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Abstract. Transition to superlinear local convergence is shown for a modified version of the trust-region
filter-SQP method for nonlinear programming introduced by Fletcher, Leyffer, and Toint [8]. Hereby, the
original trust-region SQP-steps can be used without an additional second order correction. The main mod-
ification consists in using the Lagrangian function value instead of the objective function value in the filter
together with an appropriate infeasibility measure. Moreover, it is shown that the modified trust-region filter-
SQP method has the same global convergence properties as the original algorithm in [8].
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1. Introduction

This paper is concerned with the transition of trust-region filter-SQP methods to super-
linear local convergence without using second order corrections. Hereby, we consider
the general nonlinear programming problem (NLP)

min f(x) subject to cE(x) = 0, cI(x) ≤ 0 (P)

with twice continuously differentiable functionsf : Rn → R, c : Rn → Rm andcE =
(ci)i∈E , cI = (ci)i∈I , whereE = {1, . . . ,mE} andI = {mE + 1, . . . , m} denote
the indices of equality and inequality constraints, respectively. With these notations the
Lagrangian function associated with (P) is given by

`(x, y) = f(x) + yT c(x),

wherey = (yT
E , yT

I )T ∈ Rm, yI ≥ 0.
We propose a modification of the globally convergent filter-SQP method by Fletcher,

Leyffer, and Toint [8] that has the same global convergence properties and ensures in
addition transition to superlinear local convergence under appropriate assumptions on
the Hessian approximation in the SQP-problems close to a regular minimum.

In the pioneering work [7], Fletcher and Leyffer proposed the filter technique for
the globalization of SQP methods, which avoids the use of classical merit functions
with penalty term. Instead, the the acceptability of steps is determined by comparing
the constraint violation and objective function value with previous iterates collected in
a filter. The new iterate is acceptable to the filter if either feasibility or objective function
value is sufficiently improved in comparison to all iterates bookmarked in the current
filter. The promising numerical results in [7] led to a growing interest in filter methods
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in recent years. By augmenting the basic filter concept with a sufficient decrease con-
dition for the objective function if the current iterate is sufficiently feasible, the global
convergence of three variants of trust-region filter-SQP methods was shown in Fletcher,
Gould, Leyffer, Toint, and Ẅachter [6], Conn, Gould, and Toint [4], Fletcher, Leyffer,
and Toint [8], and Fletcher, Gould, Leyffer, Toint, and Wächter [6]. Global conver-
gence of a filter method for nonlinear programming was subsequently also shown by
Gonzaga, Karas, and Vanti [10]. A primal-dual interior-point filter method for NLP is
proposed in Ulbrich, Ulbrich, and Vicente [15] and global convergence is shown. An
alternative nonmonotone trust-region SQP-method without penalty function for equal-
ity constrained problems was proposed by Ulbrich and Ulbrich [14]. For this latter
algorithm, in addition to global convergence also the transition to superlinear local con-
vergence was proven in [14]. Hereby, no second order correction is necessary. So far,
to the best of our knowledge, the only result on the superlinear local convergence of a
filter method is shown in Ẅachter and Biegler [16] for an interior point linesearch filter
method with second order correction steps.

In this paper we propose a modified version of the filter-SQP algorithm in Fletcher,
Leyffer, and Toint [8] that ensures transition to superlinear local convergence without
using second order correction steps. We believe that the modifications and proof tech-
niques of the present paper can be adapted to ensure also the fast local convergence of
the filter methods in [4,6,16] without second order corrections.

The original filter-SQP methods in [4,6,8] can–at least if no second order correction
steps are used–be affected by the well known Maratos effect. In fact, these algorithms
use constraint violation and objective function value in the filter. By the Maratos effect
a full SQP-step can lead to an increase of both these filter components even arbitrarily
close to a regular minimizer. This makes the full SQP-step unacceptable for the filter
and can prohibit fast local convergence. To avoid this problem, we use the value of
the Lagrangian function in the filter instead of the objective function and modify the
feasibility measure in the filter slightly.

The paper is organized as follows. In section 2 we describe briefly the trust-region
filter-SQP method of Fletcher, Leyffer, and Toint [8] and recall the global convergence
result proven in [8]. In section 3 we derive a modified filter-SQP method and prove its
transition to superlinear local convergence close to a point satisfying the strong sec-
ond order sufficient condition. In subsection 3.1 we describe the local requirements on
Hessian approximation and Lagrange multipliers. In subsection 3.2 we motivate the
necessary changes to avoid the Maratos effect and formulate the modified trust-region
filter-SQP method. In subsection 3.3 we prove the transition to superlinear local con-
vergence of the modified algorithm. In section 4 we show how the global convergence
proof in [8] can be adapted to the modified algorithm.

2. A trust-region filter-SQP algorithm

In this section we recall the globally convergent trust-region filter-SQP-framework pro-
posed by Fletcher, Leyffer, and Toint [8] for the solution of (P).

Given the current iteratexk and a trust-region radius∆k, the step computation is
based on the approximate solution of the trust-region SQP-subproblem QP(xk,∆k)

minimize qk(s) subject to cE(xk) + AE(xk)s = 0,

cI(xk) + AI(xk)s ≤ 0,

‖s‖∞ ≤ ∆k.





QP(xk,∆k)
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Hereby,

AE(xk) = (ai(x)T )i∈E := ∇cE(xk)T , AI(xk) = (ai(x)T )i∈I := ∇cI(xk)T

are the Jacobians ofcE andcI , respectively,

qk(s) = fk + gT
k s +

1
2
sT Bks

with gk = g(xk) := ∇f(xk) is a quadratic model of̀(xk + s, yk) − yT
k A(xk)s,

A(xk) = ∇c(xk)T , andBk ∈ Rn,n is a symmetric approximation of the Hessian of
the Lagrangian

Hk := ∇xx`(xk, yk) = ∇xxf(xk) +
∑

i∈E∪I
(yk)i∇xxci(xk).

To ensure global convergence, filter methods evaluate the quality of a search direction
by using a filter

Fk ⊂ {(hj , fj) : j = 0, . . . , k − 1}
that collects pairs

(hj , fj) := (h(xj), f(xj))

from certain previous iterations. Hereby,h(x) is an infeasibility measure. Fletcher,
Leyffer, and Toint [8] propose to use

h(x) := ‖cE(x)‖1 + ‖c+
I (x)‖1,

wherec+
I (x) = (max {ci(x), 0})i∈I .

Since a local solution̄x of (P) minimizesf locally under the constrainth(x) = 0,
a promising trial steps should either reduce the contraint violationh or the function
valuef . To ensure sufficient decrease of at least one of the two criteria, Fletcher et al.
[8] call x acceptable to the filterFk if for all (hj , fj) ∈ Fk

either h(x) ≤ βhj or f(x) + γh(x) ≤ fj (1)

is satisfied with constants0 < γ < β < 1. Following [8] a pair(hj , fj) is called
dominated by(h(x), f(x)) if

h(x) ≤ hj and f(x) ≤ fj .

To update the information in the filter appropriate pointsx, which are acceptable to the
filter, areadded to the filterFk. This operation means that(h(x), f(x)) is added to the
set of pairs(hj , fj) in Fk and subsequently any old pair is removed from the filter that
is dominated by the new pair(h(x), f(x)).

The acceptance test (1) has the useful inclusion property that after adding a pair
(h(x), f(x)) to the filter all unacceptable points of the old filter remain unacceptable
for the new filter (although dominated pairs are removed). This allows to show that the
infeasibility tends to zero for any infinite subsequence of iterates added to the filter,
which is an essential ingredient for the global convergence analysis of filter methods.
More precisely, we have the following result, cf. the corollary of Lemma 1 in [8].

Lemma 1. For any infinite sequence of iteratesxk for whichhk > 0, {fk} is bounded
below, and(hk, fk) is entered to the filter, it follows thathk → 0.

Proof. See Lemma 1 and its corollary in [8]. ut
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Obviously, the filter concept alone does not necessarily enforce convergence to a local
minimum. For example if the iterates converge to an arbitrary feasible point and the
infeasibility measureh is in each iteration reduced by a factor of at leastβ then the
iterates will be acceptable to the filter. Therefore, the filter-SQP algorithm of Fletcher,
Leyffer, and Toint [8] imposes a sufficient reduction condition of the form

∆fk(s) := f(xk)− f(xk + s) ≥ σ∆qk(s), ∆qk(s) := qk(0)− qk(s)

with a constant0 < σ < 1 if the feasibility is good enough, more precisely if∆qk(s) >
0.

Finally, it is obvious that the SQP-subproblem QP(xk,∆) can be incompatible (in-
feasible). In this case, the algorithm invokes a restoration phase that finds an iterate
xk and a trust-region radius∆ ≥ ∆min > 0 such that QP(xk,∆) is compatible and
(hk, fk) is acceptable to the filterFk.

