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Abstract. Transition to superlinear local convergence is shown for a modified version of the trust-region
filter-SQP method for nonlinear programming introduced by Fletcher, Leyffer, and Toint [8]. Hereby, the
original trust-region SQP-steps can be used without an additional second order correction. The main mod-
ification consists in using the Lagrangian function value instead of the objective function value in the filter
together with an appropriate infeasibility measure. Moreover, it is shown that the modified trust-region filter-
SQP method has the same global convergence properties as the original algorithm in [8].
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1. Introduction

This paper is concerned with the transition of trust-region filter-SQP methods to super-
linear local convergence without using second order corrections. Hereby, we consider
the general nonlinear programming problem (NLP)

min f(z) subjectto cg(x) =0, cz(x) <0 (P)

with twice continuously differentiable functions: R — R, ¢ : R™ — R™ andce =
(ci)ice, cz = (¢i)iez, WhereE = {1,...,mg} andZ = {me + 1,...,m} denote

the indices of equality and inequality constraints, respectively. With these notations the
Lagrangian function associated with (P) is given by

Uz,y) = f(z) +y" c(),

wherey = (yX,y5)T € R™, yz > 0.

We propose a modification of the globally convergent filter-SQP method by Fletcher,
Leyffer, and Toint [8] that has the same global convergence properties and ensures in
addition transition to superlinear local convergence under appropriate assumptions on
the Hessian approximation in the SQP-problems close to a regular minimum.

In the pioneering work [7], Fletcher and Leyffer proposed the filter technique for
the globalization of SQP methods, which avoids the use of classical merit functions
with penalty term. Instead, the the acceptability of steps is determined by comparing
the constraint violation and objective function value with previous iterates collected in
afilter. The new iterate is acceptable to the filter if either feasibility or objective function
value is sufficiently improved in comparison to all iterates bookmarked in the current
filter. The promising numerical results in [7] led to a growing interest in filter methods
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in recent years. By augmenting the basic filter concept with a sufficient decrease con-
dition for the objective function if the current iterate is sufficiently feasible, the global
convergence of three variants of trust-region filter-SQP methods was shown in Fletcher,
Gould, Leyffer, Toint, and \&chter [6], Conn, Gould, and Toint [4], Fletcher, Leyffer,
and Toint [8], and Fletcher, Gould, Leyffer, Toint, andaghter [6]. Global conver-
gence of a filter method for nonlinear programming was subsequently also shown by
Gonzaga, Karas, and Vanti [10]. A primal-dual interior-point filter method for NLP is
proposed in Ulbrich, Ulbrich, and Vicente [15] and global convergence is shown. An
alternative nonmonotone trust-region SQP-method without penalty function for equal-
ity constrained problems was proposed by Ulbrich and Ulbrich [14]. For this latter
algorithm, in addition to global convergence also the transition to superlinear local con-
vergence was proven in [14]. Hereby, no second order correction is necessary. So far,
to the best of our knowledge, the only result on the superlinear local convergence of a
filter method is shown in \&chter and Biegler [16] for an interior point linesearch filter
method with second order correction steps.

In this paper we propose a modified version of the filter-SQP algorithm in Fletcher,
Leyffer, and Toint [8] that ensures transition to superlinear local convergence without
using second order correction steps. We believe that the modifications and proof tech-
nigues of the present paper can be adapted to ensure also the fast local convergence of
the filter methods in [4, 6, 16] without second order corrections.

The original filter-SQP methods in [4, 6, 8] can—at least if no second order correction
steps are used-be affected by the well known Maratos effect. In fact, these algorithms
use constraint violation and objective function value in the filter. By the Maratos effect
a full SQP-step can lead to an increase of both these filter components even arbitrarily
close to a regular minimizer. This makes the full SQP-step unacceptable for the filter
and can prohibit fast local convergence. To avoid this problem, we use the value of
the Lagrangian function in the filter instead of the objective function and modify the
feasibility measure in the filter slightly.

The paper is organized as follows. In section 2 we describe briefly the trust-region
filter-SQP method of Fletcher, Leyffer, and Toint [8] and recall the global convergence
result proven in [8]. In section 3 we derive a modified filter-SQP method and prove its
transition to superlinear local convergence close to a point satisfying the strong sec-
ond order sufficient condition. In subsection 3.1 we describe the local requirements on
Hessian approximation and Lagrange multipliers. In subsection 3.2 we motivate the
necessary changes to avoid the Maratos effect and formulate the modified trust-region
filter-SQP method. In subsection 3.3 we prove the transition to superlinear local con-
vergence of the modified algorithm. In section 4 we show how the global convergence
proof in [8] can be adapted to the modified algorithm.

2. Atrust-region filter-SQP algorithm

In this section we recall the globally convergent trust-region filter-SQP-framework pro-
posed by Fletcher, Leyffer, and Toint [8] for the solution of (P).

Given the current iterate, and a trust-region radiudy, the step computation is
based on the approximate solution of the trust-region SQP-subproblém. QF;)

minimize ¢(s) subjectto ce(zy) + Ag(zy)s =0,

cr(zr) + Az(zr)s <0, QP(xy, Ak)
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Hereby,
Ag(zr) = (ai(z)")ieg := Vee(zr)",  Az(ar) = (ai(x)")ier == Vez(zp)"

are the Jacobians of andcz, respectively,
1
qr(s) = fr + gl s+ §STBkS

with g, = g(zx) = Vf(zy) is a quadratic model of(x + s,yx) — yi A(z)s,
A(zy) = Ve(zi)T, and B, € R™" is a symmetric approximation of the Hessian of
the Lagrangian

1€EUT

To ensure global convergence, filter methods evaluate the quality of a search direction
by using a filter
Fi C{(hj,f;) : j=0,...,k—1}
that collects pairs
(hj, [3) = (h(z;), f(z;))
from certain previous iterations. Hereby(z) is an infeasibility measure. Fletcher,
Leyffer, and Toint [8] propose to use

h(@) = llee (@)l + llez @),

wherecs (z) = (max {c;(z),0})icz.

Since a local solutiow of (P) minimizesf locally under the constrairit(x) = 0,
a promising trial step should either reduce the contraint violatibror the function
value f. To ensure sufficient decrease of at least one of the two criteria, Fletcher et al.
[8] call « acceptable to the filteF;, if for all (h;, f;) € Fi

either h(z) < pBh; or f(x)+yh(z) < f; (1)

is satisfied with constant$ < v < # < 1. Following [8] a pair(h,, f;) is called
dominated by(h(z), f(x)) if

M) <h; and f(z) < f;.

To update the information in the filter appropriate pointsvhich are acceptable to the
filter, areadded to the filtetFy,. This operation means théi(z), f(x)) is added to the
set of pairs(h;, f;) in F;, and subsequently any old pair is removed from the filter that
is dominated by the new pajh(x), f(z)).

The acceptance test (1) has the useful inclusion property that after adding a pair
(h(z), f(x)) to the filter all unacceptable points of the old filter remain unacceptable
for the new filter (although dominated pairs are removed). This allows to show that the
infeasibility tends to zero for any infinite subsequence of iterates added to the filter,
which is an essential ingredient for the global convergence analysis of filter methods.
More precisely, we have the following result, cf. the corollary of Lemma 1 in [8].

Lemma 1. For any infinite sequence of iterateg for whichhy, > 0, { fx} is bounded
below, and hy, fx) is entered to the filter, it follows that, — 0.

Proof. See Lemma 1 and its corollary in [8]. O
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Obviously, the filter concept alone does not necessarily enforce convergence to a local
minimum. For example if the iterates converge to an arbitrary feasible point and the
infeasibility measuré: is in each iteration reduced by a factor of at ledghen the
iterates will be acceptable to the filter. Therefore, the filter-SQP algorithm of Fletcher,
Leyffer, and Toint [8] imposes a sufficient reduction condition of the form

Afi(s) == flar) — fxr +5) 2 0Agi(s), Aqk(s) := qr(0) — qr(s)

with a constan® < o < 1 if the feasibility is good enough, more preciselyify; (s) >
0.

