for η → µ, η, µ ≥ µ̄

and thus in allLs, s < ∞ by interpolation with the uniformL∞-bound‖uη − uµ‖∞ ≤ ‖b− a‖∞.
Now Lemma 4.6 yields

(uη, yη, λη, za,η, zb,η) → (uµ, yµ, λµ, za,µ, zb,µ) in Wq for η → µ, η, µ ≥ µ̄.

LEMMA 6.4. Let the assumptions of Lemma 6.3 hold. Then in addition to Lemma 6.3 the central
pathµ ∈ (0, µ0] → w(µ) ∈Wq satisfies

(6.3) lim sup
η→µ

‖w(η) − w(µ)‖Wq

η − µ
≤ C√

µ
∀µ ∈ (0, µ0]

with a constantC > 0 and is thus Ḧolder-continuous with index1/2 in all spacesWt, t ∈ [p, q].
More precisely, we have withL = 2C

(6.4) ‖w(µ1) − w(µ2)‖Wt
≤ L|√µ1 −

√
µ2| ≤ L

√

|µ1 − µ2| ∀µ1, µ2 ∈ (0, µ0].

Moreover,w̄ = limµց0 w(µ) exists inWq, w̄ ∈ Wq satisfies the KKT-conditions (2.9) and(ȳ, ū) is
global solution of (2.1).

Proof. By assumptions (A1), (A5q) the first three components of the mapping

Fµ : Wq → V × Lq × Λ × Lq/2 × Lq/2

are continuously differentiable. Moreover, we have

ua(η)za(η) − ua(µ)za(µ) =
ua(η) + ua(µ)

2
(za(η) − za(µ)) +

za(η) + za(µ)

2
(ua(η) − ua(µ)).
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Therefore, we obtain with

w̃(µ) :=

(

y(µ),
u(η) + u(µ)

2
, λ(µ),

za(η) + za(µ)

2
,
zb(η) + zb(µ)

2

)

the identity












0
0
0

η − µ
η − µ













= Fµ(w(η)) − Fµ(w(µ))

= DFµ(w̃(µ))(w(η) − w(µ)) + oW ′

q
(‖w(η) − w(µ)‖Wq

),

(6.5)

where

‖oW ′

q
(‖w(η) − w(µ)‖Wq

)‖
W ′

q

‖w(η) − w(µ)‖Wq

→ 0 for η → µ,

since‖w(η) − w(µ)‖Wq
→ 0 for η → µ by Lemma 6.3.

Since

w̃(η) ∈ 1

2
(N−∞,q(µ) +N−∞,q(η)),

Lemma 5.2 yields for the right inverse

‖DFµ(w̃(η))−1‖W ′

q.Wq
≤ C
√

min(µ, η)
.

For |η − µ| ≤ ε, ε > 0 small enough we have with the remainder term in (6.5) clearly
∥

∥

∥w(η) − w(µ) +DFµ(w̃(η))−1oW ′

q
(‖w(η) − w(µ)‖Wq

)
∥

∥

∥

Wq

≥ 1

2
‖w(η) − w(µ)‖Wq

for all |η − µ| ≤ ε. We conclude with (6.5) that

‖w(η) − w(µ)‖Wq

η − µ
≤ 2C
√

min(µ, η)

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥













0
0
0
1
1













∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

W ′

q

≤ 2CC ′
√

min(µ, η)
for all |η − µ| ≤ ε.

This shows (6.3) and the Hölder continuity with index1/2 follows immediately. By writing the
integral

∫ µ2

µ1

C√
µ
dµ as a limit of Riemann sums and by using (6.3), we see that again

‖w(µ1) − w(µ2)‖Wt
≤
∣

∣

∣

∣

∫ µ2

µ1

C√
µ
dµ

∣

∣

∣

∣

= 2C|√µ1 −
√
µ2|

≤ 2C
√

|µ1 − µ2| ∀µ1, µ2 ∈ (0, µ0].

The fact thatw̄ = limµց0 w(µ) exists inWq, satisfies (2.4) and is global solution of (2.1) follows
now exactly as at the end of the proof of Lemma 6.2.

REMARK 6.5. As usual for interior-point methods, we used a convexity assumption to ensure
that the central path is a uniquely defined curve. Here and in the following, extensions to more
general, non-convex, settings are possible by consideringneighborhoods where the central path is a
unique curve.
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7. A primal-dual interior-point method. Let (A1)–(A5)q hold. The previous considerations
show that forw ∈ N−∞,q(µ) the solutions of the primal-dual Newton system

DFµ(w)s = −Fµ(w)

is only contained inWq. Therefore, in the caseq < ∞ we cannot ensurew + αs ∈ N−∞,q(µ)
by choosing an appropriate stepsizeα ∈ (0, 1]. Instead, we use in addition a projection onto the
neighborhoodN−∞,q(µ).

DEFINITION 7.1. We denote byPµ a projection ontoN−∞,q(µ) in Wq, i.e.

Pµ(w) ∈ N−∞,q(µ), ‖Pµ(w) − w‖Wq
= min

{

‖w̃ − w‖Wq
: w̃ ∈ N−∞,q(µ)

}

.

If more than one projection point exists,Pµ selects one of them.
Obviously,

Pµ(y, u, λ, za, zb) = (y, ∗, λ, ∗, ∗),

i.e. Pµ does not change they- andλ-component. Furthermore, the projection does not depend
on q, since it reduces to a pointwise projection inR

3 with respect to the Euclidean norm of the
(u, za, zb)-part.

REMARK 7.2. The form of our neighborhoodN−∞,q allows for a pointwise computation of the
projectionPµ. In fact, for almost allξ ∈ Ω we have to project the point(u(ξ), za(ξ), zb(ξ)) ∈ R

3

onto the set (see the sketch in Figure 5.1)

Nξ =
{

(v, sa, sb) ∈ R
3 : sa, sb > 0, (v − a(ξ))sa ≥ γµ, (b(ξ) − v)sb ≥ γµ

}

∩
(

([
a(ξ) + b(ξ)

2
, b(ξ)] × [0,

2 max(µ−∞, µ/γ)

ν
] × [0,∞))

∪ ([a(ξ),
a(ξ) + b(ξ)

2
] × [0,∞) × [0,

2 max(µ−∞, µ/γ)

ν
]
)

.

The first set is convex and the second set is the union of two cuboids of infinite length. There
are several possibilities for computing the projection. One approach consists in projecting onto the
boundary surfaces and (if necessary) onto the edges. The main work then consists in computing
the projection onto the two surfaces generated by the hyperbolic constraints, and possibly onto their
intersection. These three projections can be computed one after the other, and we can stop as soon
as the point lies inNξ . They can be reduced to one dimensional least squares problems that can be
solved with a Newton- or Gauss-Newton iteration of complexityO(1). All other cases turn out to be
easy. We implemented the projection along these lines. It issignificantly less expensive than solving
the primal-dual Newton system.