We have now collected all ingredients to give a precise statement of the filter-SQP
method of Fletcher, Leyffer, and Toint [8].

Algorithm 1. Filter-SQP Algorithm of [8]

Let 0 < γ < β < 1, σ ∈]0, 1[, and∆min > 0.

0. Initialize with a pointx, k = 1 and filterF1 = {(u,−∞)} with someu ≥ βh(x).
1. Enter restoration phase to find a pointxk acceptable to the filterFk such that

QP(xk, ∆̃) is compatible for somẽ∆ ≥ ∆min and initialize∆ = ∆̃.
2. Try to compute a solutions of QP(xk, ∆). If the QP is incompatible then include

(hk, fk) in the filter, setk := k + 1 and goto step 1 (h-type iteration).
3. If s = 0 stop with KT pointxk.
4. If xk + s is not acceptable toFk ∪ (hk, fk) then set∆ := ∆/2 and goto 2.
5. If

∆qk(s) := qk(0)− qk(s) > 0 and ∆fk(s) := fk − f(xk + s) < σ∆qk(s)

then set∆ := ∆/2 and goto 2.
6. If ∆qk(s) ≤ 0 then include(hk, fk) in the filter (h-type iteration).
7. Setsk = s, ∆k = ∆, xk+1 = xk +sk, and initialize∆k+1 ≥ ∆min. Setk := k+1

and goto step 2.

A convergence analysis of this algorithm is given in [8] under the following assump-
tions.

Assumptions (A1)–(A3).

(A1) All points that are sampled by the algorithm lie in a nonempty convex and com-
pact setX.

(A2) The problem functionsf(x) andc(x) are twice continuously differentiable on an
open set containingX.

(A3) There exists anMB > 0 such that the Hessian matricesBk satisfy‖Bk‖2 ≤ MB

for all k.

The following global convergence result is proven in [8].

Theorem 1. (Global convergence result, cf. [8, Thm. 7])
Under assumtions(A1)–(A3) the outcome of applying the filter-SQP algortihm of Al-
gorithm 1 is one of the following:
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(A) The restoration phase fails to find a pointx which is both acceptable to the filter
and for which QP(x,∆) is compatible for some∆ > ∆min.

(B) A KT point of problem (P) is found.

(C) There exists an accumulation point that is feasible and either is a KT point or
fails to satisfy the Mangasarian-Fromowitz constraint qualification (MFCQ).

We recall that MFCQ holds at some pointx if the rows ofAE(x) are linearly indepen-
dent and there exists a vectors with AE(x)s = 0, AA(x)s < 0, whereA ⊂ I is the
index set of active inequality constraints atx andAA(x) = (ai(x)T )i∈A.

3. Transition to fast local convergence

Our aim is to modify Algorithm 1 in such a way that it allows transition to superlinear
local convergence if

– the computed iteratesxk converge to a point̄x,
– x̄ satisfies the second order sufficient condition with strict complementarity and the

linear independence constraint qualification (LICQ),
– the Hessian approximationsBk are chosen appropriately forxk close tox̄.

More precisely, we assume the following.

Assumption (A4).

(A4) The iteratesxk converge to a point̄x that satisfies with a Lagrange multiplier
ȳ = (ȳT

E , ȳT
I ) the following second order sufficient conditions with strict com-

plementarity and LICQ:

h(x̄) = 0, ∇x`(x̄, ȳ) = 0,

ȳA > 0, ȳI\A = 0, whereA := {i ∈ I : ci(x̄) = 0} ,

∇xx`(x̄, ȳ) is positive definite on{s : AE∪A(x̄)s = 0},
AE∪A(x̄) has full row rank.





(O)

We still have to specify our requirements on the choice ofBk.

3.1. Local requirement on the step computation

In this subsection we introduce a standard framework for the Lagrange-multiplier up-
date that ensures with the choiceBk = ∇xx`(xk, yk) q-superlinear local convergence
to a pointx̄ satisfying (O) if full (local) SQP-steps are taken. To obtain suitable La-
grange multiplier estimates, we will make use of amultipliers function, see [9,5]:

Definition 1. LetUx̄ be a neighborhood of̄x satisfying (O). Then a functionY : Ux̄ →
Rm is called amultipliers functionif

Y : Ux̄ → Rm is continuous at̄x and ȳ = Y (x̄).
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One can show that forUx̄ small enough a continuously differentiable multipliers
function is for example given by the multipliers function of Glad and Polak

Y GP (x) = − (
A(x)A(x)T + γ1diag(ci(x)2)

)−1
A(x)g(x)

with γ1 > 0, see [11,5]. Moreover, by the strict complementarity assumption in (O) it
is easy to see that for any multipliers functionY and any constantν > 0 for Ux̄ small
enough it holds

A = {i ∈ I : ci(x) ≥ −νYi(x)} =: A(x) ∀x ∈ Ux̄. (2)

Thus, the active set can be identified exactly close tox̄.
To analyze the transition to fast local convergence we make for simplicity the fol-

lowing assumptions on the choice ofBk andyk. The use of inexact Hessian approxi-
mations, see for example [2,5], would be possible.

Assumption (A5).

(A5) There is a neighborhoodUx̄ of x̄ such that

Bk := Hk = ∇xx`(xk, Y (xk)), yk = Y (xk) ∀xk ∈ Ux̄,

whereY : Ux̄ → Rm is a Lipschitz continuous multipliers function that satisfies

YI(x) ≥ 0, YI\A(x) = 0 ∀x ∈ Ux̄.

Remark 1.If Y : Ux̄ → Rm is a Lipschitz continuous multipliers function then a
multipliers functionŶ satisfying (A5) can forUx̄ small enough be obtained by setting
ŶE∪A(x) = YE∪A(x), ŶI\A(x) = 0 withA(x) in (2), sinceA(x) = A for Ux̄ sufficiently
small. ut

Under assumption (O) the point̄x is a strict local minimum of (P) and we find
∆̄ > 0 such that forUx̄ small enough the following holds: for allxk ∈ Ux̄ with Bk

according to (A5) we have by continuity with a constantκB > 0

sT Bks ≥ κB‖s‖22 on {s : AE∪A(xk)s = 0} ,

AE∪A(xk) has full row rank,

(yk)A ≥ 1
2
ȳA > 0.

Moreover, for any given0 < ∆ ≤ ∆̄ we can shrinkUx̄ such that for allxk ∈ Ux̄ the
solutions of QP(xk, ∆̄) is unique, satisfies‖s‖∞ < ∆ and coincides with the solution
of the equality constrained problem EQP(xk) given by

minimize qk(s) subject to cE∪A(xk) + AE∪A(xk)s = 0, (EQP)

whereA ⊂ I is the set of active inequality constraints atx̄, see for example [1, Sec.
4.4.3], [2, Sec. 5] or [12, Thm. 18.1]. In particular, since(yk)I\A = 0 by (A5) the step
s satisfies the KT conditions

(∇xx`(xk, yk) AE∪A(xk)T

AE∪A(xk) 0

)(
s
z

)
=

(−∇x`(xk, yk)
−cE∪A(xk)

)
.



Superlinear local convergence of filter-SQP methods 7

Now it is well known that with the choicexk+1 := xk + s, yk+1 := Y (xk+1) the
sequence{xk} converges under assumption (A5) q-superlinearly tox̄ and that the con-
vergence is q-quadratic if∇xxf , and∇xxci are Lipschitz continuous in a neighborhood
of x̄, see for example [5,14].

We collect these facts in the following proposition:

Proposition 1. Let x̄ satisfy(O) and let(A5) hold. Then there exists̄∆ > 0 such that
for any givenζ ∈]0, 1[ and0 < ∆̃ ≤ ∆̄ possibly after shrinkingUx̄ the following holds:

AE∪A(x) has full row rank on a compact setSx̄ ⊃ Ux̄, (3)

YA(x) ≥ 1
2
ȳA > 0 ∀x ∈ Ux̄, (4)

and with a constantκB > 0

sT∇xx`(x, Y (x))s ≥ κB‖s‖22 on {s : AE∪A(x)s = 0} ∀x ∈ Ux̄. (5)

For anyxk ∈ Ux̄, yk = Y (xk), the sequence defined byx′k := xk and

x′j+1 = x′j + s′j with the unique solutions′j of QP(x′j , ∆̄) for j = k, k + 1, . . .,

whereB′
j = ∇xx`(x′j , Y (x′j)) are chosen according to(A5), is well defined, converges

q-superlinearly tōx (q-quadratically if∇xxf ,∇xxci are Lipschitz onUx̄), and satisfies

‖s′j+1‖ ≤ ζ‖s′j‖, ‖x′j+1 − x̄‖ ≤ ζ‖x′j − x̄‖, ‖s′j‖∞ < ∆̃. (6)

Thus,s′j solves also QP(x′j ,∆) for all ∆ ∈ [∆̃, ∆̄]. Moreover,s′j is the unique solution
of EQP(x′j).

