MIXED INTEGER SECOND ORDER CONE
PROGRAMMING
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Abstract. This paper deals with solving strategies for mixed integer second order
cone problems. We present different lift-and-project based linear and convex quadratic
cut generation techniques for mixed 0-1 second-order cone problems and present a new
convergent outer approximation based approach to solve mixed integer SOCPs. The
latter is an extension of outer approximation based approaches for continuously differ-
entiable problems to subdifferentiable second order cone constraint functions.

We give numerical results for some application problems, where the cuts are applied
in the context of a nonlinear branch-and-cut method and the branch-and-bound based
outer approximation algorithm. The different approaches are compared to each other.
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1. Introduction. Mixed Integer Second Order Cone Programs (MIS-
OCP) can be formulated as

T

min ¢’z

st. Axr = b
x = 0 (1.1)
i € [ul (GelJ),
y e 2 (jed),

where c € R™", A € R™", b€ R™, [;,u; € Rand z > 0 denotes that x € R*
consists of noc part vectors x; € R¥: lying in second order cones defined by

K; = {J,'l = (l’io,xgi)T e R x Rki_l : ||£L'11||2 < CL'Z'()}.

Mixed integer second order cone problems have various applications in fi-
nance or engineering, for example turbine balancing problems, cardinality-
constrained portfolio optimization (cf. Bertsimas and Shioda in [12]) or the
problem of finding a minimum length connection network also known as
the Euclidian Steiner Tree Problem (ESTP) (cf. Fampa, Maculan in [11]).

Available convex MINLP solvers like BONMIN [19] by Bonami et al. or
FilMINT [22] by Abhishek et al. are not applicable for (1.1), since the oc-
curring second order cone constraints are not continuously differentiable.

Branch-and-cut methods for convex mixed 0-1 problems had been discussed
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by Stubbs and Mehrotra in [1] and [6]. In [3] Cezik and Iyengar discuss
cuts for general self-dual conic programming problems and investigate their
applications on the maxcut and the traveling salesman problem. Atamtiirk
and Narayanan present in [8] integer rounding cuts for conic mixed-integer
programming by investigating polyhedral decompositions of the second or-
der cone conditions. There is also an article [7] dealing with outer ap-
proximation techniques for MISOCPs by Vielma et al. which is based on
Ben-Tal and Nemirovskii’s polyhedral outer approximation of second order
cone constraints [9].

In this paper we present lift-and-project based linear and quadratic cuts for
mixed 0-1 problems by extending results from [1] by Stubbs, Mehrotra and
[3] by Cezik, Iyengar. Furthermore, a hybrid branch&bound based outer
approximation approach for MISOCPs is developed. Thereby linear outer
approximations based on subgradients satisfying the Karush Kuhn Tucker
(KKT) optimality conditions of the occurring SOCP problems enable us
to extend the convergence result for continuously differentiable constraints
to subdifferentiable second order cone constraints. In numerical experi-
ments the latter algorithm is compared to a nonlinear branch-and-bound
approach and the impact of the cutting techniques is investigated in the
context of both algorithms.

2. Lift-and-Project Cuts for Mixed 0-1 SOCPs. The cuts pre-
sented in this section are based on lift-and-project based relaxations that
will be introduced in Section 2.1. Cuts based on similar relaxation hier-
archies have previously been developed for mixed 0-1 linear programming
problems, see for example [10] by Balas et al..

2.1. Relaxations. In [1], Stubbs and Mehrotra generalize the lift-
and-project relaxations described in [10] to the case of mixed 0-1 convex
programming. We describe these relaxations with respect to second order
cone constraints. Throughout the rest of this section we consider mixed-
0-1 second order cone problems of the form (1.1), where [; = 0,u; =
1, for all j € J. We define the following sets associated with (1.1): The
binary feasible set C0 := {z € R" : Ax = b,x = 0,24 € {0,1},k € J}, its
continuous relaxation C := {x € R": Az =b,x = 0,z € [0,1],k € J} and
Ci:={zeR":zeC,x; €{0,1}} (jeJ).

In the binary case it is possible to generate a hierarchy of relaxations that
is based on the continuous relaxation C' and finally describes conv(C?),
the convex hull of C°. For a lifting procedure that yields a description of
conv(C7), we introduce further variables u® € R*,u! € R", A\ e R,A\! € R
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and define the set

A0 + Nyl =2

A0 AL =1, 2021 >0

Au® =b

Aul =b

M;(C) = ¢ (z,ul,ut, 00N 0 w® =0

wl =0

(UO)kE[O,l] (ke‘]7k7é])
(ul)kE[O,l] (kEJJ{:#])
(uo)j =0, (ul)j =1

To eliminate the nonconvex bilinear equality constraint we use substitution
09 := A% and v' := Au! and get

W+l =2
AN+ At=1,2%A>0

AvY — X\ =0
Avt = A\b =0

M;(C) = { (z,0% 01, A0\ - 00 =0 . (2.0)
vl =0

(00, €[0,X°] (k€ Tk #j)
(k€ [0,N] (ke Jk#j)
(v7); =0, (vh); = A

Note that if \! > 0 (i = 0,1) u® = 0 & Al = 0, as well as Au’ = b &
A Au’ = A'b hold and thus the conic and linear conditions remain invariant
under the above transformation. In the case of A = 0 (i = 0,1), the
bilinear term A‘u’ vanishes as well as v’ vanishes due to v € [0, ], for
k # j and v} = A Thus, the projections of M;(C) and M;(C) on z are
equivalent. We denote this projection by