Finally, it is obvious that the SQP-subproblem @P, A) can be incompatible (in-
feasible). In this case, the algorithm invokes a restoration phase that finds an iterate
xp and a trust-region radiud > A,,;, > 0 such that QPzy, A) is compatible and
(hk, fr) is acceptable to the filteF.

We have now collected all ingredients to give a precise statement of the filter-SQP
method of Fletcher, Leyffer, and Toint [8].

Algorithm 1.  Filter-SQP Algorithm of [8]

Let0 <y < g8 < 1,0 €]0,1], andA,,;,, > 0.

0. Initialize with a pointz, k£ = 1 and filter; = {(u, —o0)} with someu > (h(z).

1. Enter restoration phase to find a point acceptable to the filtef;, such that
QP(zx, A) is compatible for some\ > A,,;,, and initializeA = A.

2. Try to compute a solutior of QP(z, A). If the QP is incompatible then include
(hk, fr) in the filter, set := k + 1 and goto step 1 (h-type iteration).

3. If s = 0 stop with KT pointzy.

4. If z, + s is not acceptable t@&}, U (hg, fr) then setA := A/2 and goto 2.

5. 1If

Agi(s) == qx(0) — qr(s) >0 and Afi(s) == fi — f(zr +5) < TAg(s)

then setA := A/2 and goto 2.

6. If Agx(s) < 0thenincludehy, fi) in the filter (h-type iteration).

7. Sets, = s, Ay, = A, 11 = T+ Sk, and initializeA, 1 > A Setk = k+1
and goto step 2.

A convergence analysis of this algorithm is given in [8] under the following assump-
tions.
Assumptions (A1)—(A3).

(A1) All points that are sampled by the algorithm lie in a nonempty convex and com-
pact setX.

(A2) The problem functiong(z) andc(x) are twice continuously differentiable on an
open set containing .

(A3) There exists ai/p > 0 such that the Hessian matricBg satisfy| By |, < Mg
for all .

The following global convergence result is proven in [8].

Theorem 1. (Global convergence result, cf. [8, Thm. 7])
Under assumtiongAl1)—(A3) the outcome of applying the filter-SQP algortihm of Al-
gorithm 1 is one of the following:
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(A) The restoration phase fails to find a pointvhich is both acceptable to the filter
and for which QRx, A) is compatible for some\ > A,,;,,.

(B) A KT point of problem (P) is found.

(C) There exists an accumulation point that is feasible and either is a KT point or
fails to satisfy the Mangasarian-Fromowitz constraint qualification (MFCQ).

We recall that MFCQ holds at some pointf the rows of A¢ () are linearly indepen-
dent and there exists a vectowith A¢(z)s = 0, Ax(z)s < 0, where A C T is the
index set of active inequality constraintsiaand A 4 (z) = (a;(2)T)sca.

3. Transition to fast local convergence

Our aim is to modify Algorithm 1 in such a way that it allows transition to superlinear
local convergence if

— the computed iterates, converge to a point,

— Z satisfies the second order sufficient condition with strict complementarity and the
linear independence constraint qualification (LICQ),

— the Hessian approximatiorsy, are chosen appropriately f@f, close toz.

More precisely, we assume the following.

Assumption (A4).

(A4) The iteratesr;, converge to a point that satisfies with a Lagrange multiplier
y = (g?,g%) the following second order sufficient conditions with strict com-
plementarity and LICQ:

h(f) =0, V:cg(j% g) =0,

ga >0, ypna=0, where A:={icZ: ¢(z)=0},
V.l(Z,y) is positive definite o{s : Agya(Z)s = 0},
Agua(z) has full row rank

(0)

We still have to specify our requirements on the choic&pf

3.1. Local requirement on the step computation

In this subsection we introduce a standard framework for the Lagrange-multiplier up-
date that ensures with the choiBg = V,.¢(zk, yx) g-superlinear local convergence

to a pointz satisfying (O) if full (local) SQP-steps are taken. To obtain suitable La-
grange multiplier estimates, we will make use ohaltipliers function see [9, 5]:

Definition 1. LetU; be a neighborhood af satisfying (O). Then a functiort : U; —
R™ is called amultipliers functionif

Y : Uz — R™is continuous af andy = Y (Z).
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One can show that fa/; small enough a continuously differentiable multipliers
function is for example given by the multipliers function of Glad and Polak

YOP (2) = — (A(2) A(2)" + mdiag(ei(2)?) " A(x)g(x)

with v; > 0, see [11,5]. Moreover, by the strict complementarity assumption in (O) it
is easy to see that for any multipliers functiznand any constant > 0 for Uz small
enough it holds

A={ieT: ¢i(z) > —vYi(x)} = Alx) VzeUs;. )]

Thus, the active set can be identified exactly close.to

To analyze the transition to fast local convergence we make for simplicity the fol-
lowing assumptions on the choice Bf, andy. The use of inexact Hessian approxi-
mations, see for example [2,5], would be possible.

Assumption (A5).
(A5) There is a neighborhodd; of z such that

By, = Hy = Vi l(wg, Y (2k)), yp =Y (zx) Vap € Us,
whereY : Uz — R™ is a Lipschitz continuous multipliers function that satisfies

YI(LL’) >0, YI\A(LL’) =0 VzeU;.

Remark 1If Y : U; — R™ is a Lipschitz continuous multipliers function then a
multipliers functionY” satisfying (A5) can folz small enough be obtained by setting
Yeua@) = Yeua) Yo\ A@) = 0With A(x) in (2), sinceA(x) = A for U; sufficiently
small. O

_Under assumption (O) the pointis a strict local minimum of (P) and we find
A > 0 such that forU; small enough the following holds: for all, € Uz with By,
according to (A5) we have by continuity with a constant > 0

sTBys > kpls||5 on {s : Agua(zi)s =0},
Agua(zr) has full row rank

1_
(Yr)a > 304 >0.

Moreover, for any give) < A < A we can shrink/; such that for all,, € U; the

solutions of QP(z, A) is unique, satisfies|| , < A and coincides with the solution
of the equality constrained problem EQR) given by

minimize ¢x(s) subjectto ceua(zk) + Asua(zr)s =0, (EQP)

where A C Z is the set of active inequality constraintszatsee for example [1, Sec.
4.4.3], [2, Sec. 5] or [12, Thm. 18.1]. In particular, singe)z\ 4 = 0 by (A5) the step
s satisfies the KT conditions

<me(l‘k,yk) AsuA(Ik)T> <z> _ (_vxé(xkvyk)> '

Acua(zy) 0 \ —ceua(zy)
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Now it is well known that with the choicey1 := xx + s, yrr1 := Y (xg41) the
sequencéxy } converges under assumption (A5) g-superlinearly &md that the con-
vergence is g-quadraticY ... f, andV .,.c; are Lipschitz continuous in a neighborhood
of z, see for example [5, 14].

We collect these facts in the following proposition:

Proposition 1. Let z satisfy(O) and let(A5) hold. Then there existd > 0 such that
for any giver( €]0,1[and0 < A < A possibly after shrinking/; the following holds:

Agua(z) has full row rank on a compact sét. O Uz, 3)
Ya(x) > %§A>O Ve Usg, (4)
and with a constankg > 0
sTVol(x,Y (z))s > kpls|s on {s: Agua(z)s =0} VYzeUsy. (5)
Foranyzy € Uz, yr = Y (x1), the sequence defined by := x;, and
a’, ) =% + s with the unique solutios’; of QP(z, A) for j =k, k +1,.. .,

whereB’ = V.. /(z}, Y (z})) are chosen according tA5), is well defined, converges
g-superlinearly taz (g-quadratically ifV,.,. f, V..c; are Lipschitz orU;), and satisfies

5000l < ClsGIL Nl =2l < Cllaf =zl llsjll, < A (6)

Thus,s’; solves also QFx}, A) forall A € (A, Al Moreover,s] is the unique solution

of EQH(/).