3.2. Modifications of the filter-SQP algorithm to avoid the Maratos effect

By the well known Maratos effect the full SQP-steps can lead to an increase off and
h and therefore the iteratexk + s will not be acceptable toFk ∪ (hk, fk). To avoid this
difficulty, there are three promising approaches:

– Perform a second order correction step if the Maratos effect is detected. This ap-
proach is used successfully by Wächter and Biegler [16] in the context of an interior-
point linesearch filter algorithm.

– Allow nonmonotonicity in the filter to admit an increase inf andh. This is in the
spirit of the well known watchdog technique. A promising approach in this direction
is the nonmonotone filter method proposed recently by Toint [13].

– Use the Lagrangian function instead of the objective function in the filter.

In this paper we will consider the last approach.
As already mentioned, the Maratos effect can cause that the full SQP-step is not

acceptable with respect toFk ∪ (hk, fk), since bothh andf are increased. By using as
a technical tool the fact that the augmented Lagrangian function

`ρ(x, Y (x)) = `(x, Y (x)) +
ρ

2
‖cE∪A(x)‖22 (7)

is an exact penalty function close tōx satisfying (O) ifρ > 0 is large enough and
Y : Ux̄ → Rm is a Lipschitz continuous multipliers function, we will see that full SQP-
steps are eventually accepted by the filter, if the filter entries(h(x), f(x)) are replaced



8 Stefan Ulbrich

by entries(θ(x, y), `(x, y)) with an appropriately defined infeasibility measureθ(x, y).
This leads to our first modification of Algorithm 1:

Modification 1.

– Instead of the filter entries(h(x), f(x)) we use the entries(θ(x, y), `(x, y)), where

θ(x, y) := ‖cE(x)‖22 + ‖c+
I (x)‖22 + (yT

I c−I (x))2. (8)

Consequently, we call(x, y) acceptable to the filterFk if

either θ(x, y) ≤ βθj or `(x, y) + γθ(x, y) ≤ `j (9)

with constants0 < γ < β < 1.

We remark that
0 ≤ h(x) ≤ √

mθ(x, y)1/2. (10)

Moreover, it is obvious from (8) that

θ(x, y) = 0 =⇒ yT c(x) = 0. (11)

The second modification concerns step 5 of Algorithm 1. We note that in the case
∆qk(s) > 0 the step is only accepted if the sufficient decrease condition

∆fk(s) ≥ σ∆qk(s)

holds. This decrease condition can only be ensured if the error of the quadratic model
becomes small compared to the size of the predicted decrease∆qk(s). We now estimate
the size of∆qk(s) for a full SQP-step.

Let (O) and (A5) hold and considerxk ∈ Ux̄ with Ux̄ as in Proposition 1. To explore
the decrease properties of the full (local) SQP-steps given as the solution of QP(xk, ∆̄)
we use the fact thats solves EQP(xk). For convenience we set

Âk := AE∪A(xk), ĉk := cE∪A(xk).

Then EQP(xk) can be written as

minimize qk(s) subject to ĉk + Âks = 0. (EQP)

Now we decomposes in a normal stepsn and a tangential stepst. To this end, let

s = sn + st, sn = −ÂT
k (ÂkÂT

k )−1ĉk. (12)

Then we have obviously

∆qk(s) = − minbAk s̃t=0

(
gT

k sn +
1
2
(sn)T Bksn + (gk + Bksn)T s̃t +

1
2
(s̃t)T Bks̃t

)
.

(13)
Sincexk ∈ Ux̄, we know from (3), (4), and (8) that there existsκn > 0 (independent
of k) with

‖sn‖ ≤ κnθ
1/2
k . (14)

Moreover, (5) yields
(st)T Bkst ≥ κB‖st‖2.
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Thus, we obtain by (13) with a constantC > 0

∆qk(s) =
1
2
(st)T Bkst − gT

k sn − 1
2
(sn)T Bksn

≥ κB

2
‖st‖2 − ‖gk‖‖sn‖ − MB

2
‖sn‖2

≥ κB

2
‖st‖2 − C(‖sn‖ + ‖sn‖2)

(15)

and this lower bound can be sharp. Since∆fk(s) = ∆qk(s) + O(‖s‖2), the full SQP-
step will not necessarily satisfy∆fk(s) ≥ σ∆qk(s), unless

∆qk(s) ≥ (1− σ)|∆fk(s)−∆qk(s)| = O(‖s‖2),

which is not ensured in view of (15).
To circumvent this difficulty we replace the predicted reduction∆qk(s) and actual

reduction∆fk(s) by quantities that differ only byo(‖s‖2) and we check the decrease
ratio only if the predicted reduction is large enough compared toθk. As we will see, the
first goal can be accomplished by using the actual reduction

∆`k(s) := `k − `(xk + s, yk(s)) (16)

instead of∆fk(s), whereyk(s) denotes the new multiplier estimate, and the predicted
reduction

∆q̂k(s) := ∆qk(s) + yT
k ck (17)

instead of∆qk(s). Secondly, we require the sufficient decrease condition∆`k(s) ≥
σ∆q̂k(s) only if ∆q̂k(s) > κθθ

ψ/2
k with a constantψ ∈]1/2, 1]. This leads to the

following modification of step 5.

Modification 2.

– To ensure thatf -type steps allow eventually full (local) SQP-steps we replace the
condition in step 5 by

∆q̂k(s) := ∆qk(s) + yT
k ck > κθθ

ψ/2
k and ∆`k(s) < σ∆q̂k(s)

with ψ ∈]1/2, 1]. Analogously, we replace the condition∆qk(s) ≤ 0 in step 6 by
∆q̂k(s) ≤ κθθ

ψ/2
k .

Finally, we enter restoration not only if QP(xk, ∆) is infeasible but also if the Lagrange
multipliers weight inactive constraints to strongly. More precisely, we define the com-
patibility of QP(xk,∆) as follows.

Modification 3.

– We call QP(xk, ∆) compatibleif

QP(xk, ∆) is feasible and θ
1/2
k ≤ κ∆∆1+ξ (18)

with constantsκ∆ > 0 andξ ∈]0, 1[.

This leads to the following modified version of Algorithm 1.



10 Stefan Ulbrich

Algorithm 2. Modified Filter-SQP Algorithm

Let 0 < γ < β < 1, σ ∈]0, 1[, ξ ∈]0, 1[, ψ ∈]1/2, 1], κθ, κ∆ > 0, and∆min > 0.

0. Initialize with a point(x, y), k = 1 and filterF1 = {(u,−∞)} with someu ≥
βθ(x, y).

1. Enter restoration phase to find a point(xk, yk) acceptable to the(θ, `)-filterFk such
that QP(xk, ∆̃) is compatible in the sense (18) for somẽ∆ ≥ ∆min and initialize
∆ = ∆̃.

2. Try to compute a solutions of QP(xk,∆). If the QP is incompatible according
to (18) then include(θk, `k) in the filter, setk := k + 1 and goto step 1 (h-type
iteration).

3. If s = 0 stop with KT pointxk.
Otherwise compute a Lagrange multiplier estimatey = yk(s).

4. If (xk + s, y) is not acceptable toFk ∪ (θk, `k) then set∆ := ∆/2 and goto 2.
5. If

∆q̂k(s) := ∆qk(s) + yT
k ck > κθθ

ψ/2
k and ∆`k(s) < σ∆q̂k(s)

then set∆ := ∆/2 and goto 2.
6. If ∆q̂k(s) ≤ κθθ

ψ/2
k then include(θk, `k) in the filter (h-type iteration).

7. Setsk = s, ∆k = ∆, xk+1 = xk + sk, yk+1 = y, and initialize∆ ≥ ∆min. Set
k := k + 1 and goto step 2.

Remark 2.We note that the modified filter-SQP method in Algorithm 2 has many simi-
larities with the filter-SQP algortihms proposed by Fletcher, Gould, Leyffer, Toint, and
Wächter [6] and Conn, Gould, and Toint [4].

The convergence analysis in [8] of the original filter-SQP algorithm in Algorithm 1 uses
two essential observations. Firstly,∆qk(s) never increases if the trust-region radius∆ is
reduced, since the feasible set of QP(xk,∆) shrinks if∆ is reduced. Thus, the condition
∆qk(s) > 0 for trying the possibility of anf -type step can only switch from true to
false in the inner loop, but not vice versa. We note that the modified Algorithm 2 has
also this property, since we only replace∆qk(s) > 0 by ∆qk(s) > −yT

k ck + κθθ
ψ/2
k

and−yT
k ck + κθθ

ψ/2
k is fixed in the inner iteration.