We show now thatPµ has a Lipschitz constant≤ 2.
LEMMA 7.3. Let (A5)q hold and letwµ = (yµ, uµ, λµ, za,µ, zb,µ) ∈ Wq be a point on the

central path. Then we have

‖Pµ(w) − wµ‖Wq
≤ 2‖w − wµ‖Wq

∀w ∈Wq.

Proof. Sincewµ ∈ N−∞,q(µ), we have

‖Pµ(w) − w‖Wq
≤ ‖wµ − w‖Wq

.

Hence,

‖Pµ(w) − wµ‖Wq
≤ ‖Pµ(w) − w‖Wq

+ ‖w − wµ‖Wq
≤ 2‖w − wµ‖Wq

.

We consider now the following conceptual algorithm.
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Algorithm PDPF: Projected Primal-Dual Interior-Point Met hod.
1. Chooseµ0 > 0, γ ∈ (0, 1), µ−∞ > 0, σmin ∈ (0, 1), µ0 ∈ (0, µ−∞], and

w0 := (y0, u0, λ0, za,0, zb,0) ∈ N−∞,q(µ0).

Setk := 0.
2. Solve the primal-dual Newton system

DFµk
(wk)sk = −Fµk

(wk)

and setwk+1 := Pµk
(wk + sk).

3. Chooseσk ∈ [σmin, 1] and setµk+1 := σkµk.
4. Setk := k + 1 and goto step 2.

REMARK 7.4. The algorithm is formulated here as compact as possible. The method can be
augmented by additional features and safeguards. In particular, a stepsize can be introduced to damp
the full step if necessary. The choice of the stepsize could be based on a decrease condition for a
merit function, the simplest one being an appropriate norm of the residualFµk

. A detailed study of
this issue would go beyond the purpose of this paper.

We will analyze Algorithm PDPF under assumption (A1)–(A5)∞. If merely (A1)–(A5)q for
q < ∞ hold, we will have to modify the algorithm by introducing a smoothing step, see Algorithm
PDPFS in section 9. Appropriate implementations of Algorithm PDPFS will even yield superlinear
convergence.

8. Global linear convergence for theL∞-setting. We assume throughout this section that the
assumptions (A1)–(A4) and (A5)∞ hold.

8.1. Quadratic local convergence towards the central path.We show first that the primal-
dual iteration

(8.1) DFµ(w) s = −Fµ(w), w+ = w + s.

yields quadratic local convergence towards the central path.
LEMMA 8.1. Let µ0 > 0 andρ0 > 0 be fixed. Assume that (A1)–(A4) and (A5)∞ hold, that

u ∈ B 7→ J(y(u), u) is convex (to ensure uniqueness of the central path), and that

(v, Ĥ(y, u, λ)v) ≥ α‖v‖2
2 ∀ v ∈ L2(Ω),

∀w ∈ N−∞,∞(µ), ‖w − w(µ)‖W∞

≤ ρ0, µ ∈ (0, µ0].
(8.2)

Then there exists a constantC > 0 such that for all0 < µ ≤ µ0 and for allw ∈ N−∞,∞(µ) with
‖w − w(µ)‖∞ ≤ ρ0 the solutionw+ of the primal dual Newton step (8.1) satisfies

‖w+ − w(µ)‖W∞

≤ C√
µ
‖w − w(µ)‖2

W∞

.

For the projected iteratePµ(w+) ∈ N−∞,∞(µ) the estimate holds

‖Pµ(w+) − w(µ)‖W∞

≤ 2C√
µ
‖w − w(µ)‖2

W∞

.

and thus the projected iteration converges locally with quadratic rate.
Proof. We know by Corollary 4.3 thatw(µ) is uniformly bounded inW∞ for all µ ∈ (0, µ0].

Thus,‖w − w(µ)‖W∞

≤ ρ0 implies‖w‖W∞

≤ M for some constantM > 0. Hence, allµ,w in
(8.2) are contained in a bounded subset of{(µ,w) ∈ (0,∞) ×N−∞,∞(µ)} and Lemma 5.1 yields
a constantC > 0 with

‖DFµ(w)−1‖W ′

∞
,W∞

≤ C√
µ
.
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We have

(8.3) DFµ(w)(w+ − w) = −Fµ(w), DFµ(w)(w(µ) − w(µ)) = −Fµ(w(µ)),

and thus

(8.4) DFµ(w)(w+ − w(µ)) = Fµ(w(µ)) − Fµ(w) −DFµ(w)(w(µ) − w).

Since the first three components ofFµ : W∞ → W ′
∞ are by (A1), (A5)q Lipschitz continuously

differentiable on bounded subsets, this gives

(8.5) DFµ(w)(w+ − w(µ)) =













R1(w(µ) − w)
R2(w(µ) − w)
R3(w(µ) − w)

(u(µ) − u)(za(µ) − za)
(u(µ) − u)(zb(µ) − zb)













,

where with a Lipschitz constantL > 0

‖R1(w(µ) − w)‖V + ‖R2(w(µ) − w)‖∞ + ‖R3(w(µ) − w)‖Λ ≤ L‖w(µ) − w‖2
W∞

.

Therefore,

‖w+ − w(µ)‖W∞

≤ ‖DFµ(w)−1‖W ′

∞
,W∞

(

L‖w(µ) − w‖2
W∞

+ ‖(u(µ) − u)(za(µ) − za)‖∞ + ‖(u(µ) − u)(zb(µ) − zb)‖∞
)

.

This yields

‖w+ − w(µ)‖W∞

≤ C√
µ

(2 + L)‖w − w(µ)‖2
W∞

.

Finally, the estimate forPµ(w+) follows from Lemma 7.3.

8.2. Global linear convergence of the interior-point method. The previous result yields lin-
ear convergence for a short step method.