Pi(C) == {x: (z,0%, 01, X0 A1) € M;(C)}. (2.2)

Applying this lifting procedure for an entire subset of indices B C J, B :=
{i1,...4p} yields

v ot =
N0F AU =1, 0%\ >0
- Av% — \0ip =0
%9 Avt — \Yp =0
- vld 0% =0
Mp(C) == 204 Col -0
AL vl = vl j<ke{l,.. . p}
je{l,...p} (UOJ)kG[O AT (k€ T\ i)
(v 1) €[0,A9] (ke J\ij)
v 7 =0 vlj =\l

) (¥
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k

Theorem 6 in [1]. We denote the projection of Mp(C) by

Here we used the symmetry condition vl»lj = vz-lf for all k,j € {1,...p}Hrom

Pp(C) :={z: (x, WY, 0, N9 \Y) j € {1,...p}) € Mp(C)}.  (2.4)

The sets Pg(C) are convex sets with C° C Pg(C) C C. Due to Theorem
7 in [1]

Vi — 2paf =sa 0 (2.5)

is another valid inequality for Pg(C) N C°.We use this inequality to get a
further tightening of the set Mp(C):

MEC) :={ (z, (0,09, X% A\Y) je{l,...p}) € Mp(C): (2.6)
VB — ‘TB:L‘g tsd O} ’

Its projection on x will be denoted by
PE(C) = {z: (x, (0%, 01 N9 AY) j € {1,...p}) € MF(O)}. (2.7

The sequential applications of these lift-and-project procedures that gen-
erate the sets P;(C) in (2.2), P(C) in (2.4) and P} (C) in (2.7), define a
hierarchy of relaxations of C° containing conv(C?), for which the following
connections are cited from [1] and [3].

THEOREM 2.1. Let BC J, j € J and |J| =1, then
P;j(C) = conv(CY),
P (C) € Pp(C) € Njepconv(CY),
e rice)
P, (Pil—l ( o Ph)) = COHV(CO)'
(P7)'(C) = (P})"(C) = conv(C?),
if (P))°(C) = (P7)°(C) = C and (P7)*(C) = P;((Py)*(C)) .
(P)MC) = Py ((Py)F=1(C)), fork=1,...1.

Proof: Part 1 and 2 follow by construction, 3 follows from (2.5).
Part 4 and 5 follow from Theorem 1 and 6 in [1]. O

Crds o do =

Note that the relaxations Pp(C) and P#(C) are described by O(n|B|)
variables and O(|B|) m-dimensional conic constraints. Thus, the number
of variables and constraints grow linearly with |B|.

2.2. Cut Generation using Subgradients. Stubbs and Mehrotra
showed in [1] that cuts for mixed 0-1 convex programming problems can
be generated using the following theroem.

THEOREM 2.2. Let B C J, & ¢ Pp(C) and & be the optimal solution
of the minimum distance problem min,cp, ¢y f(x) := ||z — Z[|. Then there
exists a subgradient € of f(x) at &, such that T (x — &) > 0 is a valid linear
inequality for every x € Pg(C) that cuts off T.
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Proof. This result was shown by Stubbs and Mehrotra in [1], Theorem
3.0

If we choose the Euclidian norm as objective function, f(z) := ||z—Z||2,
the minimum distance problem is a second order cone problem and we can
use Theorem 2.2 to get a valid cut for (1.1).

PROPOSITION 2.1. Let B C J, & ¢ Pp(C) and & be the optimal
solution of the minimum distance problem mingep, (o) f(z) = ||z — Z||2.
Then

(& —z)T2 > 2" (2 — 2) (2.8)

is a valid linear inequality for x € Pg(C) that cuts off Z.

Proof. Follows from Theorem 2.2, since f is differentiable on Pg(C)
with Vf(&) = m& —z). 0
Note that the linear inequality (2.8) from Proposition 2.1 is obtained by
solving a single SOCP.

2.3. Cut Generation by Application of Duality. In this section
results of Cezik and Iyengar presented for conic programming in [3] are
investigated and extended.

To derive valid cuts for (1.1) we first state conditions that define valid in-
equalities for the lifted set J\ng (C). Later we will show, how valid linear
and quadratic cuts in the variable z can be deduced from that.

For the next results, we introduce some additional notation. At first we
introduce the inner product of two matrices A, B in R™™ by Ae B =
Z?;l Z?:l A;i;jB;;. Furthermore, an upper index k of a vector v or a ma-
trix M v* or M* is used to give a name to that vector or matrix and lower
indices vy or My ; denote the k-th component of a vector v or the (k, j)-th
element of a matrix M.

THEOREM 2.3. Suppose int(conv(C?)) # 0. Fiz B C J, B =
{i1,...ip}. Let Vi = [v}/]j5=1,..p. Then

QeVi+aTe>p Q=QT =(¢',...q") eRPP (2.9)

is valid for all (z, (v, vk \OF AR) k€ {1,...p}) € ME(C) if and only

if there exist y»* € R™ 3% € RP,y3 € RP,y* € RP y>F ¢ R™, o8k ¢

Rm,y7’k € Rp(pgl), Sz = 0, Sy0k, 8,16 = 0, Syor,Sy1x > 0, Spok > 0,

J

(snog>spos)™ = 0, spie > 0, (spip,8p18)" = 0 for j = 1,...p, 5 # k,

J J J J J
ke {1,...p} and symmetric S® € RPTLPHL G0 — 1 0 satisfying

>yt (e, el 0M)(Spr )" (eip - ein, 07)S%,11(2.10)
k=1
+s: = Q,
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Inyl,k 4 yge?k + ATy57k _ (sh%ez + Sh‘;‘g@?j)j:1,~~-p7j7ék(2~11)