3.2. Modifications of the filter-SQP algorithm to avoid the Maratos effect

By the well known Maratos effect the full SQP-stepan lead to an increase gfand
h and therefore the iterate, + s will not be acceptable t@, U (hy, fi). To avoid this
difficulty, there are three promising approaches:

— Perform a second order correction step if the Maratos effect is detected. This ap-
proach is used successfully byddhter and Biegler [16] in the context of an interior-
point linesearch filter algorithm.

— Allow nonmonotonicity in the filter to admit an increase firand . This is in the
spirit of the well known watchdog technique. A promising approach in this direction
is the nonmonotone filter method proposed recently by Toint [13].

— Use the Lagrangian function instead of the objective function in the filter.

In this paper we will consider the last approach.

As already mentioned, the Maratos effect can cause that the full SQP-step is not
acceptable with respect 6, U (hy, fx), Since bothh and f are increased. By using as
a technical tool the fact that the augmented Lagrangian function

0@, Y (2)) = U, Y (2)) + Ellceva@)ll; (7)

is an exact penalty function close #osatisfying (O) ifp > 0 is large enough and
Y : Uz — R™ is a Lipschitz continuous multipliers function, we will see that full SQP-
steps are eventually accepted by the filter, if the filter entri€¢s), f(z)) are replaced
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by entries(0(x, y), £(z,y)) with an appropriately defined infeasibility measé(e, v).
This leads to our first modification of Algorithm 1:

Modification 1.

— Instead of the filter entrie@:(z), f(x)) we use the entrie®(z, y), ¢(z,y)), where

0(z,y) := lles (@15 + llcf (@), + (WF ez (2))* (8)
Consequently, we call, y) acceptable to the filteF;, if
either O(z,y) < B0; or l(z,y)+~8(z,y) <{; 9)
with constant$) < v < 3 < 1.

We remark that
0 < h(z) < vVmb(z,y)'/2. (10)

Moreover, it is obvious from (8) that
0(z,y) =0 = yle(x)=0. (11)

The second modification concerns step 5 of Algorithm 1. We note that in the case
Agi(s) > 0the step is only accepted if the sufficient decrease condition

Afi(s) > 0 Aqi(s)

holds. This decrease condition can only be ensured if the error of the quadratic model
becomes small compared to the size of the predicted dectease). We now estimate
the size ofAgy(s) for a full SQP-step.
Let (O) and (A5) hold and considef. € U; with Uz as in Proposition 1. To explore
the decrease properties of the full (local) SQP-stgjven as the solution of QR, A)
we use the fact that solves EQRPzy). For convenience we set
Ay = Agualzr), ¢k = ceualxr).

Then EQRzxy) can be written as
minimize ¢x(s) subjectto ¢ + st =0. (EQP)
Now we decomposein a normal step™ and a tangential steg. To this end, let
s=s"+s", §"=—AL(ALAD)7'G. (12)
Then we have obviously

A%@w:—pmlQ£w+%w%f&#ww%+3wﬂ??+1wfsﬁj.

AR §t=0

k (13)
Sincex; € Uz, we know from (3), (4), and (8) that there exists > 0 (independent
of k) with

[\

Is™|| < Knbly*. (14)

Moreover, (5) yields
(") Bys' > ril|s"]”
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Thus, we obtain by (13) with a constatit> 0

1 1
Agi(s) = i(st)TBkst — g,{s” — §<S7L)TB]€S”
KB 2 n Mg .2
> 1" = lgelllls™]] — ==1s™|l (15)
2 2
KB 2 n n|2
> =7 = C(Is"]] + [Is"1I)

2

and this lower bound can be sharp. Siatg, (s) = Agx(s) + O(||s||*), the full SQP-
step will not necessarily satisi f1.(s) > 0 Aqx(s), unless

Agi(s) = (1= 0)|Afu(s) = Aau(s)| = O(|Is]*).

which is not ensured in view of (15).

To circumvent this difficulty we replace the predicted reductibp, (s) and actual
reductionA f,(s) by quantities that differ only by(||s||*) and we check the decrease
ratio only if the predicted reduction is large enough comparée téds we will see, the
first goal can be accomplished by using the actual reduction

Aﬂk(s) = f — E(:z:k + s, yk(s)) (16)

instead ofA fx(s), wherey,(s) denotes the new multiplier estimate, and the predicted
reduction

AGr(s) := Aqr(s) + yi cx a7
instead ofAgx(s). Secondly, we require the sufficient decrease conditMdp(s) >
o Agi(s) only if Agy(s) > @0}5/2 with a constant) €]1/2,1]. This leads to the
following modification of step 5.

Modification 2.

— To ensure thaf-type steps allow eventually full (local) SQP-steps we replace the
condition in step 5 by

AGi(s) = Agqi(s) + yF cr > ke8)? and  Aly(s) < 0 AGi(s)

with ¢ €]1/2, 1]. Analogously, we replace the conditiahy;(s) < 0 in step 6 by
~ /2
Aqi(s) < kb, "".

Finally, we enter restoration not only if @P;, A) is infeasible but also if the Lagrange
multipliers weight inactive constraints to strongly. More precisely, we define the com-
patibility of QP(z, A) as follows.

Modification 3.
— We call QRxy, A) compatibleif
QP(zy, A) is feasible  and 6,/% < kAl (18)

with constants: o > 0 and¢ €0, 1].

This leads to the following modified version of Algorithm 1.
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Algorithm 2. Modified Filter-SQP Algorithm

Let0 <y < B<1,0€]0,1, & €]0,1[, ¢ €]1/2,1], ko, 64 > 0, andA,,;,, > 0.
0. Initialize with a point(z,y), k = 1 and filter /; = {(u, —c0)} with someu >

Bo(z,y).

1. Enter restoration phase to find a pdint, vy ) acceptable to th@, ¢)-filter F, such
that QF{:}:k, A) is compatible in the sense (18) for some> Anmin and initialize
A=A,

2. Try to compute a solution of QP(x, A). If the QP is incompatible according
to (18) then includ€dy, ¢x) in the filter, setk := k + 1 and goto step 1 (h-type
iteration).

3. If s = 0 stop with KT pointzy.

Otherwise compute a Lagrange multiplier estimate . (s).
f (zx + s, y) is not acceptable td;, U (0, {1) then setd := A/2 and goto 2.
f

(G20

AGi(s) = Aqi(s) + yF cr > ke0P? and  Al(s) < 0 AGi(s)
then setA := A/2 and goto 2.
A AGR(s) < /{99}5/2 then includefy, /) in the filter (h-type iteration).
.Setsy, = 5, A = A, xp11 = Tk + Sk, Yk+1 = v, and initializeA > A,,;,. Set
k := k + 1 and goto step 2.

~N O

Remark 2We note that the modified filter-SQP method in Algorithm 2 has many simi-
larities with the filter-SQP algortihms proposed by Fletcher, Gould, Leyffer, Toint, and
Wachter [6] and Conn, Gould, and Toint [4].

The convergence analysis in [8] of the original filter-SQP algorithm in Algorithm 1 uses
two essential observations. Firstygy (s) never increases if the trust-region radifiss
reduced, since the feasible set of @R, A) shrinks if A is reduced. Thus, the condition
Aqi(s) > 0 for trying the possibility of anf-type step can only switch from true to
false in the inner loop, but not vice versa. We note that the modified Algorithm 2 has
also this property, since we only replacegy(s) > 0 by Agx(s) > —yler + mge}f/z
and—ygck + /-@99}5/2 is fixed in the inner iteration.