Remark 3.A reinspection of the convergence proof in [8] shows that the global conver-
gence result of [8]–and also the results of the present paper–remain true if in step 1 only
the local minimizer of QP(xk,∆) is determined, which is closest toxk. Essential is the
monotonicity of∆qk(s) with respect to∆. ut

The second key point in the analysis of [8] is the observation that Algorithm 1 only
adds pairs(hk, fk) to the filter withhk > 0. Analogously, all pairs(θk, `k) added to the
filter by Algorithm 2 satisfyθk > 0. In fact, new entries to the filter can only be added
in step 2 if QP(xk,∆) is incompatible or in step 6 if∆qk(s) ≤ yT

k ck + κθθ
ψ/2
k . But if

θk = 0 then QP(xk,∆) is compatible in the sense (18) for all∆ > 0, sinces = 0 is
feasible. Thus,(θk, `k) is not added to the filter in step 2. Moreover, ifxk is not a KT
point then we must have∆qk(s) > 0 andθk = 0 implies−yT

k ck + κθθ
ψ/2
k = 0 by

(11). Thus, we have∆q̂k(s) = ∆qk(s) > 0 = κθθ
ψ/2
k and also the condition in step 6

for adding(θk, `k) to the filter is not satisfied. Consequently, the minimum constraint
violation in the filter satisfies always

τk := min
(θj ,`j)∈Fk

θj > 0. (19)
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This will allow us to adjust in section 4 the elegant global convergence analysis in [8]
to the modified Algorithm 2. First, we will show that Algorithm 2 allows transition to
fast local convergence.

3.3. Proof of transition to fast local convergence

Our aim is to show the following result.

Theorem 2.Let assumptions(A1)–(A5) hold. Then there isK > 0 such that Algorithm
2 takes full (local) SQP-steps for allk ≥ K, i.e., with some∆̄ > 0

xk+1 = xk + sk, ‖sk‖∞ < ∆̄ with the unique solutionsk of QP(xk, ∆̄) ∀ k ≥ K.

In particular, xk converges q-superlinearly tōx. If ∇xxf and∇xxci are Lipschitz con-
tinuous in a neighborhood of̄x thenxk converges q-quadratically.

The proof of this result requires some preparation and is given at the end of this section.
In a first step we show that full SQP-steps according to Proposition 1 are eventually

accepted by the filter. To this end, we prove as an auxiliary result that the augmented
Lagrangian functioǹρ(x, Y (x)) in (7) with a Lipschitz continuous multipliers function
Y : Ux̄ → Rm is an exact penalty function.

Lemma 2. Let x̄ satisfy(O) and letY : Ux̄ → Rm be a Lipschitz continuous multipliers
function. Then there exist constants0 < λ < η, ρ0 > 0 and a neighborhoodBδ(x̄) =
{x : ‖x− x̄‖ < δ} such that the augmented Lagrangian function`ρ in (7) satisfies

λ

2
‖x− x̄‖22+

ρ− ρ0

2
‖cE∪A(x)‖22 ≤ `ρ(x, Y (x))−`ρ(x̄, ȳ) ≤ η(1+ρ)‖x− x̄‖22 (20)

for all ρ ≥ ρ0 and allx ∈ Bδ(x̄).
Moreover, possibly after increasingη > 0, ρ0 > 0, and reducingδ > 0 we have for

the generalized augmented Lagrangian

̂̀
ρ(x, Y (x)) := `(x, Y (x)) +

ρ

2
θ(x, Y (x)) (21)

with θ according to(8) that for all ρ ≥ ρ0 and allx ∈ Bδ(x̄)

λ

2
‖x− x̄‖22+

ρ− ρ0

2
θ(x, Y (x)) ≤ ̂̀

ρ(x, Y (x))− ̂̀
ρ(x̄, ȳ) ≤ η(1+ρ)‖x− x̄‖22. (22)

Proof. Let x ∈ Ux̄. We use again the notation̂c(x) = cE∪A(x), Â(x) = AE∪A(x).
Using Taylor’s theorem and∇x`ρ(x̄, ȳ) = 0, ∇y`ρ(x̄, ȳ) = 0, we have with some
(x̃, ỹ) on the line segment between(x̄, ȳ) and(x, Y (x))

`ρ(x, Y (x))− `ρ(x̄, ȳ)

=
1
2
(x− x̄)T∇xx`ρ(x̃, ỹ)(x− x̄) + (x− x̄)T∇xy`ρ(x̃, ỹ)(Y (x)− ȳ).

(23)

Now it is obvious that

∇xx`ρ(x̃, ỹ) = ∇xx`ρ/2

(
x̃, ỹ +

ρ

2
ĉ(x̃)

)
+

ρ

2
Â(x̃)T Â(x̃). (24)
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It is well known that under assumption (O) there existsρ̄ > 0 such that∇xx`ρ/2(x̄, ȳ)
is uniformly positive definite for allρ ≥ ρ̄, i.e.,

sT∇xx`ρ/2(x̄, ȳ)s ≥ 4λ‖s‖22 ∀ s ∈ Rn

with a constantλ > 0, see for example [12, Thm. 17.5].
Let Ly be the Lipschitz constant ofY (x) and letρ0 := max

(
ρ̄, 4L2

y/λ
)
. By conti-

nuity, we findδ > 0 such that for all(x, y) with ‖x− x̄‖ < δ, ‖y − ȳ‖ < Lyδ

sT∇xx`ρ0/2

(
x, y +

ρ0

2
ĉ(x)

)
s ≥ 2λ‖s‖22 ∀ s ∈ Rn, (25)

where we chooseδ so small that theδ-ball Bδ(x̄) = {x : ‖x− x̄‖ < δ} is contained
in Ux̄. Thus, we obtain for allx ∈ Bδ(x̄) by (23), (24), (25)

`ρ0(x, Y (x))− `ρ0(x̄, ȳ) ≥ λ‖x− x̄‖22 +
ρ0

4
‖Â(x̃)(x− x̄)‖22

+ (Y (x)− ȳ)T Â(x̃)(x− x̄).

Now we have for allα > 0

2(Y (x)− ȳ)T Â(x̃)(x− x̄) ≥ − 1
α
‖Â(x̃)(x− x̄)‖22 − α‖Y (x)− ȳ‖22

≥ − 1
α
‖Â(x̃)(x− x̄)‖22 − αL2

y‖x− x̄‖22.

Hence, the choiceα = λ/L2
y yields (note thatρ0/4 ≥ L2

y/λ = 1
α )

`ρ0(x, Y (x))− `ρ0(x̄, ȳ) ≥ λ

2
‖x− x̄‖22 +

ρ0

8
‖Â(x̃)(x− x̄)‖22. (26)

Since`ρ(x̄, ȳ) = `ρ0(x̄, ȳ) = f(x̄), we have

`ρ(x, Y (x))− `ρ(x̄, ȳ) = `ρ0(x, Y (x))− `ρ0(x̄, ȳ) +
ρ− ρ0

2
‖ĉ(x)‖22, (27)

and together with (26) the left inequality in (20) is shown.
On the other hand, it is obvious from (23) that for allx ∈ Ux̄

`ρ(x, Y (x))− `ρ(x̄, ȳ) ≤ η(1 + ρ)‖x− x̄‖22
with a constantη > 0. This proves the right inequality in (20).

The estimates (22) for̀̂ρ(x, Y (x)) in (21) follow now from the following observa-
tions. By (O) we can reduceδ > 0 such that for allx ∈ Bδ(x̄)

YA(x) ≥ 1
2
ȳA > 0, c+

I\A(x) = 0.

Thus, we find by (8) a constantµ > 0 with

µ‖ĉ(x)‖22 ≤ θ(x, Y (x)) ≤ ‖ĉ(x)‖22 + (YI(x)T c−I (x))2. (28)

With ρ̂0 = ρ0/µ we obtain therefore from (26) and̀̂̂ρ0(x̄, ȳ) = `ρ0(x̄, ȳ) = f(x̄) that

̂̀̂
ρ0(x, Y (x))− ̂̀̂

ρ0(x̄, ȳ) ≥ `ρ0(x, Y (x))− `ρ0(x̄, ȳ) ≥ λ

2
‖x− x̄‖22.
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Since an analogue of (27) holds for̂̀
ρ, this proves as above the left inequality in (22)

after increasingρ0 to ρ̂0. On the other hand we have by the right inequality in (28)

̂̀
ρ(x, Y (x))− ̂̀

ρ(x̄, ȳ) ≤ `ρ(x, Y (x))− `ρ(x̄, ȳ) +
ρ

2
(YI(x)T c−I (x))2.