48,00 =0,
forj=1,...k—1
=
yiljk + Az;y6’k — Y+ S - Spik = Spik + (so)i; =4
for j =k
yik + AL Y5k 4yl 4+ 57+ (suin)iy =g
(2.12)

forj=k+1,...p
7k
il + ATYOF +y T+ S — sk — spu o+ (s, =qf

forj=p+1,...n:

y217k + Az;y6’k + (Svlk)ij =0
p
2= b7y = 3T spor 4 syoe = 0,(2.13)
J
i=Li#k
P
yﬁ - yﬁ - bTy6’k — Z Sh}’; + Syik = 07(2.14)
i=Li#k
p
Dk~ Spriper —B=0,(2.15)
k=1

where O™ is the zero column vector in R™, I™ is the identity matriz in R™"
and eZ is the i;-th unit vector in R™.
Proof. We investigate the problem

min Qe Vi +alz

st (z, (V08 w1k A0k AR | = 1. p) € M (C) (2.16)

that has linear constraints, conic constraints and boundary constraints of
the form v € [0, A\]. We introduce nonnegative auxiliary variables to rewrite
this boundary constraints as linear constraints and gain thus a standard
conic programming problem. The dual feasibility conditions of this prob-
lem comply with conditions (2.10)-(2.14) and condition (2.15) sets the dual
objective value to [3.

Due to assumption int(conv(C?)) # 0, we can conclude that int(Mz (C)) #
(). Thus, the feasible set of the primal problem has non-empty interior. We
can conclude immediately that every dual feasible point with objective
value (3, that is a point satisfying (2.10)-(2.15), provides a lower bound on
the primal objective — compare [13].

For the other direction, assume (2.9) holds and thus the primal objective
value is bounded below by 8. Then we can deduce that the dual problem
is solvable. Now we can show that the dual objective value is unbounded
below. From here we can deduce with continuity of the objective and con-
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vexity of the feasible set that for every § between —oo and the smallest
primal objective value, we can find a dual feasible point with objective
value (3, that is a point satisfying (2.10)-(2.15). A detailed proof is given
in Drewes’ [23] O

Remark: Apart from the restriction to SOCP and some technicalities,
the last theorem equates to Theorem 2 in [3] by Cezik and Iyengar. One
important difference is that we did not assume the relaxed binary condi-
tions to be present in our problem formulation Az = b,z > 0. Indeed, the
implication int(C%) # 0 = M (C) # 0 holds only under that technically
important assumption compare Lemma 2.1.7 in [23] for details.

Due to Theorem 2.3, conditions (2.10)-(2.15) and the semidefinite and sec-
ond order cone conditions define the valid inequality (2.9) in the variables
(z, V}3) for the lifted set M (C). The same statement is true for the lifted
set Mp(C) when conditions (2.10)-(2.15) are satisfied with S® = 0.

PROPOSITION 2.2.  Suppose int(conv(C?)) # 0. Fiz B C J, B =
{i1,...ip}. Let Vi = [v;/]j1=1,..p. Then

QOVé—&—aszﬁ, Q:QT:(ql’mqp)eRpw

is walid for all (z, (v*%, v!* A% AF) vk € {1,...p}) € Mp(C) if and
only if there exist y** € R",y? € RP,y® € RP,y* € RP y5F ¢ R™ o0k ¢
R™, ¢k ¢ ]ij;), So = 0, Spor, 5y = 0, spon, 8300 2 0, sp00 > 0,
(shoxs spox)™ = 0, spue > 0, (s, spx)” = 0 for j = 1,...p, j # k for
all k € {1,...p} and S® € RPYLPTL G6 = ( satisfying conditions (2.10)-
(2.15).
Proof. The proof is analogous to the proof of Theorem 2.3 and Mp(C)
instead of M (C). O
In the following we apply Theorem 2.3 and Proposition 2.2 to generate
valid cuts for (1.1).
LeMMA 2.1 (Linear and quadratic cut generation).
Let int(conv(C?)) #0 and B C J.
1) The inequality oTx > 3 is valid for Pp(C) if there exist (Q =
0,, 8) that satisfy conditions (2.10)-(2.15) with S¢ = 0.
2) The convex quadratic inequality t5Qxp + oz > 8 is valid for
PE(O), if (Q,a, B) with —Q =54 0 satisfy conditions (2.10)-(2.15).
Proof:
1) Follows straightforward from Proposition 2.2.
2) From Vi — zprkl =, 0 and —Q =44 0 follows that —V3 e Q +
rprh ¢ Q > 0 (cf. [14], Lemma 1.2.3), which is equivalent to
2LQzp > V3 ¢ Q. Now, part 2 follows from Theorem 2.3. O

The last lemma is analogous to Lemma 4 from [3], whereas part 1 of the
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lemma here is formulated based on Proposition 2.2 instead of Theorem 2.3.
For this reason the cut defining conditions (2.10)-(2.15) with S® = 0 are
linear equality conditions and second order cone constraints in the variables
yand s. Since « also appears only linearly in (2.10)-(2.15), generating linear
cuts can be done by solving a second order cone problem.

To generate deep cuts with respect to a fractional relaxed solution Z we
solve the problem

min oz -
st. (Q =0,a,p) satisfy conditions (2.10)-(2.15) with S =0, (2.17)
lofl2 < 1.