Remark 3 A reinspection of the convergence proof in [8] shows that the global conver-
gence result of [8]—and also the results of the present paper—remain true if in step 1 only
the local minimizer of QPry, A) is determined, which is closestiq. Essential is the
monotonicity ofAgy (s) with respect toA. O

The second key point in the analysis of [8] is the observation that Algorithm 1 only
adds pairghy, fi) to the filter withhy, > 0. Analogously, all pairg6y., /;) added to the
filter by Algorithm 2 satisfyd,, > 0. In fact, new entries to the filter can only be added
in step 2 if QRzy, A) is incompatible or in step 6 if\gy(s) < yicx + mge}f/z. But if
0, = 0 then QRz, A) is compatible in the sense (18) for all > 0, sinces = 0 is
feasible. Thus(fy, ¢x) is not added to the filter in step 2. Moreovergjf is not a KT
point then we must havedg,(s) > 0 andf;, = 0 implies —yl ¢, + /@992’/2 = 0 by
(11). Thus, we havelgy(s) = Agx(s) >0 = /4991,5/2 and also the condition in step 6
for adding (0%, ¢x) to the filter is not satisfied. Consequently, the minimum constraint
violation in the filter satisfies always

= i 6; > 0. 19
" e, @
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This will allow us to adjust in section 4 the elegant global convergence analysis in [8]
to the modified Algorithm 2. First, we will show that Algorithm 2 allows transition to
fast local convergence.

3.3. Proof of transition to fast local convergence

Our aim is to show the following result.

Theorem 2. Let assumptionfA1)—(A5) hold. Then there i¢ > 0 such that Algorithm
2 takes full (local) SQP-steps for &@ll> K, i.e., with someA > 0

Th1 = Tk + Sk, |Isk]lo, <A  with the unique solutiony, of QP(z, A) Vk > K.

In particular, x; converges g-superlinearly ta If V., f andV,..c; are Lipschitz con-
tinuous in a neighborhood af thenz;, converges g-quadratically.

The proof of this result requires some preparation and is given at the end of this section.
In a first step we show that full SQP-steps according to Proposition 1 are eventually

accepted by the filter. To this end, we prove as an auxiliary result that the augmented

Lagrangian functiod,(x, Y (z)) in (7) with a Lipschitz continuous multipliers function

Y : Uz — R™ is an exact penalty function.

Lemma 2. Letz satisfy(O) and letY : Uz — R™ be a Lipschitz continuous multipliers
function. Then there exist constafts< A < 7, po > 0 and a neighborhood;(z) =
{z : |]x — z|| < ¢} such that the augmented Lagrangian functignn (7) satisfies

PP cepa(@)ll? < by(a, Y () £,(2,5) < n(1+p)|z — z|% (20)

A 2
Sl — 23+

forall p > pp and allz € Bs(z).
Moreover, possibly after increasing> 0, po > 0, and reducing) > 0 we have for
the generalized augmented Lagrangian

0,(2,Y (z)) = (z,Y(z)) + g@(x,Y(a:)) (1)

with 6 according to(8) that for all p > py and allz € B;(z)

A _ p—p ~ ~, _ _ _
Sz = 2o+ =50, Y (2)) < Gy Y (1)~ Lp(2,9) < n(1+p) e — 2ll5- (22)
Proof. Let z € Uz. We use again the notatiafiz) = ceua(z), ﬁ(x) = Agua(x).
Using Taylor’'s theorem an®,¢,(z,y) = 0, V,{,(zZ,y) = 0, we have with some
(z,y) on the line segment betweén, ) and(x, Y (z))

gp(% Y(a:)) - Ep(j, ﬂ)

23
= %(w NIV aby @)~ 3) + o - D VoD@ — )

Now it is obvious that
Vauly(#,5) = Vaalyy2 (&7 + 52(@) ) + SA@TA@). (24)
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It is well known that under assumption (O) there exjsts 0 such thatV ./, /2(Z, )
is uniformly positive definite for alp > p, i.e.,

§TV sl 2 (T, 5)s > 4\||s]3 Vs € R™

with a constani > 0, see for example [12, Thm. 17.5].
Let L, be the Lipschitz constant &f () and letp, := max (p,4LZ2/)). By conti-
nuity, we findd > 0 such that for al(z, y) with || — Z|| <9, ||y — 7|l < L9

TV alyy (a:,y + %6(:(;)) s> 2\|s]2 Vs eR", (25)

where we choosé so small that thé-ball Bs(z) = {z : ||z — z|| < §} is contained
in Uz. Thus, we obtain for alt € Bs(z) by (23), (24), (25)

~ o2
£oo (@, Y () = 04 (7,7) = Mz — 23 + B A@) @ = D)l
+ (Y (z) — )T A(&)(z — 7).
Now we have for albe > 0

) > — 2 AE) @ - D) - oY () - 31

~
=
&
|
&
~
S
G
s
|
S]]

~ _ 2 _
> ——||A@)(@ — )ll, — oLl - 2[5
Hence, the choice = \/L? yields (note thap, /4 > L2 /X = +)
o A _ 00, - 2
Lo (@Y (2)) = Lo (2.9) = Sl = 2l3 + LNA@) @ — D). (26)

Sincel,(z,y) = {,,(Z,y) = f(x), we have

0@, Y (@) = 6(@.5) = o (@Y (@) = Lo (@.5) + F5 2 e@)5, (27)

and together with (26) the left inequality in (20) is shown.
On the other hand, it is obvious from (23) that foralE U;
Lo, Y (@) = £(2,5) < (L + p)llz — 3

with a constant) > 0. This proves the right inequality in (20).
The estimates (22) fdf,(z, Y ()) in (21) follow now from the following observa-
tions. By (O) we can reduce> 0 such that for alk: € Bs(z)

Ya(z) > -ga >0, c}r\A(as) = 0.

N —

Thus, we find by (8) a constapt> 0 with
plle(@)1; < 0z, Y (2) < |[e(@)]l; + (Yz(x) ez (2))*. (28)

With 5o = po/p we obtain therefore from (26) arfgO (Z,9) = £y, (Z,7) = f(z) that

~

Do (2, Y () — B (2.5) > oY (2)) — Ly (2,9) 2 3 2 2



Superlinear local convergence of filter-SQP methods 13

Since an analogue of (27) holds f?y this proves as above the left inequality in (22)
after increasingy to py. On the other hand we have by the right inequality in (28)

-~

B, Y () = By(,9) < £p(w, Y () = £,(2,5) + 2 (V) ez (2).

Sincec,(z) = 0, Yn\ 4(z) = 0, andY is Lipschitz atz, we have(Yz(z)"c7 (2))? =
O(||lx — :Tc||2). This shows the right inequality in (22) possibly after increasing O

We are now in the position to show that ferlarge enough the sequen{:e;.}jzk of
full (local) SQP-steps is acceptable to the filter.

Lemma 3. Assume that;, — Z with Z satisfying(O) and that(AS5) holds. Then with
someA > 0 for any¢ €]0,1[,0 < A < A,andM > 1 there is an index such that
for all £ > K the following holds:

The sequencéz’; } ;> of full SQP-steps defined in Proposition 1 is well defined,
converges Q- superllnearly to, and satisfieg6). Moreover, the problems QB’, A),

A> A, are all compatible in the seng&8)and for all A € [A, A] they have the same
solution as QRz, A).
Finally, for all £k > K with
—z|| <M -z 29

o =2l < M min o 7] (29)
the points(z’, ;,Y (2%,4)), 5 = k,k + 1,..., corresponding to full SQP-steps are
acceptable to

Fji=Fr U Ok, be) U (O 15 L yq) U=+ U0, 05).

3777

Thus, full SQP-steps starting from, pass the filter test in step 4 of Algorithm 2.