THEOREM 8.2. Let µ0 > 0 and ρ0 > 0 be fixed. Assume that (A1)–(A4), (A5)∞ hold, that
u ∈ B 7→ J(y(u), u) is convex (to ensure uniqueness of the central path), and that

(v, Ĥ(y, u, λ)v) ≥ α‖v‖2
2 ∀ v ∈ L2(Ω),

∀w ∈ N−∞,∞(µ), ‖w − w(µ)‖W∞

≤ ρ0, µ ∈ (0, µ0].
(8.2)

Then there are constants̄ρ ∈ (0, ρ0] and σ̄min ∈ (0, 1) such that Algorithm PFPF has the following
convergence property:

For any starting pointw0 ∈ N−∞,∞(µ0) with ‖w0 − w(µ0)‖W∞

≤ ρ̄, Algorithm PDPF with
σmin ∈ (σ̄min, 1) generates a sequencewk ∈ N−∞,∞(µk) with

‖wk − w(µk)‖W∞

≤ C
√
µk(8.6)

‖wk − w̄‖W∞

≤ (C + L)
√
µk(8.7)

µk = σ0 · · · σk−1µ0.(8.8)

Here, C > 0 is a constant,L > 0 is the Ḧolder constant of the central path on(0, µ0], and
w̄ = limµց0 w(µ) is the solution of (2.1). In particular, if, for allk, σk ∈ [σmin, σ̄] is chosen with
σmin ≤ σ̄ < 1, then(wk) converges tōw with R-linear rate.
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Proof. Consider an arbitraryµ ∈ (0, µ0]. Then there exists by Lemma 8.1 a constantC > 0
such that for anyw ∈ N−∞,∞(µ) with ‖w − w(µ)‖W∞

≤ ρ0 the estimate

‖Pµ(w+) − w(µ)‖W∞

≤ 2‖w+ − w(µ)‖2
W∞

≤ 2C√
µ
‖w − w(µ)‖2

W∞

holds, wherew+ is the result of the primal-dual Newton step (8.1).
Now fix τ ∈ (0, 1) such that

(8.9) ρ̄ :=
τ
√
µ0

2C
≤ ρ0.

Then for anyw ∈ N−∞,∞(µ) with

‖w − w(µ)‖W∞

≤ τ
√
µ

2C
,

we have

(8.10) ‖Pµ(w+) − w(µ)‖W∞

≤ 2C√
µ
‖w − w(µ)‖2

W∞

≤ τ‖w − w(µ)‖W∞

≤ τ2√µ
2C

.

Moreover, we have with the Hölder constantL of the central path in (6.1) for0 < σ < 1

‖w(µ) − w(σµ)‖W∞

≤ L(1 −
√
σ)
√
µ.

and thus

‖Pµ(w+) − w(σµ)‖W∞

≤ τ2√µ
2C

+ L(1 −
√
σ)

√
µ.

Therefore, we can ensure that the new iterate satisfies

(8.11) ‖Pµ(w+) − w(σµ)‖W∞

≤ τ
√
σµ

2C
,

if σ ∈ (0, 1) is chosen such that

τ2

2C
+ L(1 −

√
σ) ≤ τ

√
σ

2C
.

Sinceτ ∈ (0, 1), this holds forσ ∈ (0, 1) sufficiently close to1, more precisely for

(8.12) 1 > σ ≥ σ̄min :=

(

τ2 + 2LC

τ + 2LC

)2

.

Thus we obtain by induction: If̄ρ is chosen according to (8.9) and̄σmin is given by (8.12) then
Algorithm PDPF withσmin ∈ [σ̄min, 1) generates a sequence(wk) with wk+1 = Pµk

(wk + sk) and
(see (8.11))

(8.13) ‖wk+1 − w(µk+1)‖W∞

≤ τ
√
µk+1

2C
≤ ρ̄, µk+1 = σkµk,

and (see (8.10))

(8.14) ‖wk+1 − w(µk)‖W∞

≤ τ2√µk
2C

≤ ρ̄.

With the solutionw̄ = limµց0 w(µ) of (2.1) we have by (8.13) in addition

‖wk − w̄‖W∞

≤ ‖wk − w(µk)‖W∞

+ ‖w(µk) − w̄‖W∞

≤ τ
√
µk

2C
+ L

√
µk.

This proves (8.6), (8.7), (8.8).
The R-linear convergence follows trivially ifσk is bounded above bȳσ < 1.
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9. Global linear and superlinear local convergence for the general Lq-setting. If (A5)q
holds only for somep < q < ∞ the convergence analysis is more delicate. Under a strict comple-
mentarity assumption and by using an additional smoothing step we will prove global linear conver-
gence in the generalLq-setting. Moreover, we will also show that superlinear local convergence is
achieved ifµk is reduced fast enough.

To keep the presentation compact, we exclude the caseq = ∞, since this would have to be
discussed separately at several places. Nevertheless, counterparts of the following results can be
obtained also for the caseq = ∞.

We refine our previous analysis as follows. Since under the assumptions of Lemma 5.1

‖DFµ(w(µ))−1‖W ′

t ,Wt
= O(µ−1/2), but ‖(S(w)DFµ(w))−1‖W ′

t ,Wt
≤ C, t ∈ [p, q],

with the scaling operator

(5.1) S(w) =













I
I

I
(Ua + Za)

−1

(Ub + Zb)
−1













,

we use now for the analysis of the primal-dual Newton iteration instead of (8.4) the scaled equation

(9.1) S(w)DFµ(w)(w+ − w(µ)) = S(w) (Fµ(w(µ)) − Fµ(w) −DFµ(w)(w(µ) − w)) .

Then we use a two-norm technique based on theLp − Lq norm gap to estimate the right hand side.
Independently of the size ofµ > 0 this will yield an estimate of the form

‖w+ − w(µ)‖Wp
= o(‖w − w(µ)‖Wq

).

The norm gap will then be closed by using a smoothing step. We recall that with the notations

Ûa = (Ua + Za)
−1Ua, Ûb = (Ub + Zb)

−1Ub,

Ẑa = (Ua + Za)
−1Za, Ẑb = (Ub + Zb)

−1Zb,

we haveÛa + Ẑa = I, Ûb + Ẑb = I and

S(w)DFµ(w) =













ℓyy ℓyu c∗y 0 0
ℓuy ℓuu c∗u −I I
cy cu 0 0 0

0 Ẑa 0 Ûa 0

0 −Ẑb 0 0 Ûb













where we omit the arguments.

9.1. Refined analysis of the primal-dual Newton step.We first prove a similar result as in
Lemma 8.1 where we avoid theµ-dependent convergence factor by using a two-norm technique. We
will need a strict complementarity assumption.

DEFINITION 9.1. Letw̄ = (ȳ, ū, λ̄, z̄a, z̄b) ∈ Y ×U×Λ∗×U∗×U∗ satisfy the KKT-conditions
(2.4). Thenstrict complementarityholds atw̄ if

leb({min(ūa + z̄a, ūb + z̄b) = 0}) = 0.

whereleb() is the Lebesgue measure onΩ.
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We define the function

(9.2) ω(t) = leb({min(ūa + z̄a, ūb + z̄b) ≤ t}) .

Under a strict complementarity assumption we then have

(9.3) lim
tց0

ω(t) = 0.

If ω(t) = O(tκ) astց 0, we say that strong strict complementarity holds.
DEFINITION 9.2. Letw̄ = (ȳ, ū, λ̄, z̄a, z̄b) ∈ Y ×U×Λ∗×U∗×U∗ satisfy the KKT-conditions

(2.4). Thenstrong strict complementarityholds atw̄ if there exist constantsCc > 0, κ > 0 such that

(9.4) ω(t) ≤ Cct
κ ∀ t ≥ 0.