If # ¢ Pp(C), the optimal solution of (2.17) provides a valid linear cut
a’x — 3 > 0 that is violated by Z.
To generate quadratic cuts we solve the problem

min LQrp+ o’z -

st. (Q,a,p), satisfy conditions (2.10)-(2.15) (2.18)
_Q tsd 07 '
allz < 1.

Since the columns of @ as well as a and § appear linearly in (2.10)-
(2.15), the quadratic cut generating problem (2.18) is a conic program
with semidefinite and second order cone constraints. The optimal solution
provides a valid cut 25Qzp + oTx — B > 0 violated by z, if z ¢ P (C).

Next, we consider diagonal matrices @ = diag(qi1, - .- gpp), With g;; € R,
qii <0, (i=1,...p). With this choice, we can show that the condition

Qe Vs <xpQup (2.19)
holds for (z, (v°F, v Xk X1F) ke {1,...p}) € Mp(C).

LEMMA 2.2 (Diagonal quadratic cut generation). Let int(conv(C?)) #
0 and B C J. The convex quadratic inequality 25Qzp + o2 > B is valid
for Pg(C), if (Q, o, B) with Q = diag(qi1, - - - qpp), Gii < 0 satisfy conditions
(2.10)-(2.15) with S° = 0.

Proof. Condition (2.19) is equivalent to

v T+ v gy < (wiep) g+ + (zi,28)" qp
1
& viltan 0 gy < aFqu At + 3 gy (2.20)

Since the quadratic terms are positive and ¢; < 0 Vi, inequality (2.20)
is true if v}F > a? Vi =1,...k Since z;, = v} + 0¥ and (v°%);, =0
induce z;, = vilkk, the inequality follows from z;, € [0,1] Vk=1,...p. O

Therefore, we only have to modify conditions (2.10)-(2.15) with S¢ = 0 for
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diagonal matrices () and add the nonnegativity conditions —¢;; > 0 to get
cut defining linear and second order cone conditions.
The optimal solution of

min ZQip + otz —

s.t. (Q, a, B) satisfy (2.10) — (2.15) with S¢ = 0,
Qij =0,i#4,Vi,j=1,...p, (2.21)
Qii S O,VZ = 1,...p,
el < 1.

provides the valid quadratic inequality zpQxzp + a2 — 3 > 0 that is vio-
lated by z, if & Pg(C).

3. Branch&Bound based Outer Approximation. We develop a
branch&bound based outer approximation approach as proposed by
Bonami et al. in [5] on the basis of Fletcher, Leyffer’s [4] and Quesada,
Grossmann’s [2]. The idea is to iteratively compute integer feasible solu-
tions of a (sub)gradient based linear outer approximation of (1.1) and to
tighten this outer approximation by solving nonlinear continuous problems.
We introduce the following notations. The objective function gradient
c consists of noc part vectors ¢; = (cio,ch)T € R¥, the matrix A =
(Aq,...Anoe) consits of noc part matrices A; € R™F | and the matrix
I; = ((I5)1,---(I1)noc) maps x to the integer variables, where (I;); €
RI7I-Fi i5 the block of columns of I; belonging to the i-th cone of dimension
k;.

k

3.1. Nonlinear Subproblems. For a given integer configuration =,

we define the nonlinear (SOCP) subproblem
min Tz
st. Ax =0b,
t (NLP(h))
ry = I§

We make the following assumptions:
A1l The set {x: Az =b,z; € [l,u]} is bounded.
A2 Every nonlinear subproblem F(z%) or NLP(z%) that is obtained
from (1.1) by fixing the integer variables x ; has nonempty interior
(Slater constraint qualification).
These assumptions comply with assumptions A1 and A3 made by Fletcher
and Leyffer in [4] with the difference that any constraint qualification suf-
fices in their case and we do not assume the constraint functions to be
differentiable. Due to that, our convergence analysis requires a constraint
qualification that guarantees primal-dual optimality.

Remark: A2 might be expected as a very strong assumption, since it
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is violated as soon as a leading cone variable z;y is fixed to zero In that
case, all variables belonging to that cone are eliminated in our implemen-
tation and the Slater condition may hold now for the reduced problem.
Otherwise the algorithm uses another technique to ensure convergence —
compare the remark at the end of section 3.4.

3.2. Subgradient Based Linear Outer Approximations.
Assume g : R™ — R is a convex and subdifferentiable function on R™. Then
due to the convexity of g, the inequality g(x) > g(Z) + £% (x — ) holds for
all Z,x € R™ and every subgradient £ € Jg(Z) — see for example [15]. Thus,
we yield a linear outer approximation of the region {z : g(x) < 0} applying
constraints of the form

9(z) + &M (x —7) <0. (3.1)

In the case of (1.1), the feasible region is described by constraints g;(x) :=
—xio + ||zin]] £0, i =1,...noc, where g;(z) is differentiable on R™ \ {z :
[lzi] = 0} with Vg;(z;) = (-1, %) and subdifferentiable if ||Z;1] = 0.
LEMMA 3.1. The convex function g;(x;) := —xi0 + ||z is subdiffer-
ential in x; = (zi0,25)T = (a,00)T, a € R, with 9g;((a,07)T) = {¢ =
(§07§{)T7§0 €eR,& € RF=1 §o=—1, Hng < 1}'
Proof. Follows from the subgradient inequality in (a,07)7. O