Proof. Let A > 0 be as in Proposition 1 and choo&g as in Proposition 1 for any
given0 < A < A and¢ = 1/2, say. Moreover, lepy and Bs(z) C Uz be given by
Lemma 2. Then by Proposition 1 for all, € Bs(z) the above sequen({& }isk IS
well defined, satisfies (6) and converges g-superlinearly. to particular, we~obta|n
from (6) that the solutions of QR’;, A) and QRz/, A) coincide for allA € [A, A].
Without restriction we can chooge> 0 so small that(z, Y (z))/2 < kA A for

all z € Bs(z). Then QRz’, A), A > A, are all compatible in the sense (18), since
{JI }]>k C Bg( )fOI’ Tk € B5( ) by (6)
ChooseK; so large thatr;, € Bs(z) for all £ > K; and choose > pg so large

that
g<g_7>zﬂ£ and %z(l—g)g. (30)

Then we know from (22) in Lemma 2 that for alle Bs(z) with ?p in (21)

A _ B\ p ~ ~ _
Sl =l + (1= 5) 20 (0) < Bolo Y @0) - (o) <1 + )l - 31

(31)
holds with constant8 < A < n. Letas in (19)

= min ;.

7'K1
(0;,4;)EF K,
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We have already observed that, > 0. By continuity we find0 < §; < § such
thatf(x,Y (z)) < Bk, forall z € By, (z). Thus, for all pointse € Bs, (z) the pair

(z,Y (x)) is acceptable tF, . Sincex;, — z we find Ky > K, with z;, € Bs, (z) for

all £ > K,. Using (6) in Proposition 1, we can choaseso small that for alk > K

the sequencéz’; } ;> of full SQP-steps converges linearly with a contraction factor of
at least

. 1 3/2 \ R T
ij—}-l _:E” < \/5 (1 - ﬁ;4> Ve (1+P) H‘T] —JZH < 5”:13] —.IH (32)

Now consider an arbitrary > K5 such that (29) holds and s&t:= ||z, — Z||. By (32)
we haver; , € Bs,(7) and thus(z)_,, Y (2}, )) is acceptable ¢y, . We still have
to show that it is acceptable with respect(tp, ¢;) € Fr U (0k, i) for K <1 < k.
For thesd we haver; € B;(Z) \ Bs, () by (29) and therefore by (31)

> o A B\ p
Co(x, Y (21)) — £,(Z,7) > e 52+ ( - Z) 50;. (33)
On the other hand, (31) and (32) yield

Up(@hn, Y (2h 1) = 6@, 9) < 01+ p)|lahsy — 21
_ 34
Ll B/2 /\53. (34)
2 1—-3/4) 2M>2
To prove that(x) , ,, Y (z}_,)) is acceptable with respect {6;, /;) we show now that

any point(z, Y (z)) with =z € Bs,(Z) that is not acceptable with respect (@), ¢;)
satisfies in contrast to (34)

~ ~ 1—ﬁ/2 A
LY @) - e > (1- 1572 ) 53

In fact, if (z, Y'(x)) is not acceptable t(9;, ¢;) then

O(x,Y(x)) > 00, and l(z,Y(x))+~0(z,Y (z)) > 4.

Thus, we have with (30)

U@, Y () = U@, Y (2)) + £0(2, Y (@) > o+ (5 =) 00, Y (@)

>0+ (g - ’Y) O >0+ 5295 = Zp(ﬂﬁl,Y(ﬁﬁl)) - (1 - é) §9l

2
> Do Y (o)~ 1=

Hereby, we have used (31) in the last step. This shows with (33) that

LY @) - o) > (1- 1252 ) (Bl v (@) - Be.9)

L-5/2\ XA
>(1- .
> (1-1233) e
Since this does by (34) not hold far,, ,, we have shown thatr;_ ,,Y (2} ,)) is
acceptable t&Fy, U (6, (k).

(Bl Y (@) = 1,(2.9))
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Obviously, the same argument can be appliedto, and 7, U (0, {;) instead
of z;, and 7y, since by (32) again (29) is satisfied fof_ , and 7 U (6, {x). This
shows thatr]  , is acceptable tdF;, U (0x0x) U (0}, ,¢},1)- Thus the acceptability of
(041, ¢ ) for F follows by induction. O

Finally, we show that the sequenge, } ;> . of full SQP-steps passes fbiarge enough
also the decrease test in step 5.

Lemma 4. Let the assumptions of Lemma 3 hold andAebe as in Lemma 3 for any
fixed¢ < 1/2 and0 < A < A. Then after a possible increase &ffor all k > K the
sequencgz’ } ;> of full SQP-steps defined in Proposition 1 satisfies wite= Y (z,)
the following implication for allj > k:

AGj (s5) == Aq;(sy) + (yg)Tc; > ﬁg(G;)WZ = Al (s}) > 0 Agi(s}). (35)

Hereby, we use the notation¥’; (s’) = (a7, y;) —€(x + s, Y (2} + %)), ¢j = c(a}),
¢ = (=, y;) and analogously for the other quantities. N

Thus, full SQP-steps starting from, pass step 5 of Algorithm 2 for all > A
for which the solutions of QR’, A) and QRz’;, A) coincide, in particular for all
Ac[A A].

Proof. By Lemma 3 we know that there exisi§ > 0 such that for allk > K the
sequencgz’ } >y, corresponding to full SQP-steps converges g-superlineasyated
satisfies (6) for = 1/2. We then have

[ — z|| < [l — ],

20* (36)

511 < N2 = 2l + far = 2l < gy o — 21

Let

ATJ(s}) = Ad)(s5) + ()7 ¢}
Obviously, the assertion is proven if we show that with> 0 large enough for all
j >k > K inthe caseAg/(s;) > o(6})*/? the following holds

|Aqu/(s;-) — Aé}(s;ﬂ < (1-0)Ag;(s}).
Sinces; is also the solution of EQR;), we have
¢ =—Als) (37)
with Ej’ = Cguz(:p;-), X; = Aguz(x;-). Moreover,(y§)z\A = 0 and thus
W) s = (j)euat) = —(W))euadysy = —(y;) " Ajs).
This shows that 1
AZjﬂs}) = —Vmﬁ(:r;,y;)ng — §S;~TB;-8;.

Moreover, we have by (A5) thal’ (z; + s’) — y;)r\4 = 0 and thus

1Y (@ + 55) — 95) " elaj + s < V(@] + 85) — yj)evall lceval@) + 55|

= o(||s}II).
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Hereby, we have used thgl" (=’ + %) — yj|| < L,|[|s}|| and thategua(z) + s) =
e+ Als' + O(|Ish1*) = O(lls;]|*) by (37). Thus, we obtain with somee [0, 1]

N 1
AT)(5}) = A ()] < 17 (Ve + 750 5) — B |
+ H(Y(x; + %) — y;)Tc(x; + %)l (38)
2
= o([Is ).

On the other hand, using the step decomposition (12) and the obvious inequality
1517 = lls + 8517 < 2011711 + 11551°)
we have by (15) and (14) after a possible increasg dor all j > £ > K
Agy(sh) = SNy = Cllsl + 11s71%) = ZEsi11” = (€ 4+ 552 ) sl + 1)
> 225 - (6

with a constant > 0. Hereby, we use (14) and €]1/2, 1] in the last step and choose
K large enough such tha} <lforalj>k>K.