We start with the following technical result.
LEMMA 9.3. Let the assumptions of Lemma 6.3 hold and letw̄ = limµց0 w(µ) be the solution

of (2.4). Define the function

(9.5) ωµ(t) = leb({min(ua(µ) + za(µ), ub(µ) + zb(µ)) ≤ t}) .

Then there exists a constantC > 0 with

ωµ(t)

{

= 0 for t < 2
√
µ,

≤ ω(2 max(t, t
q

q+1 )) + Cmax(t, t
q

q+1 ) for t ≥ 2
√
µ

with ω according to (9.2).
Proof. Sinceua(µ)za(µ) = µ, we haveua(µ) + za(µ) ≥ 2

√
µ and similarlyub(µ) + zb(µ) ≥

2
√
µ. This shows thatωµ(t) = 0 for t < 2

√
µ. For brevity, we set now

ua = ua(µ), ub = ub(µ), za = za(µ), zb = zb(µ).

Now let t ≥ 2
√
µ. Then we have for anys ≥ t

ωµ(t) ≤ leb({min(ua + za, ub + zb) ≤ s})
≤ leb({min(ūa + z̄a, ūb + z̄b) − max(|ua − ūa| + |za − z̄a|, |ub − ūb| + |zb − z̄b|) ≤ s})
≤ ω(2s) + leb({max(|ua − ūa| + |za − z̄a|, |ub − ūb| + |zb − z̄b|) ≥ s})
≤ ω(2s) + leb({|ua − ūa| ≥ s/2}) + leb({|za − z̄a| ≥ s/2})
+ leb({|ub − ūb| ≥ s/2}) + leb({|zb − z̄b| ≥ s/2})
≤ ω(2s) + (s/2)−q(‖ua − ūa‖qq + ‖za − z̄a‖qq + ‖ub − ūb‖qq + ‖zb − z̄b‖qq).

By Lemma 6.4 there exists a Hölder constantL > 0 with ‖w(µ) − w̄‖Wq
≤ L

√
µ. This yields

ωµ(t) ≤ ω(2s) + 4(s/2)−qLqµq/2.

Now let t ≥ 2
√
µ. If t ≥ 1 then we obtain with the choices = t

ωµ(t) ≤ ω(2t) + 4(t/2)−qLqµq/2 ≤ ω(2t) + 4Lq ≤ ω(2t) + 4Lqt.

If t ≤ 1 then the choices = tq/(q+1) = t1−1/(q+1) yields

ωµ(t) ≤ ω(2tq/(q+1)) + 4t−q+q/(q+1)(2L)qµq/2 ≤ ω(2tq/(q+1)) + 4Lqtq/(q+1).
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We show now that for‖w − w(µ)‖Wq
small enough the resultw+ of the primal-dual Newton

step satisfies‖w+ − w(µ)‖Wp
= o(‖w − w(µ)‖Wq

), where the estimate is uniform inµ ∈ (0, µ0].
Thus, in contrast to Lemma 8.1 we avoid theµ-dependent convergence factor but obtain aWp −Wq

norm gap. This norm gap will be closed by using a smoothing step.
LEMMA 9.4. Letµ0 > 0 andρ0 > 0 be fixed. Assume that (A1)–(A4), (A5)q hold with some

q ∈ (p,∞), and that

(v, Ĥ(y, u, λ)v) ≥ α‖v‖2
2 ∀ v ∈ L2(Ω),

∀w ∈ N−∞,q(µ), ‖w − w(µ)‖Wq
≤ ρ0, µ ∈ (0, µ0].

(9.6)

If in addition w̄ = limµց0 w(µ) satisfies strict complementarity then there exists a constantC > 0
such that for any0 < µ ≤ µ0 and for anyw ∈ N−∞,q(µ) with ‖w − w(µ)‖Wq

≤ ρ0 the solution
w+ of the primal dual Newton step (8.1) satisfies

‖Pµ(w+) − w(µ)‖Wp
≤ 2‖w+ − w(µ)‖Wp

≤ 2C
(

ω(4‖w − w(µ)‖ηq
′

Wq
)1/q

′

+ ‖w − w(µ)‖ηWq

)

‖w − w(µ)‖Wq

= o(‖w − w(µ)‖Wq
)

(9.7)

with

(9.8) η =
(q − p) min(p, q − p)

pq(p+ 1)
, q′ =

qp

q − p
.

Moreover, ifw̄ satisfies strong strict complementarity (9.4) then

(9.9) ‖Pµ(w+) − w(µ)‖Wp
≤ 2‖w+ − w(µ)‖Wp

≤ 2C‖w − w(µ)‖1+η
Wq

with

(9.10) η =
min(1, κ)(q − p) min(p, q − p)

p2(q + 1) + min(1, κ)p(q − p)
.

Proof. We know by Corollary 4.3 thatw(µ) is uniformly bounded inWq for all µ ∈ (0, µ0].
Thus,‖w − w(µ)‖Wq

≤ ρ0 implies ‖w‖Wq
≤ M for some constantM > 0. Hence, allµ,w in

(8.2) are contained in a bounded subset of{(µ,w) ∈ (0,∞) ×N−∞,q(µ)} and Lemma 5.1 yields a
constantC > 0 with

‖(S(w)DFµ(w))−1‖W ′

t ,Wt
≤ C, p ≤ t ≤ q,

whereS(w) is the scaling operator (5.1). Furthermore, (8.3) and (8.4)hold. Since the first three
components ofF : Wq → W ′

p are by (A1), (A5)q Lipschitz continuously differentiable on bounded
subsets, we obtain (8.5), where with a Lipschitz constantL > 0 the following estimate holds:

‖R1(w(µ) − w)‖V + ‖R2(w(µ) − w)‖p + ‖R3(w(µ) − w)‖Λ ≤ L‖w(µ) − w‖2
Wq
.

To obtain an operator with uniformly bounded inverse on the left hand side we multiply with the
scaling operatorS(w) in (5.1) and obtain

S(w)DFµ(w)(w+ − w(µ)) =















R1(w(µ) − w)
R2(w(µ) − w)
R3(w(µ) − w)

(u(µ)−u)(za(µ)−za)
ua+za

(u(µ)−u)(zb(µ)−zb)
ub+zb















.

35



Therefore,

‖w+ − w(µ)‖Wp
≤ ‖(S(w)DFµ(w))−1‖W ′

p,Wp

(

L‖w(µ) − w‖2
Wq

+

∥

∥

∥

∥

(u(µ) − u)(za(µ) − za)

ua + za

∥

∥

∥

∥

p

+

∥

∥

∥

∥

(u(µ) − u)(zb(µ) − zb)

ub + zb

∥

∥

∥

∥

p

)

.

This yields

(9.11) ‖w+ − w(µ)‖Wp
≤ C(L‖w − w(µ)‖2

Wq
+ ‖Ra‖p + ‖Rb‖p)

with

Ra :=
(u(µ) − u)(za(µ) − za)

ua + za
, Rb :=

(u(µ) − u)(zb(µ) − zb)

ub + zb
.