Sincec−A(x̄) = 0, YI\A(x̄) = 0, andY is Lipschitz atx̄, we have(YI(x)T c−I (x))2 =
O(‖x− x̄‖2). This shows the right inequality in (22) possibly after increasingη. ut

We are now in the position to show that fork large enough the sequence{x′j}j≥k of
full (local) SQP-steps is acceptable to the filter.

Lemma 3. Assume thatxk → x̄ with x̄ satisfying(O) and that(A5) holds. Then with
some∆̄ > 0 for anyζ ∈]0, 1[, 0 < ∆̃ ≤ ∆̄, andM ≥ 1 there is an indexK such that
for all k ≥ K the following holds:

The sequence{x′j}j≥k of full SQP-steps defined in Proposition 1 is well defined,
converges q-superlinearly tōx, and satisfies(6). Moreover, the problems QP(x′j ,∆),
∆ ≥ ∆̃, are all compatible in the sense(18)and for all∆ ∈ [∆̃, ∆̄] they have the same
solution as QP(x′j , ∆̄).

Finally, for all k ≥ K with

‖xk − x̄‖ ≤ M min
(θl,`l)∈Fk

‖xl − x̄‖ (29)

the points(x′j+1, Y (x′j+1)), j = k, k + 1, . . ., corresponding to full SQP-steps are
acceptable to

F ′j := Fk ∪ (θk, `k) ∪ (θ′k+1, `
′
k+1) ∪ · · · ∪ (θ′j , `

′
j).

Thus, full SQP-steps starting fromxk pass the filter test in step 4 of Algorithm 2.

Proof. Let ∆̄ > 0 be as in Proposition 1 and chooseUx̄ as in Proposition 1 for any
given0 < ∆̃ ≤ ∆̄ andζ = 1/2, say. Moreover, letρ0 andBδ(x̄) ⊂ Ux̄ be given by
Lemma 2. Then by Proposition 1 for allxk ∈ Bδ(x̄) the above sequence{x′j}j≥k is
well defined, satisfies (6) and converges q-superlinearly tox̄. In particular, we obtain
from (6) that the solutions of QP(x′j , ∆̄) and QP(x′j ,∆) coincide for all∆ ∈ [∆̃, ∆̄].
Without restriction we can chooseδ > 0 so small thatθ(x, Y (x))1/2 ≤ κ∆∆̃1+ξ for
all x ∈ Bδ(x̄). Then QP(x′j ,∆), ∆ ≥ ∆̃, are all compatible in the sense (18), since
{x′j}j≥k ⊂ Bδ(x̄) for xk ∈ Bδ(x̄) by (6).

ChooseK1 so large thatxk ∈ Bδ(x̄) for all k ≥ K1 and chooseρ ≥ ρ0 so large
that

β
(ρ

2
− γ

)
≥ β

ρ

4
and

ρ− ρ0

2
≥

(
1− β

4

)
ρ

2
. (30)

Then we know from (22) in Lemma 2 that for allx ∈ Bδ(x̄) with ̂̀
ρ in (21)

λ

2
‖x− x̄‖22 +

(
1− β

4

)
ρ

2
θ(x, Y (x)) ≤ ̂̀

ρ(x, Y (x))− ̂̀
ρ(x̄, ȳ) ≤ η(1 + ρ)‖x− x̄‖22

(31)
holds with constants0 < λ < η. Let as in (19)

τK1 := min
(θj ,`j)∈FK1

θj .
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We have already observed thatτK1 > 0. By continuity we find0 < δ1 < δ such
thatθ(x, Y (x)) ≤ βτK1 for all x ∈ Bδ1(x̄). Thus, for all pointsx ∈ Bδ1(x̄) the pair
(x, Y (x)) is acceptable toFK1 . Sincexk → x̄ we findK2 > K1 with xk ∈ Bδ1(x̄) for
all k ≥ K2. Using (6) in Proposition 1, we can chooseδ1 so small that for allk ≥ K2

the sequence{x′j}j≥k of full SQP-steps converges linearly with a contraction factor of
at least

‖x′j+1 − x̄‖ ≤
√

1
2

(
1− 1− β/2

1− β/4

)
λ

2M2η(1 + ρ)
‖x′j − x̄‖ ≤ 1

2
‖x′j − x̄‖. (32)

Now consider an arbitraryk ≥ K2 such that (29) holds and setδ2 := ‖xk − x̄‖. By (32)
we havex′k+1 ∈ Bδ2(x̄) and thus(x′k+1, Y (x′k+1)) is acceptable toFK1 . We still have
to show that it is acceptable with respect to(θl, `l) ∈ Fk ∪ (θk, `k) for K1 ≤ l ≤ k.
For thesel we havexl ∈ Bδ(x̄) \Bδ2/M (x̄) by (29) and therefore by (31)

̂̀
ρ(xl, Y (xl))− ̂̀

ρ(x̄, ȳ) ≥ λ

2M2
δ2
2 +

(
1− β

4

)
ρ

2
θl. (33)

On the other hand, (31) and (32) yield

̂̀
ρ(x′k+1, Y (x′k+1))− ̂̀

ρ(x̄, ȳ) ≤ η(1 + ρ)‖x′k+1 − x̄‖2

≤ 1
2

(
1− 1− β/2

1− β/4

)
λ

2M2
δ2
2 .

(34)

To prove that(x′k+1, Y (x′k+1)) is acceptable with respect to(θl, `l) we show now that
any point(x, Y (x)) with x ∈ Bδ2(x̄) that is not acceptable with respect to(θl, `l)
satisfies in contrast to (34)

̂̀
ρ(x, Y (x))− ̂̀

ρ(x̄, ȳ) >

(
1− 1− β/2

1− β/4

)
λ

2M2
δ2
2 .

In fact, if (x, Y (x)) is not acceptable to(θl, `l) then

θ(x, Y (x)) > βθl and `(x, Y (x)) + γθ(x, Y (x)) > `l.

Thus, we have with (30)

̂̀
ρ(x, Y (x)) = `(x, Y (x)) +

ρ

2
θ(x, Y (x)) > `l +

(ρ

2
− γ

)
θ(x, Y (x))

> `l + β
(ρ

2
− γ

)
θl ≥ `l + β

ρ

4
θl = ̂̀

ρ(xl, Y (xl))−
(

1− β

2

)
ρ

2
θl

≥ ̂̀
ρ(xl, Y (xl))− 1− β/2

1− β/4

(̂̀
ρ(xl, Y (xl))− ̂̀

ρ(x̄, ȳ)
)

.

Hereby, we have used (31) in the last step. This shows with (33) that

̂̀
ρ(x, Y (x))− ̂̀

ρ(x̄, ȳ) >

(
1− 1− β/2

1− β/4

) (̂̀
ρ(xl, Y (xl))− ̂̀

ρ(x̄, ȳ)
)

≥
(

1− 1− β/2
1− β/4

)
λ

2M2
δ2
2 .

Since this does by (34) not hold forx′k+1, we have shown that(x′k+1, Y (x′k+1)) is
acceptable toFk ∪ (θk, `k).
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Obviously, the same argument can be applied tox′k+1 andFk ∪ (θk, `k) instead
of xk andFk, since by (32) again (29) is satisfied forx′k+1 andFk ∪ (θk, `k). This
shows thatx′k+2 is acceptable toFk ∪ (θk`k) ∪ (θ′k+1, `

′
k+1). Thus the acceptability of

(θ′j+1, `
′
j+1) for F ′j follows by induction. ut

Finally, we show that the sequence{x′j}j≥k of full SQP-steps passes fork large enough
also the decrease test in step 5.

Lemma 4. Let the assumptions of Lemma 3 hold and letK be as in Lemma 3 for any
fixedζ ≤ 1/2 and0 < ∆̃ ≤ ∆̄. Then after a possible increase ofK for all k ≥ K the
sequence{x′j}j≥k of full SQP-steps defined in Proposition 1 satisfies withy′j = Y (x′j)
the following implication for allj ≥ k:

∆q̂ ′j (s′j) := ∆q′j(s
′
j) + (y′j)

T c′j > κθ(θ′j)
ψ/2 =⇒ ∆`′j(s

′
j) ≥ σ∆q̂ ′j (s

′
j). (35)

Hereby, we use the notations∆`′j(s
′
j) = `(x′j , y

′
j)−`(x′j +s′j , Y (x′j +s′j)), c

′
j = c(x′j),

θ′j = θ(x′j , y
′
j) and analogously for the other quantities.

Thus, full SQP-steps starting fromxk pass step 5 of Algorithm 2 for all∆ ≥ ∆̃
for which the solutions of QP(x′j ,∆) and QP(x′j , ∆̄) coincide, in particular for all

∆ ∈ [∆̃, ∆̄].