Let M, = 1+ sup,cy, |Y(2)]|. Then(y})"c; < M,07/% < M,0’"'* by (8) and
we conclude that

N KB 2~
AGJ(s)) = s = (C 4+ M) (0) /2. (39)
We are now ready to show the implication (35). L&§/(s") > rq(6})¥/%. We
consider two cases: )
If AG/(s}) < %2 ||s]|” then (39) yieldsiz||s' |* < (C + M,,)(6})*/? and thus

a KokB 2
AGj(55) > ro()"* 2 o= S S sl
Y

Otherwise, we havelg; (s’;) > %BHs;HZ. Thus, we obtain in both cases

~ . KB KokB 2 2
Agj(s) > mln{?, m} Is11° =: w151 (40)
Y

Sincex, — Z, we obtain by (36) and (38) possibly after increasiigthat for all
j>k>K

|AG] (s}) = Al (s5)] < (1= o)mllsf]” < (1= 0)AG/(5)),
where we use (40) in the last inequality. This proves the lemma. O

By combining Lemma 3 and Lemma 4 we are now able to prove Theorem 2.
Proof of Theorem 2.Since (A4) and (A5) hold, we havg, — z with z satisfying
(O) and we can thus apply Proposition 1, Lemma 3, and Lemma 4ALet 0 be
as in Proposition 1, fix som&/ > 1 and setA := min {A, A,,;, } /4. Now choose
K > 0 large enough such that the assertions of Lemma 3 and Lemma 4 hold. Since
|2rt1 — zx|| — O we find K; > K such that

min {A_, Apin }
4 2

skl < A= 0,/% = 0(xy, Y (z))/? < kA ATTE (41)
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forall £ > K. Then by (41) and Lemma 3 the problems(@QF, A) are compatible in
the sense (18) for alk > K; aslong asA > A.
Now letxy, £ > K;, be an arbitrary iterate satisfying (29). We show that, =

Ty, = Tx + s}, wheres) is the unique solution of QRy, A) as in Proposition 1.
Since the inner iteration halfd starting fromA > A, > 4A and QRzy, A) are
compatible forA > Z, it either finds an acceptable iteratg,; = x; + s; for some
A > 2A or it locates a trust-region radius € [A, 2A].

In the first case we havgs ||, < A < A by (41) and thus;, must coincide with
the unique solution), of QP(z, A) as asserted.

In the second case denote the solution of QPA) by s. SinceA € [A, A] and
k > K, we know by Proposition 1 and Lemma 3 thatoincides with the unique
solutions), of QP(x;,, A) and thug|s|| . < A by (6). Moreover, by Lemma 3 the iterate
(Thr 1> Ypyr) = (r+sy, Y (21, +5),)) is acceptable to the filteF, U (0}, £x) and passes
by Lemma 4 the decrease test in step 5. Thus, the trial itérate- s, Y (z + s)) is
accepted by the algorithm and we have 1 = 2}, | = 2 + 5}, Te11 = Y (Tp41).

Hence, in both cases the algorithm takes the full (local) SQP=step = ) ;.
The next iterate satisfies again (29) and we obtain by inductioruthat x; for all
j > k with the iterateg{z” } ;> according to Proposition 1. Now Proposition 1 yields
the g-superlinear (or g-quadratic) convergencéxgf}. The proof is complete. O

4. Global convergence of the modified filter-SQP algorithm

In this section we show that the global convergence result of Theorem 1 remains true for
the modified filter-SQP method of Algorithm 2. In addition to assumptions (A1)—(A3)
we assume that the used Lagrange multipliers remain uniformly bounded and that the
Lagrange multiplier estimates weight inactive inequality constraints not to strongly.

Assumption (A6).

(A6) There exists a constant,, > 0 such that all Lagrange multiplier estimates gen-
erated in step 1 or step 3 satisfy

lyill < My, ()]l < My, “2)
(Ye)z 20,  (yx(s))z >0
for all k. Moreover, there are constantg;, > 0 and{ > 0 with
1
max{f,z—l}<ggl (43)

such that all Lagrange multiplier estimates- yx (s) generated in step 3 satisfy
lyF ez (z1 + 8)| < M AV, (44)
We note that the condition (44) is not required for Lagrange multipliers generated in the
restoration. (42) is a natural requirement and is consistent with (A5).

Remark 4In the equality constrained case (44) is void. Therefore, for equality con-
strained problems (A6) is obviously satisfied by the multipliers in assumption (A5).
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Remark 5Condition (44) can for example be ensured by applying the modification rule
max { (cz (zx + 8))i, (cz(zr) + Az(2k)s)i } < —MzA™C = y; =0, (45)

since(cz (zr + 5)); > (cz(ar) + Az(xr)s); — 3nMcA?, cf. Lemma 6 below.
This rule allows in particulag; # 0 for all constraints that are active at the solution
s of QP(xy, A). 0

Remark 61f (A4) and (A5) hold and if QRz, Ax) has sufficiently close t@ oncethe
correct active set (which will fail to occur only in quite pathological situations if we use
By = V.l(xk, Y (x)) close tor) then from this iteration on the multipliei$(z) can
be taken and thus (A5) is compatible with (A6).

This can be seen as follows. If (A4) holds and the solution of2QPAy) has for
z € U; the active se€ U A then the rule (45) allows to choosg ;1 = Y (zk+1)
according to (A5). Thus, witlk := k£ + 1 we havey, = Y (xx) and if z; is close
enough tar then the conditiorﬁ,{/2 < kA A7 in (18) ensures that

le ()l < pAte

with a constanj: > 0. Using this together with (O) one can show that foralle U;
possibly after shrinkind/; the active set of QR:y, A) with By, = V. (xk, Y (zk))

is £ U A under the compatibility requirement (18) and thus the rule (45) legves

Y (21 + s) unchanged. More precisely, we have the following lemma, which is proven
in the appendix.

Lemma 5. Let (A4) hold. Then we can fin&K > 0 such that for allk > K the fol-
lowing is true: if By = V. 0(zk, Y (xk)), yr = Y (xx) as in(A5) and if QRxy, A) is
compatible in the seng&8)then QR z, A) has the active set U A.

O

The global convergence of Algorithm 2 can be obtained by a slight modification of the
convergence proof of Fletcher, Leyffer, and Toint [8] for Algorithm 1. Our aim is to
show the following analogue of Theorem 1.

Theorem 3. Let assumptionéA1)—(A3) and(A6) hold. Then the result of applying the
modified filter-SQP algorithm of Algorithm 2 is one of the scenats (B), or (C)
stated in Theorem 1.

To prove this theorem we only indicate the necessary modifications of the proof in [8].

We have already observed after the statement of Algorithm 2 that it shares the fol-
lowing properties with Algorithm 1 that are essential for the convergence analysis in [8]:
the predicted reductiodgy (s) depends monotone nonincresingArand the minimal
constraint violationr, in the filter 7, see (19), is always positive.

In the following we sketch how the convergence analysis in [8] can be adjusted to
the framework of Algorithm 2.

We start by recalling the following auxiliary result in [8, Lem. 3].

Lemma 6. Let assumptionfA1)—(A3) hold. Then for any feasible poirbf QP(z, A)
the following holds.

Afi(s) > Agi(s) — nMpA?, (46)
1

lce(wr + 8)|| oo < §nMOAZa (47)
1

e (2 + 5)ll o, < 5nMcA?, (48)

whereMc = sup,cx || Vazci(z)]5, 1 <3 <m.
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Proof. This is a direct consequence of Taylor’'s theorem, see [8, Lem. 3]. O

The next lemma is an analogue of [8, Lem. 4] and shows that the itefate s is
acceptable to the filter if\ is small enough and QPRy, A) is feasible.

Lemma 7. Let assumptionfAl)—(A3) and(A6) hold. If s solves QRzy, A), thenxy +
s is acceptable to the filter if\**2¢ < min {1,487, /(mn>M& + 4M3})} with 7 in
(19)and( in (A6).

Proof. By (47), (48), and (A6) we have

0+ 5,y5()) = llee(@x + )3 + llcf (2 + 95 + (wn(s)F ez (wx + 5))?

1
< Zmn2M(27A4 + M3 A?F26,
Thus,f(zy, + s) < B, holds for A2T2¢ < min {1,437, /(mn*MZ + 4M3)}. This
ensures by (9) and the definitiongfin (19) that the iterate, + s is acceptable to the
filter. O

The next lemma is an adaption of [8, Lem. 5] to Algorithm 2.