It remains to estimate‖Ra‖p + ‖Rb‖p. We show first that forw ∈ N−∞,q(µ)

|Ra| ≤
(

1 +
1

2
√
γ

)

max(|u− u(µ)|, |za − za(µ)|),

|Rb| ≤
(

1 +
1

2
√
γ

)

max(|u− u(µ)|, |zb − zb(µ)|).

To this end we note that(u(µ) − a)za(µ) = µ, (u− a)za ≥ γµ. This yields withua, za ≥ 0

ua + za ≥ 2
√
uaza ≥ 2

√
γµ.

Now we have

Ra =

( −ua
ua + za

+
ua(µ)

ua + za

)

(za(µ) − za) =

( −za
ua + za

+
za(µ)

ua + za

)

(ua(µ) − ua).

Sinceua(µ)za(µ) = µ we havemin(ua(µ), za(µ)) ≤ √
µ. On{ua(µ) ≤ √

µ} we have

|Ra| ≤
(

1 +
1

2
√
γ

)

|za − za(µ)|

and on{za(µ) ≤ √
µ} we have

|Ra| ≤
(

1 +
1

2
√
γ

)

|ua − ua(µ)|.

The estimate for|Rb| is obtained in the same way.
To estimate‖Ra‖p + ‖Rb‖p we splitΩ for an arbitraryβ ∈ (0,min(1, (q− p)/p)) into the sets

J = {ua + za ≥ ‖w − w(µ)‖βWq
}, Jc = Ω \ J.

We have withωµ in (9.5)

leb({ua + za ≤ t}) ≤ leb({ua(µ) + za(µ) − |ua − ua(µ)| − |za − za(µ)| ≤ t})
≤ ωµ(2t) + leb({|ua − ua(µ)| + |za − za(µ)| ≥ t})
≤ ωµ(2t) + leb({|ua − ua(µ)| ≥ t/2}) + leb(|za − za(µ)| ≥ t/2})
≤ ωµ(2t) + (t/2)−q(‖ua − ua(µ)‖qq + ‖za − za(µ)‖qq)
≤ ωµ(2t) + 2(t/2)−q‖w − w(µ)‖qWq
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This yields the upper bound for the measure ofJc

leb(Jc) ≤ ωµ(2‖w − w(µ)‖βWq
) + 2q+1‖w − w(µ)‖(1−β)q

Wq
.

Using‖uv‖p ≤ ‖u‖q′‖v‖q, q′ = pq/(q − p), we have

‖Ra‖p,J ≤ ‖u− u(µ)‖q′,J‖za − za(µ)‖1−β
q,J .

If q′ ≤ q this yields

‖Ra‖p,J ≤ cq,q′‖u− u(µ)‖q,J‖za − za(µ)‖1−β
q,J

otherwise‖u− u(µ)‖q′ ≤ ‖u− u(µ)‖q/q
′

q ‖b− a‖1−q/q′
∞ by interpolation and thus

‖Ra‖p,J ≤ ‖b− a‖1−(q−p)/p
∞ ‖u− u(µ)‖(q−p)/p

q,J ‖za − za(µ)‖1−β
q,J .

Combining both cases we obtain

‖Ra‖p,J ≤ C1‖w − w(µ)‖1+min(1,(q−p)/p)−β
Wq

.

On the complement setJc we obtain by using that‖1‖q′,Jc = leb(Jc)
1/q′

‖Ra‖p,Jc ≤
(

1 +
1

2
√
γ

)

‖1‖q′,Jc

(

‖u− u(µ)‖q,Jc + ‖za − za(µ)‖q,Jc

)

≤
(

2 +
1√
γ

)

leb(Jc)
1
q′ ‖w − w(µ)‖Wq

≤
(

2 +
1√
γ

)

(

ωµ(2‖w − w(µ)‖βWq
) + 2q+1‖w − w(µ)‖(1−β)q

Wq

)
1
q′ ‖w − w(µ)‖Wq

≤
(

2 +
1√
γ

)(

ωµ(2‖w− w(µ)‖βWq
)

1
q′ + 2

q+1
q′ ‖w − w(µ)‖

(1−β)q

q′

Wq

)

‖w − w(µ)‖Wq
.

Using Lemma 9.3 andq/q′ = (q − p)/p, we finally obtain constantsC2, C3 > 0 with

‖Ra‖p ≤ C1‖w − w(µ)‖min(1,(q−p)/p)−β
Wq

‖w − w(µ)‖Wq

+ C2

(

ω(4‖w − w(µ)‖βq/(q+1)
Wq

)(q−p)/(qp) + ‖w − w(µ)‖β(q−p)/(p(q+1))
Wq

)

‖w − w(µ)‖Wq

+ C3‖w − w(µ)‖(1−β)(q−p)/p
Wq

‖w − w(µ)‖Wq
.

The last term has at least the order of the first term. Balancing the orders of the first and second term
leads to

β =
(q + 1) min(p, q − p)

q(p+ 1)

and results in the estimate

‖Ra‖p ≤ C ′
(

ω(4‖w − w(µ)‖ηq
′

Wq
)1/q

′

+ ‖w − w(µ)‖ηWq

)

‖w − w(µ)‖Wq

with

η =
(q − p) min(p, q − p)

pq(p+ 1)
, q′ =

qp

q − p
.
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The same estimate is valid for‖Rb‖p. Inserting this in (9.11) yields (9.7).
If in addition strong strict complementarity (9.4) holds, i.e.,ω(t) ≤ Cct

κ, then the middle term

has orderO(‖w − w(µ)‖min(1,κ)β(q−p)/(p(q+1))
Wq

) and balancing with the first term gives

β =
(q + 1) min(p, q − p)

p(q + 1) + min(1, κ)(q − p)
.

Inserting this choice ofβ leads to the asserted estimate (9.9).
We see that a norm gap occurs in the estimates (9.7), (9.9). Toclose the norm gap we will use a

smoothing step.