Proof. By Lemma 3 we know that there existsK > 0 such that for allk ≥ K the
sequence{x′j}j≥k, corresponding to full SQP-steps converges q-superlinearly tox̄ and
satisfies (6) forζ = 1/2. We then have

‖x′j − x̄‖ ≤ 1
2j−k

‖xk − x̄‖,

‖s′j‖ ≤ ‖x′j − x̄‖ + ‖x′j+1 − x̄‖ ≤ 3
2j−k+1

‖xk − x̄‖.
(36)

Let
∆q̂ ′j (s

′
j) := ∆q′j(s

′
j) + (y′j)

T c′j .

Obviously, the assertion is proven if we show that withK > 0 large enough for all
j ≥ k ≥ K in the case∆q̂ ′j (s

′
j) > σ(θ′j)

ψ/2 the following holds
∣∣∆q̂ ′j (s

′
j)−∆`′j(s

′
j)

∣∣ ≤ (1− σ)∆q̂ ′j (s
′
j).

Sinces′j is also the solution of EQP(x′j), we have

ĉ ′j = −Â′js
′
j (37)

with ĉ ′j = cE∪I(x′j), Â′j = AE∪I(x′j). Moreover,(y′j)I\A = 0 and thus

(y′j)
T c′j = (y′j)

T
E∪Aĉ ′j = −(y′j)

T
E∪AÂ′js

′
j = −(y′j)

T A′js
′
j .

This shows that

∆q̂ ′j (s
′
j) = −∇x`(x′j , y

′
j)

T s′j −
1
2
s′Tj B′

js
′
j .

Moreover, we have by (A5) that(Y (x′j + s′j)− y′j)I\A = 0 and thus

‖(Y (x′j + s′j)− y′j)
T c(xj + s′j)‖ ≤ ‖(Y (x′j + s′j)− y′j)E∪A‖‖cE∪A(x′j + s′j)‖

= o(‖s′j‖2).
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Hereby, we have used that‖Y (x′j + s′j)− y′j‖ ≤ Ly‖s′j‖ and thatcE∪A(x′j + s′j) =
ĉ ′j + Â′js

′
j + O(‖s′j‖2) = O(‖s′j‖2) by (37). Thus, we obtain with someτ ∈ [0, 1]

∣∣∆q̂ ′j (s
′
j)−∆`′j(s

′
j)

∣∣ ≤ 1
2
‖s′Tj (∇xx`(x′j + τs′j , y

′
j)−B′

j)s
′
j‖

+ ‖(Y (x′j + s′j)− y′j)
T c(x′j + s′j)‖

= o(‖s′j‖2).
(38)

On the other hand, using the step decomposition (12) and the obvious inequality

‖s′j‖2 = ‖s′nj + s′tj ‖2 ≤ 2(‖s′nj ‖2 + ‖s′tj ‖2)
we have by (15) and (14) after a possible increase ofK for all j ≥ k ≥ K

∆q′j(s
′
j) ≥

κB

2
‖s′tj ‖2 − C(‖s′nj ‖ + ‖s′nj ‖2) ≥

κB

4
‖s′j‖2 −

(
C +

κB

2

)
(‖s′nj ‖ + ‖s′nj ‖2)

≥ κB

4
‖s′j‖2 − C̃(θ′j)

ψ/2

with a constant̃C > 0. Hereby, we use (14) andψ ∈]1/2, 1] in the last step and choose
K large enough such thatθ′j ≤ 1 for all j ≥ k ≥ K.

Let My = 1 + supx∈Ux̄
‖Y (x)‖. Then(y′j)

T c′j ≤ Myθ
′1/2
j ≤ Myθ

′ψ/2
j by (8) and

we conclude that

∆q̂ ′j (s
′
j) ≥

κB

4
‖s′j‖2 − (C̃ + My)(θ′j)

ψ/2. (39)

We are now ready to show the implication (35). Let∆q̂ ′j (s
′
j) > κθ(θ′j)

ψ/2. We
consider two cases:

If ∆q̂ ′j (s
′
j) ≤ κB

8 ‖s′j‖2 then (39) yieldsκB

8 ‖s′j‖2 ≤ (C̃ + My)(θ′j)
ψ/2 and thus

∆q̂ ′j (s
′
j) > κθ(θ′j)

ψ/2 ≥ κθκB

8(C̃ + My)
‖s′j‖2.

Otherwise, we have∆q̂ ′j (s
′
j) > κB

8 ‖s′j‖2. Thus, we obtain in both cases

∆q̂ ′j (s
′
j) > min

{
κB

8
,

κθκB

8(C̃ + My)

}
‖s′j‖2 =: κ1‖s′j‖2. (40)

Sincexk → x̄, we obtain by (36) and (38) possibly after increasingK that for all
j ≥ k ≥ K

∣∣∆q̂ ′j (s
′
j)−∆`′j(s

′
j)

∣∣ ≤ (1− σ)κ1‖s′j‖2 < (1− σ)∆q̂ ′j (s
′
j),

where we use (40) in the last inequality. This proves the lemma. ut
By combining Lemma 3 and Lemma 4 we are now able to prove Theorem 2.

Proof of Theorem 2.Since (A4) and (A5) hold, we havexk → x̄ with x̄ satisfying
(O) and we can thus apply Proposition 1, Lemma 3, and Lemma 4. Let∆̄ > 0 be
as in Proposition 1, fix someM ≥ 1 and set∆̃ := min

{
∆̄,∆min

}
/4. Now choose

K > 0 large enough such that the assertions of Lemma 3 and Lemma 4 hold. Since
‖xk+1 − xk‖ → 0 we findK1 ≥ K such that

‖sk‖∞ < ∆̃ =
min

{
∆̄,∆min

}

4
, θ

1/2
k = θ(xk, Y (xk))1/2 ≤ κ∆∆̃1+ξ (41)
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for all k ≥ K1. Then by (41) and Lemma 3 the problems QP(xk, ∆) are compatible in
the sense (18) for allk ≥ K1 as long as∆ ≥ ∆̃.

Now let xk, k ≥ K1, be an arbitrary iterate satisfying (29). We show thatxk+1 =
x′k+1 = xk + s′k, wheres′k is the unique solution of QP(xk, ∆̄) as in Proposition 1.

Since the inner iteration halfs∆ starting from∆ ≥ ∆min ≥ 4∆̃ and QP(xk,∆) are
compatible for∆ ≥ ∆̃, it either finds an acceptable iteratexk+1 = xk + sk for some
∆ > 2∆̃ or it locates a trust-region radius∆ ∈ [∆̃, 2∆̃].

In the first case we have‖sk‖∞ < ∆̃ < ∆ by (41) and thussk must coincide with
the unique solutions′k of QP(xk, ∆̄) as asserted.

In the second case denote the solution of QP(xk,∆) by s. Since∆ ∈ [∆̃, ∆̄] and
k ≥ K, we know by Proposition 1 and Lemma 3 thats coincides with the unique
solutions′k of QP(xk, ∆̄) and thus‖s‖∞ < ∆ by (6). Moreover, by Lemma 3 the iterate
(x′k+1, y

′
k+1) = (xk+s′k, Y (xk+s′k)) is acceptable to the filterFk∪(θk, `k) and passes

by Lemma 4 the decrease test in step 5. Thus, the trial iterate(xk + s, Y (xk + s)) is
accepted by the algorithm and we havexk+1 = x′k+1 = xk + s′k, xk+1 = Y (xk+1).

Hence, in both cases the algorithm takes the full (local) SQP-stepxk+1 = x′k+1.
The next iterate satisfies again (29) and we obtain by induction thatxj = x′j for all
j ≥ k with the iterates{x′j}j≥k according to Proposition 1. Now Proposition 1 yields
the q-superlinear (or q-quadratic) convergence of{xk}. The proof is complete. ut

4. Global convergence of the modified filter-SQP algorithm

In this section we show that the global convergence result of Theorem 1 remains true for
the modified filter-SQP method of Algorithm 2. In addition to assumptions (A1)–(A3)
we assume that the used Lagrange multipliers remain uniformly bounded and that the
Lagrange multiplier estimates weight inactive inequality constraints not to strongly.

Assumption (A6).

(A6) There exists a constantMy > 0 such that all Lagrange multiplier estimates gen-
erated in step 1 or step 3 satisfy

‖yk‖ ≤ My, ‖yk(s)‖ ≤ My,

(yk)I ≥ 0, (yk(s))I ≥ 0
(42)

for all k. Moreover, there are constantsML > 0 andζ > 0 with

max
{

ξ,
1
ψ
− 1

}
< ζ ≤ 1 (43)

such that all Lagrange multiplier estimatesy = yk(s) generated in step 3 satisfy

|yT
I c−I (xk + s)| ≤ ML∆1+ζ . (44)

We note that the condition (44) is not required for Lagrange multipliers generated in the
restoration. (42) is a natural requirement and is consistent with (A5).