The following technical lemma will be used in the subsequent proofs.
LEMMA 3.2. Assume K is the second order cone of dimension k and
z = (z0,27T)T € K, s = (s0,57)T € K satisfy the condition x7s =0, then
1. zeint(K) = s=(0,...0)T,
2. 2 €bd(K)\ {0} = s€bd(K) and Iy >0: s=ry(zg, —7).
Proof. 1.: Assume ||z1|| > 0 and so > 0. Due to zg > ||Z1]| it holds
that sTa = sozo + sTz1 > sollz1| + sTa1 > sol|z1]| — ||s1l|||z1]]. Then
2Ts = 0 can only be true, if so||z1| — ||s1]|]|z1]] < 0 & so < ||s1]| which
contradicts s € IC. Thus, so =0 = s = (0,...0)T. If |21]| = 0, then s = 0
follows directly from xy > 0.
2.: Due to Zp = ||Z1], we have sTx = 0 & —sTz; = sg||z1]. Since
so > |51l = 0 we have —s¥z; = so||@1]| > ||z1]|||s1]]. Cauchy -Schwarz’s
inequality yields —s{x1 = ||@1]/||s1]| inducing both s; = —yz;, v € R
and so = ||s1]|. It follows that —2Ts; = yaxTz; > 0. Together with
so = |Is1|| and ||z1|| = xo we get that there exists v > 0, such that s; =
(I = 42ll, —92T)T = (20, —aT)T. T
Using the definitions

Io(z) := {i: 3 = (0,...0)7},
I,(z) == {i: gi(%) = 0,%; # (0,...0)T}

we show now, how to choose an appropriate element of the subdifferential
dgi () for solutions Z of NLP(zk).

T



MIXED INTEGER SECOND ORDER CONE PROGRAMMING 11

LEMMA 3.3. Assume A1 and A2. Let (Z,8,3) be the primal-dual
solution of NLP(:U’}). Then there exist Lagrange multipliers i = —y and

Ai >0 (i € IyUl,) that solve the KKT conditions in T with subgradients

Si0

Proof. Al and A2 guarantee the existence of such a solution (Z, s, 3)
satisfying the primal dual optimality system

ci— (AT, Iy =5,i=1,...noc, (3.2)
AZ =0, I;7 = 2", (3.3)

Zio > |Za1ll, Sio = 13all, i = 1,...noc, (3.4)
572, =0,i=1,...noc. (3.5)

Since NLP(z%) is convex and due to A2, there also exist Lagrange multi-
pliers p € R™, A € R™°, such that Z satisfies the KKT-conditions

ci + (AT, (I)Hp+N& =0, e (),
ci+ (AL, (I)Dn+ X iVgi(z:) =0, i€ l(z), (3.6)
i+ (AT, (1N =0, i¢I(z)UIL(z),

We now compare both optimality systems to each other.

First, we consider ¢ ¢ Iy U I,. Since z; € int(K;), Lemma 3.2, part 1
induces 5; = (0,...0)T. Conditions (3.2) for i ¢ Iy U I, are thus equal to
ci — (AT (I;)T)y = 0 and thus ji = —y satisfies the KKT-condition (3.6)
for i & IgU I4.

Next we consider i € I,(Z), where z; € bd(K) \ {0}. Lemma 3.2, part 2

yields
(= yzal ) _ Ti0
% < —YTi1 AT (3.7)

for i € I,(z). Inserting Vg,;(z) = (-1, ”i—?”)T for i € I, into (3.6) yields
the existence of \; > 0 such that

i+ (AL, (1) = /\Z-( _ &y ) i € 1,(z). (3.8)
1

Insertion of (3.7) into (3.2) and comparison with (3.8) yields the existence
of ¥ > 0 such that i = —g and \; = YZ0 = 7||Zs1]| > 0 satisfy the KKT-
conditions (3.6) for i € I,(Z).

For ¢ € Iy(Z), condition (3.6) is satisfied by p € R™, A; > 0 and sub-
gradients &; of the form & = (—1,07)7, |jv|| < 1. Since i = —3 sat-
isfies (3.6) for ¢ ¢ Iy, we look for a suitable v and A; > 0 satisfying
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— (AT (1)Dy = i1, —vT)T for i € Iy(z). Comparing the last con-
d1t10n with (3.2) yields that if ||5;1|| > 0, then \; = 50, —v = z“ satisfy
condition (3.6) for ¢ € Iy(Z). Since 5;0 > ||S;1]| we obviously have \; > 0
and |jv]| = | g—; | = ﬁngIH < 1. If ||3;1]] = 0, the required condition (3.6)
is satisfied by \; = 540, —v = (0,...0)7. O

3.3. Infeasibility in Nonlinear Problems. If the nonlinear pro-

gram N LP(x’}) is infeasible for xf}, the algorithm solves a feasibility prob-
lem of the form

min u
st. Ax = b,
—zi0+ |zl < w,i=1 oc, F(z%)
u > 0,
xry = 1‘5

It has the property that the optimal solution (Z, %) minimizes the maximal
violation of the conic constraints. One necessity for convergence of the
outer approximation approach is the following. If N LP(x?) is not feasible,
then the solution of the feasibility problem F' (Jc{“,) must tighten the outer
approximation such that the current integer assignment x% is no longer
feasible for the linear outer approximation. For this purpose, we must
identify the subgradients at the solution of F(z%), that satisfy the KKT
conditions.

We define the index sets of active constraints in a solution (Z,u) of F(z%),

Irp :=1p(z) = {i€{l,...noc}: =T+ ||Zn1| =},
Ipg = IFQ(i‘) = {Z elp: ||.f11|| = 0}, (39)
Ipi==Ip1(z) = {i€lp:|zal #0}.