9.2. Smoothing steps.We construct now an operator

Qµ : (y, u, λ, za, zb) ∈Wp 7→ (y, ũ, λ, z̃a, z̃b) ∈Wq

such that there exists a constantLS > 0 with

(9.12) ‖Qµ(w) − w(µ)‖Wq
≤ LS‖w − w(µ)‖Wp

to close the norm gap in (9.7). Let (A1)-(A5)q and the assumptions of Lemma 6.4 hold. Thenw(µ)
is the unique solution of (2.9) and satisfies with the notations of (A5)q, 5. in particular

0 = ℓu(w(µ)) = β(u(µ)) + ĝs(y(µ), u(µ), λ(µ)) + zb(µ) − za(µ)

= β(u(µ)) +
µ

b− u(µ)
− µ

u(µ) − a
+ ĝs(y(µ), u(µ), λ(µ))

=: βµ(u(µ)) + ĝs(y(µ), u(µ), λ(µ)),

whereβ ∈ C1(R), β′ ≥ α0 > 0 and where

ĝs : (y, u, λ) ∈ Y × U × Σ 7→ Ju(y, u) − β(u) + cu(y, u)
∗λ ∈ Lq(Ω)

is by (A5)q, 5. well defined and Lipschitz on bounded sets. Since the mappings

βµ;ξ : t ∈ (a(ξ), b(ξ)) 7→ β(t) +
µ

b(ξ) − t
− µ

t− a(ξ)

satisfyβ′
µ;ξ ≥ α0 > 0 andβµ;ξ((a(ξ), b(ξ))) = R, the inverse mappingsβ−1

µ;ξ : R → (a(ξ), b(ξ))
exist and are Lipschitz continuous with Lipschitz constant≤ 1/α0. Thus, also the mapping

βµ : u ∈ {v : a < v < b} 7→ βµ(u) = β(u) +
µ

b− u
− µ

u− a

has a Lipschitz continuous inverse

β−1
µ : Lq(Ω) → ({v : a < v < b} , ‖ · ‖q)

and we have

u(µ) = β−1
µ (−ĝs(y(µ), u(µ), λ(µ))).

Thus, given anyw ∈Wq the “smoothed” control

(9.13) us := β−1
µ (−ĝs(y, u, λ))

satisfies

(9.14) ‖us − u(µ)‖q ≤
1

α0
‖ĝs(y, u, λ) − ĝs(y(µ), u(µ), λ(µ))‖q ≤

Lg
α0

‖w − w(µ)‖Wp

38



with a Lipschitz constantLg of ĝs according to (A5)q, 5.
Smoothing of theza, zb-components can now be obtained by using the identities

(9.15) za(µ) =
µ

u(µ) − a
, zb(µ) =

µ

b− u(µ)
.

In fact, after computingus we choosezsa, zsb according to

(9.16) zsa =
µ

us − a
, zsb =

µ

b− us
.

We will see that this leads in fact to an operator that has the smoothing property (9.12).
DEFINITION 9.5. The smoothing operatorQµ : Wp →Wq is defined by

Qµ(y, u, λ, za, zb) = (y, us, λ, zsa, z
s
b )

with us according to (9.13) andzsa, z
s
b according to (9.16), wherêgs(y, u, λ) = Ju(y, u) − β(u) +

cu(y, u)
∗λ according to (A5)q, 5.

THEOREM 9.6. Let the assumptions of Lemma 6.3 hold. Then for anyµ0 > 0, ρ0 > 0 there is a
constantLS > 0 such that the smoothing operatorQµ : Wp → Wq of Definition 9.5 is well defined
and satisfies
(9.17)
‖Qµ(w) − w(µ)‖Wq

≤ LS‖w − w(µ)‖Wp
∀w ∈Wp, ‖w − w(µ)‖Wp

≤ ρ0, ∀µ ∈ (0, µ0].

Moreover,(y, us, λ, zsa, z
s
b ) = Qµ(w) satisfies

a < us < b, (us − a)zsa = µ, (b− us)zsb = µ

and thusQµ(w) ∈ N−∞,q(µ).
Proof. We have already shown that (9.14) holds, whereLg is the Lipschitz constant of̂gs on the

bounded set of allw ∈Wp considered in (9.17). Moreover, we have by (9.16) and the choice (9.13)
of us

(9.18) zsb − zsa = −β(us) − ĝs(y, u, λ).

On the other hand

(9.19) zb(µ) − za(µ) = −β(u(µ))− ĝs(y(µ), u(µ), λ(µ)).

Now consider the following partition ofΩ

Ωa = {us ≥ (b+ a)/2, u(µ) ≥ (b+ a)/2} , Ωb = {us < (b+ a)/2, u(µ) < (b+ a)/2} ,
Ω′
a = {us ≥ (b+ a)/2, u(µ) < (b+ a)/2} , Ω′

b = {us < (b+ a)/2, u(µ) ≥ (b+ a)/2} .

Then we obtain onΩa by (9.16) and (9.19)

|(zsa − za(µ))|Ωa
| =

∣

∣

∣

∣

µ

us − a
− µ

u(µ) − a

∣

∣

∣

∣

Ωa

=
µ|us − u(µ)|

(us − a)(u(µ) − a)

∣

∣

∣

∣

Ωa

≤ 4µ

ν2
|(us − u(µ))Ωa

|

Now (9.18), (9.19) yield

|(zsb − zb(µ))Ωa
| ≤ |(zsa − za(µ))Ωa

| + |(β(us) − β(u(µ)))Ωa
|

+ |(ĝs(y, u, λ) − ĝs(y(µ), u(µ), λ(µ)))Ωa
|.
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Completely similar we obtain onΩb by (9.16) and (9.19)

|(zsb − zb(µ))Ωb
| =

∣

∣

∣

∣

µ

b− us
− µ

b− u(µ)

∣

∣

∣

∣

Ωb

≤ 4µ

ν2
|(us − u(µ))Ωb

|

Now again (9.18), (9.19) yield

|(zsa − za(µ))Ωb
| ≤ |(zsb − zb(µ))Ωb

| + |(β(us) − β(u(µ)))Ωb
|

+ |(ĝs(y, u, λ) − ĝs(y(µ), u(µ), λ(µ)))Ωb
|.

Finally, (9.16), (9.15) yield onΩ′
a

(zsa − za(µ))Ω′

a
< 0, (zsb − zb(µ))Ω′

a
> 0

and thus the difference of (9.18), (9.19) yields

|(zsb − zb(µ))Ω′

a
| + |(zsa − za(µ))Ω′

a
| = |(zsb − zb(µ) + za(µ) − zsa)Ω′

a
|

≤ |(β(us) − β(u(µ)))Ω′

a
| + |(ĝs(y, u, λ) − ĝs(y(µ), u(µ), λ(µ)))Ω′

a
|.

Analogously we obtain onΩ′
b

|(zsb − zb(µ))Ω′

b
| + |(zsa − za(µ))Ω′

b
| = |(zsb − zb(µ) + za(µ) − zsa)Ω′

b
|

≤ |(β(us) − β(u(µ)))Ω′

b
| + |(ĝs(y, u, λ) − ĝs(y(µ), u(µ), λ(µ)))Ω′

b
|.

Taking all together, we have shown that

|zsb − zb(µ)| + |zsa − za(µ)|

≤ |β(us) − β(u(µ))|+ |ĝs(y, u, λ) − ĝs(y(µ), u(µ), λ(µ))|+ 8µ0

ν2
|us − u(µ)|

≤ |ĝs(y, u, λ) − ĝs(y(µ), u(µ), λ(µ))|+
(

8µ0

ν2
+ sup

[inf a,sup b]

β′
)

|us − u(µ)|.