Remark 4.In the equality constrained case (44) is void. Therefore, for equality con-
strained problems (A6) is obviously satisfied by the multipliers in assumption (A5).
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Remark 5.Condition (44) can for example be ensured by applying the modification rule

max
{
(c−I (xk + s))i, (cI(xk) + AI(xk)s)i

}
< −MI∆1+ζ =⇒ yi = 0, (45)

since(c−I (xk + s))i ≥ (cI(xk) + AI(xk)s)i − 1
2nMC∆2, cf. Lemma 6 below.

This rule allows in particularyi 6= 0 for all constraints that are active at the solution
s of QP(xk,∆). ut
Remark 6.If (A4) and (A5) hold and if QP(xk,∆k) has sufficiently close tōx oncethe
correct active set (which will fail to occur only in quite pathological situations if we use
Bk = ∇xx`(xk, Y (xk)) close tox̄) then from this iteration on the multipliersY (x) can
be taken and thus (A5) is compatible with (A6).

This can be seen as follows. If (A4) holds and the solution of QP(xk,∆k) has for
xk ∈ Ux̄ the active setE ∪ A then the rule (45) allows to chooseyk+1 = Y (xk+1)
according to (A5). Thus, withk := k + 1 we haveyk = Y (xk) and if xk is close
enough tōx then the conditionθ1/2

k ≤ κ∆∆1+ξ in (18) ensures that

‖c−A(xk)‖ ≤ µ∆1+ξ

with a constantµ > 0. Using this together with (O) one can show that for allxk ∈ Ux̄

possibly after shrinkingUx̄ the active set of QP(xk,∆) with Bk = ∇xx(xk, Y (xk))
is E ∪ A under the compatibility requirement (18) and thus the rule (45) leavesy =
Y (xk + s) unchanged. More precisely, we have the following lemma, which is proven
in the appendix.

Lemma 5. Let (A4) hold. Then we can findK > 0 such that for allk ≥ K the fol-
lowing is true: ifBk = ∇xx`(xk, Y (xk)), yk = Y (xk) as in(A5) and if QP(xk,∆) is
compatible in the sense(18) then QP(xk,∆) has the active setE ∪ A.

ut
The global convergence of Algorithm 2 can be obtained by a slight modification of the
convergence proof of Fletcher, Leyffer, and Toint [8] for Algorithm 1. Our aim is to
show the following analogue of Theorem 1.

Theorem 3.Let assumptions(A1)–(A3) and(A6) hold. Then the result of applying the
modified filter-SQP algorithm of Algorithm 2 is one of the scenarios(A), (B), or (C)
stated in Theorem 1.

To prove this theorem we only indicate the necessary modifications of the proof in [8].
We have already observed after the statement of Algorithm 2 that it shares the fol-

lowing properties with Algorithm 1 that are essential for the convergence analysis in [8]:
the predicted reduction∆q̂k(s) depends monotone nonincresing on∆ and the minimal
constraint violationτk in the filterFk, see (19), is always positive.

In the following we sketch how the convergence analysis in [8] can be adjusted to
the framework of Algorithm 2.

We start by recalling the following auxiliary result in [8, Lem. 3].

Lemma 6. Let assumptions(A1)–(A3)hold. Then for any feasible points of QP(xk,∆)
the following holds.

∆fk(s) ≥ ∆qk(s)− nMB∆2, (46)

‖cE(xk + s)‖∞ ≤ 1
2
nMC∆2, (47)

‖c+
I (xk + s)‖∞ ≤ 1

2
nMC∆2, (48)

whereMC = supx∈X ‖∇xxci(x)‖2, 1 ≤ i ≤ m.
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Proof. This is a direct consequence of Taylor’s theorem, see [8, Lem. 3]. ut
The next lemma is an analogue of [8, Lem. 4] and shows that the iteratexk + s is
acceptable to the filter if∆ is small enough and QP(xk,∆) is feasible.

Lemma 7. Let assumptions(A1)–(A3) and(A6) hold. Ifs solves QP(xk,∆), thenxk +
s is acceptable to the filter if∆2+2ζ ≤ min

{
1, 4βτk/(mn2M2

C + 4M2
L)

}
with τk in

(19)andζ in (A6).

Proof. By (47), (48), and (A6) we have

θ(xk + s, yk(s)) = ‖cE(xk + s)‖22 + ‖c+
I (xk + s)‖22 + ((yk(s))T

I c−I (xk + s))2

≤ 1
4
mn2M2

C∆4 + M2
L∆2+2ζ .

Thus,θ(xk + s) ≤ βτk holds for∆2+2ζ ≤ min
{
1, 4βτk/(mn2M2

C + 4M2
L)

}
. This

ensures by (9) and the definition ofτk in (19) that the iteratexk + s is acceptable to the
filter. ut
The next lemma is an adaption of [8, Lem. 5] to Algorithm 2.

Lemma 8. Let assumptions(A1)–(A3) and (A6) hold and letx◦ ∈ X be a feasible
point of problem(P)at which MFCQ holds but which is not a KT point. Then there exists
a neighborhoodN ◦ of x◦ and constantsε, µ̂, κ > 0 such that for allxk ∈ N ◦ ∩X and
all ∆ for which

µ̂(θ1/(2+2ξ)
k + θ

ψ/2
k + θ

1/2
k ) ≤ ∆ ≤ κ (49)

it follows that QP(xk, ∆) is compatible in the sense(18) with solutions at which the
predicted reduction(17)satisfies

∆q̂k(s) ≥ 1
4
ε∆ + κθθ

ψ/2
k (50)

and the actual reduction(16)satisfies the sufficient reduction condition

∆`k(s) ≥ σ∆q̂k(s) (51)

as well as
∆`k(s) ≥ γθ(xk + s). (52)

Proof. In [8, Lem. 5] it is shown that there exists a neighborhoodN ◦ of x◦ and con-
stantsε, µ, κ > 0 such that for allxk ∈ N ◦ ∩X and all∆ with

µhk ≤ ∆ ≤ κ

the problem QP(xk,∆) has a feasible solutions at which

∆qk(s) ≥ 1
3
ε∆, ∆fk(s) ≥ σ∆qk(s), ∆fk(s) ≥ γh(xk + s). (53)

Without restriction we can chooseκ ≤ 1. Now set

µ̂ = max
{

1, κ
−1/(1+ξ)
∆ ,

√
mµ, 12

κθ + My + 1
ε

}
.

Then (49) implies
∆1+ξ ≥ κ−1

∆ θ
1/2
k .
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Thus, QP(xk, ∆) is compatible in the sense (18).
By (10) we have

√
mθ

1/2
k ≥ hk. Hence, (49) implies by our choice ofµ̂

µhk ≤ µ̂θ
1/2
k ≤ ∆ ≤ κ,

∆ ≥ 12
κθ + My + 1

ε
(θψ/2

k + θ
1/2
k ). (54)

Therefore, (53) is satisfied by [8, Lem. 5] and yields with (49), (54)

∆qk(s) ≥ 1
4
ε∆ +

1
12

ε∆ ≥ 1
4
ε∆ + (κθ + My + 1)(θψ/2

k + θ
1/2
k ).

This shows that

∆q̂k(s) = ∆qk(s) + yT
k ck ≥ ∆qk(s)− (My + 1)θ1/2

k ≥ 1
4
ε∆ + κθθ

ψ/2
k

and (50) is proven.
It remains to show (51) and (52). By (42) in (A6) we have(yk(s))T

I c−I (xk +s) ≤ 0.
This yields with (47), (48)

∆`k(s) = ∆fk(s) + yT
k ck − yk(s)T c(xk + s)

≥ ∆fk(s) + yT
k ck −My

1
2
√

mnMC∆2.

Together with (46) and (50) we obtain

∆`k(s) ≥ ∆q̂k(s)−
(

nMB + My
1
2
√

mnMC

)
∆2

≥ σ∆q̂k(s) + (1− σ)
1
4
ε∆−

(
nMB + My

1
2
√

mnMC

)
∆2.

(55)

Thus, (51) holds for all

∆ ≤ (1− σ)1
4ε

nMB + My
1
2

√
mnMC

=: κ1 (56)

and consequently (49) ensures (51) if we chooseκ ≤ κ1. Finally, (51), (50), (47), (48),
and (A6) yield

∆`k(s)− γθ(xk + s) ≥ σ
1
4
ε∆− γ

1
4
mn2M2

C∆4 − γM2
L∆2+2ζ (57)

and the right hand side is nonnegative for all

∆ ≤ min

{
1,

(
σε

γmn2M2
C + 4γM2

L

)1/(1+2ζ)
}

=: κ2. (58)

Thus, also (52) is satisfied if we chooseκ ≤ κ2 in (49). ut
As a last preparation for the proof of Theorem 3 we proceed as in [8] and show that the
inner loop of Algorithm 2 terminates finitely. The following lemma is a counterpart of
[8, Lem. 6].