LEMMA 3.4. Assume A1 and A2 hold. Let (z,u) solve F(z%) with
@ > 0 and let (8,7) be the solution of its dual program. Then there exist
Lagrange multipliers fi = —y and \; > 0 (i € Ir) that solve the KKT
conditions in (Z,u) with subgradients

gi = < _7i ),if.§1'0>0, 51 - ( _01 >7if§i00 (310)

S$i0
fori € Ipo(T).
Proof: Since F' (x’}) has interior points, there exist Lagrange multipliers
p € R™ X > 0, such that optimal solution (Z,u) of F(z%) satisfies the
KKT-conditions

Al pa+ (L) ps =0, & Ir, (3.11)

Vgi(Ti)Ag, + Al pa+ (L7)] g = 0,0 € Ipn, (3.12)
Eidg, + Al pa+ (1)) s =0, i € Iro, (3.13)

(Ag)i =1, (3.14)
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with & € 9¢;(%;) plus the feasibility conditions, where we already used
the complementary conditions for @ > 0 and the inactive constraints. Due
to the nonempty interior of F(x%), (Z,u) satisfies also the primal-dual
optimality system

Ax = b,
u >0,
— ATy — (ID)yy = s, i =1,...n0c, (3.15)
Tio +u > ||fi1||7 ZS@O =1, (316)
i=1
Si0 Z ||§i1||, = 1, ... hoc, (317)
sio(wi0 +u) + siTlxﬂ =0,7=1,...noc, (3.18)

where we again used complementarity for a > 0.

First we investigate i ¢ Ir, where Z;o + @ > ||Z;1|| inducing s; = (0,...0)7
(cf. Lemma 3.2, part 1). Thus, the KKT conditions (3.11) are satisfied by
pa=—ya and prg = —yy.

Next, we consider i € Iy for which by definition Z;o+@ = ||Z;1]| > 0 holds.
Applying Lemma 3.2, part 2 yields there exists v > 0 with s;1 = —7Z;1.
Insertion into (3.15) yields

1 '
A?yAuJ)iyJHnmn( )o,zezm.

Zi1|

=T
Since Vg;(z;) = (-1, m)T, we obtain that the KKT-condition (3.12) is
satisfied by pa = —ya, ps = —ys and A\; = 540 = [|Zi1|| > 0.

Finally, we investigate i € Irg, where Z;o+@ = ||Z;1|| = 0. Since pa = —ya,
wy = —yy satisfy the KKT-conditions for ¢ ¢ Irg, we are going to derive a
subgradient &; that satisfies (3.13) with that choice. In analogy to Lemma

3.3 from subsection 3.1 we derive that & = ;Sél, if s;0 >0 and &, =0

otherwise, are suitable together with \; = s;9 27'0. Due to \; = s;9 for all
i € Ir, (3.16) yields, that the last KKT condition (3.14) is satisfied by this
choice, too. O

Every subgradient £ of ¢;(Z) — @ with respect to Z provides a subgradi-
ent (¢, —1)T of g;(z) — u with respect to (Z,%) and thus an inequality
g:(Z) + &7 (z — ) < 0 that is valid for the feasible region of (1.1). The next
lemma states that the subgradients (3.10) of Lemma 3.4 together with the
gradients of the differentiable functions g; in the solution of F(z%) provide
inequalities that separate the last integer solution.

LEMMA 3.5. Assume A1 and A2 hold. If NLP(z%) is infeasible and
thus (Z,a) solve F(xﬁ) with positive optimal value uw > 0, then every x
satisfying the linear equalities Ax = b with x; = %, is infeasible in the
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constraints
X430 + Hi}j“ 11 S 0, 1€ IFl(f),
—Zi0 — %le < 0, 1€ Ipg,Sio#0, (319)
—zi0 < 0,¢€Ipg,80=0,

where Ipy and Ipo are defined by (3.9) and (3,7) is the solution of the dual
program of F(z%).  Proof: The proof is done in analogy to Lemma 1
in [4]. Due to assumption A1 and A2, the optimal solution of F(z%) is
attained. We further know from Lemma 3.4, that there exist Ay, > 0, with
Yicrp Ags = 1, pa and py satisfying the KKT conditions

> VG@A + D N+ AT pa + I s =0 (3.20)
i€lp i€lro

in Z with subgradients (3.10). To show the result of the lemma, we assume
now that z, with z; = x%, satisfies conditions (3.19) which are equivalent
to

gi(%) + Vgi(2)T (x — 2) <0, i € Iy (Z),
gl(i‘) +§?’T($ — 5?) <0,:¢€ IFo(i‘).

We multiply the inequalities by (A\g); > 0 and add all inequalities. Since
gi(z) =ufori e Ipand ) ;. Ay =1 we get

Z (Agu+ )‘givgi(‘f)T(x - 7))+ Z (Ag,u + )\gié-;’b’T(x —7)) <0

i€lp i€lro

T
& a+ < > A Vai@ + > (&K?)) (x —7) <0.

i€lr 1€lro
Insertion of (3.20) yields

U4 (—ATpa = I7p) " (x —2)<0

Ar=Az=b i—ph(vy— ;) <0

&
SrI=Ti=E @ <0.

This is a contradiction to the assumption # > 0.0

Thus, the solution Z of F(x%) produces new constraints (3.19) that
strengthen the outer approximation such that the integer solution x§ is
no longer feasible. If NLP(z%) is infeasible, the active set Ir(Z) is not
empty and thus, at least one constraint (3.19) can be added.