Hence, (9.14) yields

‖zsb − zb(µ)‖q + ‖zsa − za(µ)‖q ≤
(

Lg +
Lg
α0

(

8µ0

ν2
+ sup

[inf a,sup b]

β′
))

‖w − w(µ)‖Wp
.

Together with (9.14), (9.17) is proven. The last statement is obvious by the definition ofQµ.
If we replace the projectionPµ in Lemma 9.4 by the smoothing operatorQµ (which yields a

point in the neighborhood) then we obtain directly the following corollary.
COROLLARY 9.7. Let the assumptions of Lemma 9.4 hold. Ifw̄ = limµց0 w(µ) satisfies strict

complementarity then there exist constantsLS , C > 0 such that for any0 < µ ≤ µ0 and for any
w ∈ N−∞,q(µ) with ‖w − w(µ)‖Wq

≤ ρ0 the solutionw+ of the primal dual Newton step (8.1)
satisfies

‖Qµ(w+) − w(µ)‖Wq
≤ LS‖w+ − w(µ)‖Wp

≤ 2LSC
(

ω(4‖w − w(µ)‖ηq
′

Wq
)1/q

′

+ ‖w − w(µ)‖ηWq

)

‖w − w(µ)‖Wq

= o(‖w − w(µ)‖Wq
)

(9.20)
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with

η =
(q − p) min(p, q − p)

pq(p+ 1)
, q′ =

qp

q − p
.

Moreover, ifw̄ satisfies strong strict complementarity (9.4) then

(9.21) ‖Qµ(w+) − w(µ)‖Wq
≤ LS‖w+ − w(µ)‖Wp

≤ 2LSC‖w − w(µ)‖1+η
Wq

with

η =
min(1, κ)(q − p) min(p, q − p)

p2(q + 1) + min(1, κ)p(q − p)
.

Note that no norm gap appears in (9.20) and (9.21).

9.3. A modified interior-point method with smoothing step. We consider now the following
modification of Algorithm PDPF.

Algorithm PDPFS: Primal-Dual Interior-Point Method with S moothing.
1. Chooseµ0 > 0, γ ∈ (0, 1), µ−∞ > 0, (σmin,k) ⊂ (0, 1), µ0 ∈ (0, µ−∞], and

w0 := (y0, u0, λ0, za,0, zb,0) ∈ N−∞,q(µ0).

Setk := 0.
2. Solve the primal-dual Newton system

DFµk
(wk)sk = −Fµk

(wk)

and setwk+1 := Qµk
(wk + sk).

3. Chooseσk ∈ [σmin,k, 1] and setµk+1 := σkµk.
4. Setk := k + 1 and goto step 2.

REMARK 9.8. As already algorithm PDPF, we have stated this algorithm in avery basic form.
We now will prove global linear and local superlinear convergence of algorithm PDPFS.

THEOREM 9.9. Letµ0 > 0 andρ0 > 0 be fixed. Assume that (A1)–(A4) and (A5)q with some
q ∈ (p,∞) hold, thatu ∈ B 7→ J(y(u), u) is convex (to ensure uniqueness of the central path), and
that w̄ = limµց0 w(µ) satisfies strict complementarity. Furthermore, assume that

(v, Ĥ(y, u, λ)v) ≥ α‖v‖2
2 ∀ v ∈ L2(Ω),

∀w ∈ N−∞,q(µ), ‖w − w(µ)‖Wq
≤ ρ0, µ ∈ (0, µ0].

(9.6)

Then there exist constants̄ρ ∈ (0, ρ0], σ̄max ∈ (0, 1) and a sequenceσmax > σ̄min,k ց 0 such that
Algorithm PFPFS has the following convergence property:

For all initial points w0 ∈ N−∞,q(µ0) with ‖w0 − w(µ0)‖Wq
≤ ρ̄ and every choiceσmin,k ∈

[σ̄min,k, σmax], Algorithm PDPFS generates a sequence with

‖wk − w(µk)‖Wq
≤ C

√
µk−1(9.22)

‖wk − w̄‖Wq
≤ (C + L)

√
µk−1(9.23)

µk = σ0 · · · σk−1µ0 ≤ σkmaxµ0 → 0.(9.24)

Here,C > 0 is a constant andL is the Ḧolder constant of the central path on(0, µ0]. This shows
global convergence with R-linear rate.
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The above conditions allow to choose0 < σmin,k ≤ σk ց 0, which yields R-superlinear
convergence.

If strong strict complementarity (9.4) holds atw̄, then

σ̄min,k = O(µηk)

with η > 0 according to (9.10) and the choiceσmin,k = O(σ̄min,k) yields R-superlinear convergence
with rate1 + η.

Proof. Consider an arbitraryµ ∈ (0, µ0]. Then there exists by Corollary 9.7 a constantC > 0
such that for anyw ∈ N−∞,q(µ) with ‖w − w(µ)‖Wq

≤ ρ0 the estimate holds

(9.25) ‖Qµ(w+) − w(µ)‖Wq
≤ ψ(‖w+ − w(µ)‖Wq

)‖w+ − w(µ)‖Wq

with

(9.26) ψ(t) = 2LSC(ω(4tηq
′

)1/q
′

+ tη)

andη > 0, q′ according to (9.8), wherew+ is the result of the primal-dual Newton step (8.1).
Chooseτ > 0 such that

ψ(τ) <
1

2

and set

(9.27) ρ̄ = min(τ, 2L
√
µ0)

with the Hölder constantL of the central path. Now let Algorithm PDPFS use the iterates

(9.28) wk+1 = Qµk
(wk + sk), µk+1 = σkµk,

whereσk satisfies

(9.29) σk ≥ σ̄min,k :=







max

{

(

1 − τ(1−ψ(τ))
L
√
µk

)2

+
, 4ψ(τ)2

}

if τ < 2L
√
µk,

4ψ(2L
√
µk)

2 if τ ≥ 2L
√
µk.

We note that0 < σ̄min,k < 1, more precisely,

σ̄min,k ≤ max

{

(

1 − τ(1 − ψ(τ))

L
√
µ0

)2

+

, 4ψ(τ)2

}

=: σ̄min < 1.

We show next that the choice (9.29) yields

‖wk − w(µk)‖Wq
≤ min(τ, 2L

√
µk−1),(9.30)

‖wk − w(µk−1)‖Wq
≤ min(τ, 2L

√
µk−1),(9.31)

where we setµ−1 = µ0. In fact, this is true fork = 0 if ‖w0 − w(µ0)‖Wq
≤ ρ̄. Moreover, to

proceed by induction we observe that

‖wk+1 − w(µk+1)‖Wq
≤ ‖w(µk+1) − w(µk)‖Wq

+ ‖wk+1 − w(µk)‖Wq

≤ L(
√
µk −

√
µk+1) + ψ(‖wk − w(µk)‖Wq

)‖wk − w(µk)‖Wq

≤ L(1 −√
σk)

√
µk + ψ(min(τ, 2L

√
µk−1)) min(τ, 2L

√
µk−1).
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We consider now three cases.