Lemma 8. Let assumption§A1)—(A3) and (A6) hold and letx® € X be a feasible
point of problen(P) at which MFCQ holds but which is not a KT point. Then there exists
a neighborhoodV* of z° and constants, 1, x > 0 such that for allz;, € N° N X and

all A for which

ﬂ(ellc/(2+2§) + 92’/2 + 0;/2) <A<k (49)

it follows that QRxy, A) is compatible in the seng&8) with solutions at which the
predicted reductiorfl17) satisfies

1
AGi(s) = 7eA+ kot (50)
and the actual reductiofiL6) satisfies the sufficient reduction condition
Al (s) > o Aqk(s) (51)

as well as
Al (s) > ~0(zk + s). (52)

Proof. In [8, Lem. 5] it is shown that there exists a neighborh@dét of z° and con-
stantsz, i, k > 0 such that for all;;, € N° N X and allA with

phry <A<k
the problem QPr, A) has a feasible solutionat which
1
Agi(s) > §EA’ Afi(s) > 0Aqr(s), Afx(s) > ~vh(xg + s). (53)
Without restriction we can chooge< 1. Now set

[ = max {1, /iZl/(H{), Vmp, 12

Then (49) implies

/€9+My+l}
e

AME > 71012,
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Thus, QRzy, A) is compatible in the sense (18).
By (10) we have\/ﬁe,i/2 > hi. Hence, (49) implies by our choice pf

phy, <10 < A<k,

kg + My +1
€
Therefore, (53) is satisfied by [8, Lem. 5] and yields with (49), (54)
€
12

A>12 677 +6,/%). (54)

1 1
Aqp(s) = ZEA + —ecA> ZEA + (kg + My + 1)(9115/2 + 0]]6-/2)'

This shows that

1/2

AGi(s) = Aqu(s) + yfer > Agi(s) — (M, + 1)6; eA + 10

e

>

and (50) is proven.
It remains to show (51) and (52). By (42) in (A6) we havg(s))Lc7 (zx +5) <0,
This yields with (47), (48)

Aly(s) = Afr(s) + yii ek — y(s)  clzx + 5)
1
> Af(s) +yfen — MygmnMcAQ.
Together with (46) and (50) we obtain
Alg(s) > Agi(s) — (nMB + My%ﬁnMc) A?

(55)
> o Aqr(s) + (1 — a)isA - <nMB + My%\/ﬁnMc> A2,

Thus, (51) holds for all

(1-0)e B
o nMB + My%\/mnMC B

PRy (56)

and consequently (49) ensures (51) if we choose k. Finally, (51), (50), (47), (48),
and (A6) yield

1 1
Al (s) —v0(z + 5) > O’ZEA - ’yZanMéA‘l — Y M2 A% (57)

and the right hand side is nonnegative for all

oe 1/(14-2¢)
A < mi 1 =: Ko.
<min< 1, <7mn2Mé n 47Mz) K9 (58)

Thus, also (52) is satisfied if we choose< ko in (49). O

As a last preparation for the proof of Theorem 3 we proceed as in [8] and show that the
inner loop of Algorithm 2 terminates finitely. The following lemma is a counterpart of
[8, Lem. 6].

Lemma 9. Let assumption§A1)—(A3) and (A6) hold. Then the inner iteration of Al-
gorithm 2 terminates finitely.
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Proof. Again, we only describe the modifications of the proof of Lemma 6 in [8].

If x is a KT point of (P) thens = 0 solves QRzy, A) and the inner iteration
terminates in step 3.

Otherwise, we havel — 0 if the inner iteration does not terminate finitely. If
0, > 0 then QRxy, A) is obviously incompatible in the sense (18) for all sufficiently
small A > 0. Thus, the inner iteration terminates finitely in step 2.

If 6, = 0 then we find exactly as in the proof of Lemma 6 in [8, p. 55] a constant
n > 0 with Agk(s) > %nA forall 0 < A < k with a constant > 0 sufficiently
small. Now,d;, = 0 impliesy} ¢, = 0 by (11) and thusAgy,(s) = Agx(s) > snA >
me}f/z = 0. Thus, it follows thatAgy (s) > %SA with ¢ = 2n. Now we can continue
exactly as in the proof of Lemma 8. In fact, we obtain (55) and th4g(s) > 0 Agk(s)
folds for all A < k; with k; > 0 according to (56). Hence, the sufficient decrease
condition in step 5 is satisfied fat < min {, 1 }. Moreover, we have also (57) and
thusAlx(s) > ~v0(zy + s) is satisfied forA < ko with k5 > 0in (58). Thusxy is for
A <min{k, k1, K2} also acceptable relative {6y, /), cf. (9). Moreover, for

. 467, 1/(2+20)
A < 1 =
= { ’ <mn2Mg n 4M§) &

the iterater;, is by Lemma 7 also acceptablefa. Hence, forA < min {k, k1, ko, k3 }
also the filter test of step 4 is satisfied and thus the inner iteration terminates in step 7.
The proof is complete. O

We are now able to adapt the global convergence proof of [8] to Algorithm 2.

Proof of Theorem 3.We have only to consider case (C). Then the algorithm runs
infinitely and since the inner iteration is finite by Lemma 9, the outer iteration pro-
duces an infinite sequence of iterates By (Al) the sequencéz,} has at least an
accumulation point.

Consider the case that the outer iteration produces an infinite sequehety e
iterations. Exactly as in [8] we obtain a subsequeficef /i-type iterations such that
xp — x°° with somex™, 7,11 = 6, < 7 for k € S and Lemma 1 with(0y, ()
instead of(hy, fx) yields8, — 0 for k € S. Thus,z is feasible and ift>° violates
MFCQ then (C) is satisfied.

Now consider the case where MFCQ is satisfiedatandx>° is not a KT point.

As in [8] we will derive a contradiction. Let/* be the neighborhood af*° given in
Lemma 7 and chooskE > 0 so large thatr, €¢ N> forallk € S,k > K. Lemma7
and Lemma 8 show that with constapits: > 0 for all k£ € S, £k > K and allA with

1/(2+2¢)
o 1/2 b2 al/(242€) . 437y,
wo, = +6,""+6, ) SASmm{H’L<mn2M%+4Mz) } (59)

the problem QPry, A) is compatible and the solutionsatisfiesAl,(s) > o Agk(s),
Agi(s) > lige;f/Q, Alg(s) > v0(xr + s) (see Lemma 8), an®(zx + ), l(xr +
s,yk(s))) is acceptable t&Fy (see Lemma 7). In particular, for all

Az 0" + 6,7 + 0,/ %)

no h-type iteration occurs, since QF;, A) is compatible in the sense (18) addy (s) >
/<;9«9}f/ ? (recall thatAgy (s) is nondecreasing i) and for A satisfying (59) ary-type
step will occur. Hence, the algorithm will take drtype step in iteratiok € S, k > K,
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if halfing of A beginning by some\ > A,,,;,, in the inner loop locates A satisfying
(59) (then the conditions for afrtype step will be met if this was not the case before).
But we haver, ., = 0, < 7, andf,, — 0 for k € S. Since by (43)

1y 1 J !
m f— p— — —
22252 T 2420
the upper bound in (49) will for alk € S large enough be at least twice the lower
bound. Thus, for largé € S an f-type step will be taken which contradicts the fact
that the iteration& € S are composed di-type steps. Thus, the assumption that

is not a KT point was wrong.
Finally, consider the case where the algorithm takes only a finite numidetygie

steps. Then there & > 0 such that, — {;11 > 0 Agr(s) > 5993/2 forall k > K.
By (A1), (A2), (A6) /. is uniformly bounded and thus

00> 3 by~ lrg1) = Y 0AGi(s) > Y orgly* > 0.