Let T C R™ contain solutions of nonlinear subproblems NLP(z%) and
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S C R™ contains solutions of feasibility problems F(z%). Using the sub-
gradients from Lemma 3.5 and 3.4 we build the linear outer approximation
problem

T

min c¢'
s.t. Ax = b
e < 'z, zeT,
—||i‘i1||ai‘,'0 + i‘lﬁl‘il < 0, 1€ Ia(.f), rel,
7”3’?}1“17,’0 + f,ﬁ:l?il < 0, 1€ IFl(.f) T ES,
—zi0 < 0, i€ly(Z), 50=0, €T, (OA(T,S))
—Z;0 — 510 S$;:1Tq1 < 0, 1€ Io((f), Si0 >0, zeT,
—T;0 — %le < 0, 1€ IFQ(.f), S0#0, T €S,
—x;0 < 0, ZEIF()(LE),@;Q:Q T ES,
zj € [l ul, (G€J)
z; € Z, (] S J)

3.4. The Algorithm. We define nodes N* consisting of lower and
upper bounds on the integer variables that can be interpreted as
branch&bound nodes for (1.1) as well as OA(T,S). Let (MISOC*) de-
note the mixed integer SOCP defined by the bounds of N* ang\O/Ak (T,S)

its MILP outer approximation with continuous relaxation (MISOCF) and

OAK(T,S). The following hybrid algorithm integrates branch&bound and
the outer approximation approach as proposed by Bonami et al. in [5] for
general differentiable MINLPs.

Algorithm 1 HYBRID OA/B-A-B FOR (1.1)

Input: Problem (1.1)
Output: Optimal solution x* or indication of infeasibility

Initialization: CUB := oo, solve (M1SOC) with solution x°,

if ((MISOC) infeasible) STOP, problem infeasible
else set S =0, T = {2°} and solve MILP OA(T).
1. if  (OA(T) infeasible) STOP, problem infeasible
else solution z(!) found:
it (NLP(2") feasible)
compute solution Z of NLP(zM), T := T U {z},
if (T2 < CUB) CUB = 'z, 2* = 7 endif.
else compute solution Z of F(xf,l)), S:=Su{z}.
Nodes := {N° = (It° = [,ub® =u)}, 1l :=0, L:=10,i:=0
2. while Nodes # () do select N* from Nodes, Nodes := Nodes \ NF
2a. if (Il =0 mod L) solve MISOC*

if (MISOCF feasible): solution z, T :=T U {Z}
if (z; integer):
if (T2 <CUB)CUB=c'z,2* =12
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go to 2.
else go to 2.

2b. solve OAK(T, S) with solution z*
while (OA¥(T, 9) feasible) & (2% integer) & (cTz* < CUB)
if (NLP(z%) is feasible with solution ) T := T U {z}
if (T2 <CUB) CUB=c"z,2* =12
else solve F(z%) with solution z, S := S U {z}
compute solution z* of updated OA*(T, S)
2c. if (¢"z* < CUB) branch on variable z¥ ¢ Z,
create N'*1 = N*, with ub/t! = [2%],
create N*™2 = N*, with 1772 = [2+],
seti=1+2,ll=1+1.

Note that if L = 1, then step 2 performs a nonlinear branch&bound search.
If L = oo Algorithm 1 resembles a branch&bound based outer approxima-
tion algorithm. Convergence of the outer approximation approach in case of
continuously differentiable constraint functions was shown in [4], Theorem
2. Convergence of Algorithm 1 is stated in the next theorem.

THEOREM 3.1. Assume A1 and A2. Then the outer approximation
algorithm terminates in a finite number of steps at an optimal solution of
(1.1) or with the indication, that it is infeasible.

Proof. We show that no integer assignment x% is generated twice by
showing that x; = 2% is infeasible in the linearized constraints created
in the solutions of NLP(z%) or F(z%). The finiteness follows then from
the boundedness of the feasible set. Al and A2 guarantee the solvability,
presence of KKT conditions and primal-dual optimality of the nonlinear
subproblems NLP(z%) and F(x%). Lemma 3.5 yields thus the result for
It remains to consider the case, when NLP(x%) is feasible with solution Z.

Assume 7, with Z; = Z; is the optimal solution of OA(T U {z}, S). Then

C?ifj +clzy < C?fj +clzy, & C?.i‘j< C?fj (3.21)
(Vgi(2))5 (25— 71) <0 ie€la(r),  (322)

(&)7 (@5 — ;) <0,i€lo(r),  (323)
Aj(Z7—Z7) =0, (3.24)

must hold with & from Lemma 3.3. Due to A2 we know that there exist
pweR™and A € RL{OUI“‘ satisfying the KKT conditions (3.6) of NLP(z%)
in Z, that is

—c; = AT+ N¢&, i € Ip(z),
—¢; = AT+ \Vgi(3), i€ L(7), (3.25)
—¢; =ATp, i & Io(7) U L(z)
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with the subgradients &; chosen from Lemma 3.3. Farkas’ Lemma (cf. [16])
states that (3.25) is equivalent to the fact that that as long as (z — 7)
satisfies (3.22) - (3.24), then ¢} (Z; —Z7) > 0 & c%i; > ¢l ;7 must hold,
which is a contradiction to (3.21). O

Version without Slater condition. Assume N¥ is a node such that
A2 is violated by NLP(z%) and assume z% is feasible for the updated outer

approximation OA*(T U {z}, S).Then the inner while-loop in step 2b be-
comes infinite and Algorithm 1 does not converge. In the implementation
we detect, whenever this situation occurs by checking, if an integer assign-
ment is generated twice. In that case, the outer approximation ap;go\z_%gh is

not working for the node N* and we solve the SOCP relaxation (M ISOC*)
instead. If that problem is not infeasible and has no integer feasible so-
lution, we branch on the solution of this SOCP relaxation to explore the
subtree of N*. For details of this strategy see Section 4.5 in [23].