Case 1:τ < 2L
√
µk. Then we obtain by using (9.29)

‖wk+1 − w(µk+1)‖Wq
≤ ‖w(µk+1) − w(µk)‖Wq

+ ‖wk+1 − w(µk)‖Wq

≤ L(1 −√
σk)

√
µk + ψ(τ)τ ≤ τ = min(τ, 2L

√
µk).

Case 2:2L
√
µk ≤ τ < 2L

√
µk−1. Then (9.29) yieldsµk ≥ 4ψ(τ)2µk−1 and thus

‖wk+1 − w(µk+1)‖Wq
≤ ‖w(µk+1) − w(µk)‖Wq

+ ‖wk+1 − w(µk)‖Wq

≤ L(1 −√
σk)

√
µk + ψ(τ)τ ≤ L

√
µk + ψ(τ)2L

√
µk−1

≤ 2L
√
µk = min(τ, 2L

√
µk).

Case 3:2L
√
µk−1 ≤ τ . Then (9.29) yieldsµk ≥ 4ψ(2L

√
µk−1)

2µk−1 and thus

‖wk+1 − w(µk+1)‖Wq
≤ ‖w(µk+1) − w(µk)‖Wq

+ ‖wk+1 − w(µk)‖Wq

≤ L(1 −√
σk)

√
µk + ψ(2L

√
µk−1)2L

√
µk−1

≤ L
√
µk + L

√
µk ≤ 2L

√
µk = min(τ, 2L

√
µk).

Hence, in all three cases (9.30), (9.31) hold. This shows (9.22) and with the Hölder constantL of
the central path also (9.23), since

‖wk − w̄‖Wq
≤ ‖wk − w(µk−1)‖Wq

+ ‖w(µk−1) − w̄‖Wq
≤ min(τ, 2L

√
µk−1) + L

√
µk−1.

(9.24) is obvious fromµk+1 = σkµk and yields R-linear convergence.
Moreover, (9.29) shows now that fork large enough̄σmin,k = 4ψ(2L

√
µk)

2 → 0 and therefore
for any constantκ > 1 the choiceσk ∈ [σ̄min,k,min(κσ̄min,k, σmax)] yieldsµk+1 = o(µk) and thus
R-superlinear convergence.

Finally, let strong strict complementarity be satisfied. Then there exists by Corollary 9.7 a
constantC > 0 such that (9.25) is satisfied with with

(9.32) ψ(t) = 2LSCt
η

andη > 0 according to (9.10). Now (9.30), (9.31) can be shown exactlyas above for the definition
(9.32) ofψ and the correspondinḡσmin,k according to (9.29). Moreover, (9.29) shows now that fork
large enough̄σmin,k = 4ψ(2L

√
µk)

2 = O(µηk) → 0 and therefore for any constantκ > 1 the choice
σk ∈ [σ̄min,k,min(κσ̄min,k, σmax)] yieldsµk+1 = O(µ1+η

k ).

10. Numerical results. We conclude the paper by a demonstration of the practical performance
of the proposed method. We consider the elliptic control problem (2.2) with

Ω = (0, 1)2, i.e., n = 2,

a = −5, b = 0, α = 0.001,

yd = sin(πξ1) sin(πξ2) cos(3ξ1).

Both, the first and the second setting are applicable. In the first setting (Y = H1
0 (Ω), etc.), our

assumptions are satisfied for any valueq ∈ (p,∞). In the second setting (Y = H1
0 (Ω) ∩ H2(Ω),

etc.), our assumptions are satisfied for any valueq ∈ (p,∞].
In our implementation of algorithm PDPFS, the adjustment ofµk, and thus the choice ofσk, is

done adaptively based on the value ofµk. It turns out to be beneficial (sometimes one iteration is
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It. ‖Fµk
(wk)‖W ′

∞

µk

Grid 4: 30529 Nodes
0 8.60e+01 2.50e+00
1 3.23e-07 2.50e-01
2 7.86e-02 1.57e-02
3 7.75e-01 3.95e-04
4 7.93e-01 2.90e-06
5 1.10e-01 4.13e-09
6 1.66e-03 6.62e-13
7 5.05e-09

TABLE 10.1
Results for algorithm PDPFS applied on the finest grid.

saved) to compute not only the smoothing step, but also the projected step, and to use the latter if it
reduces the norm ofFµk

significantly more than the smoothing step.
The discretization is done by linear finite elements. We generate a hierarchy of 5 triangular

grids, the coarsest with 139 nodes, the finest with 30529 nodes. Starting from the coarsest, the next
finer grid is obtained by uniform refinement of the previous grid. We perform two numerical tests,
the second (nested iteration) being of higher practical relevance.

In the first test we solve the fine grid problem directly with the PDPFS method from the follow-
ing initial point:

y0
h = yd,h, λ0

h = 0, (u0
h, z

0
a,h, z

0
b,h) obtained by one smoothing step.

Here, the subscripth indicates that we are working in finite element space, andyd,h is the nodewise
interpolation ofyd.

In the second test, we use nested iteration, i.e., we start onthe coarsest grid, solve the discretized
problem approximately, and prolongate the solution to obtain an initial point on the next finer level.
This is repeated until the problem on the finest grid is solvedup to the desired accuracy. The accuracy
requirements are increased from grid to grid. The prolongation is performed for the state and the
adjoint state only, the initial controlu0

h and the initial multipliersz0
a,h, z0

b,h are obtained by applying
a smoothing step. The approximate solution of the discrete problems on the various grids is done by
a discrete version of Algorithm PDPFS. The initalµ-value is computed fromu0

h, z0
a,h, andz0

b,h.
The results of the first test can be found in Table 10.1. We observe fast local convergence ofµk

and of the residual as predicted by the theory.
The results for the second test in Table 10.2 show that nestediteration is very efficient. Thanks

to the smoothing step, we obtain very good initial points, since only the smooth partsyh andλh of
the coarse grid solution are prolongated. On the finer grids,we need only two iterations, which is a
very good performance.
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[14] U. PRÜFERT, F. TRÖLTZSCH, AND M. WEISER, The convergence of an interior point method for an elliptic control

problem with mixed control-state constraints, Comp. Opt. Appl., (to appear).
[15] S. M. ROBINSON, Stability theory for systems of inequalities. II: Differentiable nonlinear systems, SIAM J. Numer.

Anal., 13 (1976), pp. 497–513.
[16] A. SCHIELA AND M. WEISER, Superlinear convergence of the control reduced interior point method for PDE con-

strained optimization, Comp. Opt. Appl., (to appear).
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