E>K E>K E>K

Therefore, we havg, — 0 and thus any accumulation point° of {z; } which exists
by (Al) is feasible. Assume that™ satisfies MFCQ but is no KT point and I&tbe
a subsequence of iterates convergingto. As above let\>° be the neighborhood of
x°° given in Lemma 7 and chood€ > 0 so large that, e N> forallk € S,k > K.
Since noh-type steps occur fdk > K we haver, = 7 > 0forall k > K and exactly
as above arf-type step is guaranteed for &lle S, k > K if

1/2 P/2 1/(2+42¢) 487k 1/(242¢)
N(ek +0,7" +0, ) < A<min«k,1, (mn2Mé+4Mg) —

(60)
This time the upper bound is constant and the lower bound is half the upper bound for
k > K possibly after increasingl. Hence, for allk € S, £ > K, the f-type step
occurs withA > min { A, k/2} and thus (50) yields

1
Ek — €k+1 Z UAak(Sk) 2 15 min {Amm,k\/Q}.

Sincely, — U1 > /@995/2 > 0 for all k > K, this implies/;, — —oo, which is a
contradiction to the boundedness/pf Thusz is a KT point or violates MFCQ. O

5. Conclusions

We have proposed a modified version of the globally convergent trust-region filter-
SQP method by Fletcher, Leyffer, and Toint [8] such that the transition to fast local
convergence is ensured under appropriate local assumptions on the Hessian approx-
imation in the SQP-problems and on the Lagrange multipliers. Hereby, the original
SQP-steps without additional second-order correction can be used. The modified algo-
rithm is globally convergent if the Lagrange multipliers used are bounded and weight
inactive inequality constraints not to strongly. Thus, in the equality constrained case
only the boundedness of the Lagrange multipliers is assumed globally which is always
compatible with our local requirement on the Lagrange multipliers. In the inequality
constrained case our global and local conditions on the Lagrange multipliers are—in
particular—compatible as soon as sufficiently close to the limit ppiatsubproblem
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QP(zy, Ar) identifies the active set correctly. From this point on the local and global
conditions on the Lagrange multipliers can be met.

Our modified algorithm is very similar to the filter-SQP methods in Fletcher, Gould,
Leyffer, Toint, and Wachter [6] and in Conn, Gould, and Toint [4], but uses the La-
grangian function value instead of the objective function value and a different feasibil-
ity measure in the filter. Thus our algorithm can also be viewed as a variant of the latter
algorithms. We decided to build on the results in [8], since the global convergence anal-
ysis is less technical than in [4,6]. However, it would be interesting to apply the proof
techniques of [4,6] to get an alternative convergence proof for our modified algorithm.

In conclusion, the results of the present paper show that the filter technique does
allow transition to fast local convergence without using second order correction steps
if appropriate filter entries are used. It is an interesting topic for future research if the
proposed modifications can help to further improve the encouraging numerical perfor-
mance of filter-SQP methods reported in the past [3,7].

Appendix: Proof of Lemma 5

It is sufficient to show that the assertion is true for@lk A < A with a constant
A > 0. In fact, since by (Ad);, — z holds, we findK > 0 with ||z, — Tkl o
forall & > K and thus for alk > K Algorithm 2 produces the same sequence |f we
replaceAy in all iterationsk > K by min{ Ay, A}.

Let againA(z) := Agua(z), &) := ceua(z). Moreover, we set

Ag = Ag(zr), Aar:=Aa(zr), cep:=ce(zr), car:=calzy).
We know from (O) in (A4) that
) =0, g(@)=—A@)Tgeva, Fa>2>0, cpal@) < -—¢

for somes > 0. Now choosek > 0 so large andA > 0 so small thaty 4(z) < 0 for

all feasible points of QPry, A), k > K. Then QRzy,, A),0 < A < Aisfork > K
equivalent to

. 1
min g (s) = g s + §STBkS, Agps = —cer, Aars < —car.  (61)

By continuity and (O), we can increagé such that withB, = V., ¢(zk, Y (xx)),
yr = Y (xy) for all k > K the following holds

sT Bjs > /13||3H§ on {s : Aps = O},

(AR AD) LA + | AT (A AT) 7Y < Ma,
1_

(Yk)a > 521/,4 > €.

Moreover, we have constants willlg,. || < Mg, ||yx|| < M,. Since(yx)r\a = O if
yr = Y (x) we obtain by (8) withy = min{1,/} >0

6,/

> pullcl]-

In addition, we observe that

-~ ~

gk = —ALGeoa+ (gr — 9(@) + (Ax — A@) Jeua = —ALGeoa + 11, (62)
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where||ri ||, < Lg|jzx — Z||; with a constant.,. Finally, we increasés such that for

allk > K
g

7. < —=

|2k

Now let s be the solution of a problem QF;, A), 0 < A < A k> K, thatis
compatible in the sense (18). We know thalves also (61) and have by (18)

el < 6, < kaAlte, (64)

We want to show thaﬁks = —ci. We first compute an upper bound f@r(s). If
we take R
§ = — AL (A AT) e,

thenA;s = —¢, and by (64)
M
151 < Malléx| < "‘T’“AHE _. A

Thus, forA < min{1, A, Cl_l/&} —: A; we havel|5|| ., < ||3]| < A and the objective
function value is forA < A,

qr(8) < M,CL A 4+ nMpCE A>T < (M,Cy + nMpC?)ATE.
Thus we find a constaft< A, < A; such thatforalD < A < A,

5
A. 65
S, (65)

qr(3) <
Now we decompose the optimal solutiein a normal and tangential component
s=s"4+5s', "= Egv, st =Wz,

where the columns dfi” are an ONB of the nullspace df,.. The corresponding objec-
tive function value is by (62)

~ 1
qr(s) = —gnguAAks” + r%s + isTBs

~ (66)
> —oades” — (Lgllzk — 2, A+ nMpA?).
Using (63), we find) < A3 < A, such that foralh < A < A
-~ g
a(s) = ~Feuadrs" — A (67)

8My

We show next that with a constabitc A, < A; forall 0 < A < A, the solutions of
a compatible problem QR, A) has a normal componest with ||s, ||, < A/2. To
this end we show tha, (s) > ¢ (5) would hold if [|s, ||, > A/2.

Sinces” = X}fv, we havey = (ﬁkﬁ}f)—lﬁks” and thus
[v]| < Malls™|.

This yields
1T .on 1T on ni2 1 n
o]l | Ags™|| > v" Ags™ = ||s"|]” > PLLLE
A
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and we conclude that

~ 1 1
|Ars"| > M—AHSnH > M_AHSnHoo
Since R
Aprs" < —ca,

we have for the positive paft < (EA,ks”ﬁ < —c,  and thus

< llexll < B2 AME = CAl+E,
Ae kS” 2

We conclude that
n T 1
1AZ k8"l = [1ARs™ | = C3 AT > ——||s"|| , — C3 A<,
bl MA o0
This gives for||s™|| ., > A/2
~JRuadis” 2 —hAL 8" = MyCo A€ 2 2| A 5" — M, oA

2 . 1

> 21" lloe = Ca(2e + M) AT (68)
2

> 2 + M)AYE > — A

— 2My ( et ) 2MA

for A < A, with a constand < A, < Az. Thus, we obtain by combining (65), (67),
and (68) for) < A < Ay

3 9 93

_ g) > _ —
ae(s) —a(3) 2 Gy A=A - g A= 4MA
which contradicts the optimality of Therefore A < A, ensures thdts"H < A/2.
We are now in the position to show thAiks = —¢, for A < A,. Assume the
contrary. Then there exists a rchT/ of AAJ,C with aZ s < (—caux)i- Set
u ~ -~
55 = A = AT (AL AD) ey
P A T A e

wheree; denotes thé-th unit vector. For all components withs™ + s*) ;| = A we have
|(s");] = A/2, since|(s™);] < A/2. Therefore, we have with(a) := (1 — a)s* +
s" 4+ ads for smalla > 0

[s()]l < A4, A\ks( ) = Aps™ + aA

< —C.
2|u H

Now we have by using that, = —AT g4 + 7%

Zean(sta)) = o (af'sta) + gt Busta)

= g} (05 — 5') + s(a)? Bp(6s — s")

gﬁf)” 1] (5= 1)+ s(o) B~ o)
< 2M (2Lgllzr — 7|, A+ 2nMp A?)
<A+ A<0
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In the last step, we use the choice Af, see (66), (67). But since(«) is feasible
for smallae > 0, £ gx(s(e)) < 0 contradicts the optimality of and the assumption

al's < (—ca); for somei was wrong. This completes the proof by settiﬁg: Ay
0
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