4. Numerical results. We implemented a pure branch&bound al-
gorithm ("B&B’), a classical branch&cut approach ("B&C’) as well as the
outer approximation approach Algorithm 1 ("B&B-OA’). Thereby each pre-
sented cutting technique was applied seperately. The suffix behind the
name of the solver specifies the applied cutting technique, where ’Linear’
solves cut generating problem (2.17), ’SOC Quad’ solves cut generating
problem (2.21), ’SDP Quad’ solves cut generating problem (2.18) and ’Sub-
grad’ solves the minimum distance problem from Proposition 2.1. The
SOCP problems are solved with our own implementation of an infeasible
primal-dual interior point approach (cf. [23], Chapter 1), the linear pro-
grams are solved with CPLEX 10.0.1 and the cut SDPs are solved using
Sedumi [18].

First, we report our results for mixed 0-1 formulations of nine different
ESTP test problems (n = 58/114,m = 41/79,noc = 40/78,|J| = 9/18)
from Beasley’s website [17]. Each ESTP problem was tested in combination
with the depth first search and the best bound first node selection strategy
and three different branching rules (most fractional branching, combined
fractional branching and pseudocost branching). The resulting 54 test in-
stances were tested with nonlinear branch&bound and branch&cut where
we applied five cutting loops in the root node. We tested Algorithm 1 on
these instances — without cuts and with one cut generation in every occur-
ing SOCP relaxation.

For each algorithm we display the number of solved SOCP nodes and LP
nodes needed to solve all test instances, the percentage to which this num-
ber is reduced by the specified cut (see 'Node Recution to’) and the minimal
reduction that was achieved for at least one problem instance (see 'Min-
imal Reduction to’). Furthermore we show the number of test instances
reduced by the applied cutting technique. As displayed in Table 1, in
combination with branch&cut, lift-and-project cuts reduce the number of
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Solver Nodes Node Minimal Reduced
(SOCP) | Reduction | Reduction | problems
to (%) to (%) (%)

B&B 12979 - - -

B&C Linear 8414 64.83 6.22 85.19
B&C SOC Quad | 8414 64.83 6.22 85.19
B&C SDP Quad | 11741 90.46 41.79 11.11
B&C Subgrad 11349 87.44 41.53 68.52

TABLE 1
B&C for ESTP Problems

Solver Nodes Node Minimal Reduced
(SOCP/LP) | Reduction | Reduction | problems
to (%) to (%) (%)
B&B-OA 3927 / 15455 | - -
B&B-OA 3956 / 15484 | 100.30 71.43 9.26
Linear
B&B-OA 3956 / 15484 | 100.30 71.43 9.26
SOC Quad
B&B-OA 3615 / 14156 | 91.69 52.15 50.00
SDP Quad
B&B-OA 3757 /13748 | 90.32 55.93 62.96
Subgrad
TABLE 2

B&B-OA for ESTP Problems

solved nodes down to between 64.83% and 90.46 % for all instances and
down to 6.22% for single test instances. Thereby, the linear and quadratic
cuts based on SOCP problems reduce the search trees of most of the prob-
lems and lead to the best reductions. Although the SDP based quadratic
cuts have the tightest underlying relaxation, these cuts do not achieve the
best reductions, which is different, when cuts are generated in every node
of the search tree. In that case SDP based cuts achieve the best minimal
reductions. Due to the high computational costs of this approach we do
not discuss it further at this point. Table2 shows that in the context of
Algorithm 1 reductions of the search trees are achieved by the subgradient
based and SDP based quadratic cuts and also for single instances with the
SOCP based linear and quadratic dual cuts, which lead to a small increase
of the total number of nodes with respect to all ESTP test instances. Since
the gut generating problems are high-dimensional SOCP problems the ob-
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B&B/ B&C | B&B-OA

SOCP- Nodes 391/391 54
LP- Nodes - 780
Time in sec. 964 (275) 196 (55)

Wallclock (CPU)

TABLE 3
Balancing Problem

served recuctions of solved nodes do not lead necessarily to a decrease of
the running time.

The algorithms were also applied to several engineering problems arising in
the area of turbine balancing. Table 3 reports the results achieved by the
different algorithms for such a problem (n = 212, m = 145, noc = 153, |J| =
56). For these kind of problems, application of cuts only in the root node
does not lead to any reduction, whereas applying one cut in every node
achieves reductions, but that becomes very expensive. A comparison of
the branch&cut approach and Algorithm 1 on the basis of Tables 1 to 3
shows, that the latter algorithm solves remarkable fewer SOCP problems.
We observed for almost all test instances that the branch&bound based
outer approximation approach is preferable regarding running times, since
the LP problems stay moderately in size since only linearizations of ac-
tive constraints are added. Thus also the balancing problems are solved in
moderate running times.

5. Summary. We presented different cutting techniques based on lift-
and-project relaxation of the feasible region of mixed 0-1 SOCPs as well
as a convergent branch&bound based outer approximation approach using
subgradient based linearizations. We presented numerical results for some
application problems. The impact of the different cutting techniques in a
classical branch and cut framework and the outer approximation algorithm
was investigated. A comparison of the algorithms showed that the outer
approximation approach solves alomst all problems in signficantly shorter
running time.
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