Lemma 9. Let assumptions(A1)–(A3) and (A6) hold. Then the inner iteration of Al-
gorithm 2 terminates finitely.
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Proof. Again, we only describe the modifications of the proof of Lemma 6 in [8].
If xk is a KT point of (P) thens = 0 solves QP(xk, ∆) and the inner iteration

terminates in step 3.
Otherwise, we have∆ → 0 if the inner iteration does not terminate finitely. If

θk > 0 then QP(xk,∆) is obviously incompatible in the sense (18) for all sufficiently
small∆ > 0. Thus, the inner iteration terminates finitely in step 2.

If θk = 0 then we find exactly as in the proof of Lemma 6 in [8, p. 55] a constant
η > 0 with ∆qk(s) ≥ 1

2η∆ for all 0 < ∆ ≤ κ with a constantκ > 0 sufficiently
small. Now,θk = 0 impliesyT

k ck = 0 by (11) and thus∆q̂k(s) = ∆qk(s) ≥ 1
2η∆ >

κθθ
ψ/2
k = 0. Thus, it follows that∆q̂k(s) ≥ 1

4ε∆ with ε = 2η. Now we can continue
exactly as in the proof of Lemma 8. In fact, we obtain (55) and thus∆`k(s) ≥ σ∆q̂k(s)
folds for all ∆ ≤ κ1 with κ1 > 0 according to (56). Hence, the sufficient decrease
condition in step 5 is satisfied for∆ ≤ min {κ, κ1}. Moreover, we have also (57) and
thus∆`k(s) ≥ γθ(xk + s) is satisfied for∆ ≤ κ2 with κ2 > 0 in (58). Thus,xk is for
∆ ≤ min {κ, κ1, κ2} also acceptable relative to(θk, `k), cf. (9). Moreover, for

∆ ≤ min

{
1,

(
4βτk

mn2M2
C + 4M2

L

)1/(2+2ζ)
}

=: κ3

the iteratexk is by Lemma 7 also acceptable toFk. Hence, for∆ ≤ min {κ, κ1, κ2, κ3}
also the filter test of step 4 is satisfied and thus the inner iteration terminates in step 7.
The proof is complete. ut
We are now able to adapt the global convergence proof of [8] to Algorithm 2.

Proof of Theorem 3.We have only to consider case (C). Then the algorithm runs
infinitely and since the inner iteration is finite by Lemma 9, the outer iteration pro-
duces an infinite sequence of iteratesxk. By (A1) the sequence{xk} has at least an
accumulation point.

Consider the case that the outer iteration produces an infinite sequence ofh-type
iterations. Exactly as in [8] we obtain a subsequenceS of h-type iterations such that
xk → x∞ with somex∞, τk+1 = θk < τk for k ∈ S and Lemma 1 with(θk, `k)
instead of(hk, fk) yieldsθk → 0 for k ∈ S. Thus,x∞ is feasible and ifx∞ violates
MFCQ then (C) is satisfied.

Now consider the case where MFCQ is satisfied atx∞ andx∞ is not a KT point.
As in [8] we will derive a contradiction. LetN∞ be the neighborhood ofx∞ given in
Lemma 7 and chooseK > 0 so large thatxk ∈ N∞ for all k ∈ S, k ≥ K. Lemma 7
and Lemma 8 show that with constantsµ̂, κ > 0 for all k ∈ S, k ≥ K and all∆ with

µ̂(θ1/2
k + θ

ψ/2
k + θ

1/(2+2ξ)
k ) ≤ ∆ ≤ min

{
κ, 1,

(
4βτk

mn2M2
C + 4M2

L

)1/(2+2ζ)
}

(59)

the problem QP(xk, ∆) is compatible and the solutions satisfies∆`k(s) ≥ σ∆q̂k(s),
∆q̂k(s) > κθθ

ψ/2
k , ∆`k(s) ≥ γθ(xk + s) (see Lemma 8), and(θ(xk + s), `(xk +

s, yk(s))) is acceptable toFk (see Lemma 7). In particular, for all

∆ ≥ µ̂(θ1/2
k + θ

ψ/2
k + θ

1/(2+2ξ)
k )

noh-type iteration occurs, since QP(xk,∆) is compatible in the sense (18) and∆q̂k(s) >

κθθ
ψ/2
k (recall that∆q̂k(s) is nondecreasing in∆) and for∆ satisfying (59) anf -type

step will occur. Hence, the algorithm will take anf -type step in iterationk ∈ S, k ≥ K,
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if halfing of ∆ beginning by some∆ ≥ ∆min in the inner loop locates a∆ satisfying
(59) (then the conditions for anf -type step will be met if this was not the case before).
But we haveτk+1 = θk < τk andθk → 0 for k ∈ S. Since by (43)

max
{

1
2
,
ψ

2
,

1
2 + 2ξ

}
>

1
2 + 2ζ

,

the upper bound in (49) will for allk ∈ S large enough be at least twice the lower
bound. Thus, for largek ∈ S an f -type step will be taken which contradicts the fact
that the iterationsk ∈ S are composed ofh-type steps. Thus, the assumption thatx∞

is not a KT point was wrong.
Finally, consider the case where the algorithm takes only a finite number ofh-type

steps. Then there isK > 0 such that̀ k − `k+1 ≥ σ∆q̂k(s) > κθθ
ψ/2
k for all k ≥ K.

By (A1), (A2), (A6) `k is uniformly bounded and thus

∞ >
∑

k≥K

(`k − `k+1) ≥
∑

k≥K

σ∆q̂k(s) >
∑

k≥K

σκθθ
ψ/2
k ≥ 0.

Therefore, we haveθk → 0 and thus any accumulation pointx∞ of {xk} which exists
by (A1) is feasible. Assume thatx∞ satisfies MFCQ but is no KT point and letS be
a subsequence of iterates converging tox∞. As above letN∞ be the neighborhood of
x∞ given in Lemma 7 and chooseK > 0 so large thatxk ∈ N∞ for all k ∈ S, k ≥ K.
Since noh-type steps occur fork ≥ K we haveτk = τK > 0 for all k ≥ K and exactly
as above anf -type step is guaranteed for allk ∈ S, k ≥ K if

µ̂(θ1/2
k + θ

ψ/2
k + θ

1/(2+2ξ)
k ) ≤ ∆ ≤ min

{
κ, 1,

(
4βτK

mn2M2
C + 4M2

L

)1/(2+2ζ)
}

=: κ̂.

(60)
This time the upper bound is constant and the lower bound is half the upper bound for
k ≥ K possibly after increasingK. Hence, for allk ∈ S, k ≥ K, the f -type step
occurs with∆ ≥ min {∆min, κ̂/2} and thus (50) yields

`k − `k+1 ≥ σ∆q̂k(sk) ≥ 1
4
ε min {∆min, κ̂/2} .

Since`k − `k+1 > κθθ
ψ/2
k ≥ 0 for all k ≥ K, this implies`k → −∞, which is a

contradiction to the boundedness of`k. Thusx∞ is a KT point or violates MFCQ. ut

5. Conclusions

We have proposed a modified version of the globally convergent trust-region filter-
SQP method by Fletcher, Leyffer, and Toint [8] such that the transition to fast local
convergence is ensured under appropriate local assumptions on the Hessian approx-
imation in the SQP-problems and on the Lagrange multipliers. Hereby, the original
SQP-steps without additional second-order correction can be used. The modified algo-
rithm is globally convergent if the Lagrange multipliers used are bounded and weight
inactive inequality constraints not to strongly. Thus, in the equality constrained case
only the boundedness of the Lagrange multipliers is assumed globally which is always
compatible with our local requirement on the Lagrange multipliers. In the inequality
constrained case our global and local conditions on the Lagrange multipliers are–in
particular–compatible as soon as sufficiently close to the limit pointx̄ a subproblem



Superlinear local convergence of filter-SQP methods 23

QP(xk, ∆k) identifies the active set correctly. From this point on the local and global
conditions on the Lagrange multipliers can be met.

Our modified algorithm is very similar to the filter-SQP methods in Fletcher, Gould,
Leyffer, Toint, and Ẅachter [6] and in Conn, Gould, and Toint [4], but uses the La-
grangian function value instead of the objective function value and a different feasibil-
ity measure in the filter. Thus our algorithm can also be viewed as a variant of the latter
algorithms. We decided to build on the results in [8], since the global convergence anal-
ysis is less technical than in [4,6]. However, it would be interesting to apply the proof
techniques of [4,6] to get an alternative convergence proof for our modified algorithm.

In conclusion, the results of the present paper show that the filter technique does
allow transition to fast local convergence without using second order correction steps
if appropriate filter entries are used. It is an interesting topic for future research if the
proposed modifications can help to further improve the encouraging numerical perfor-
mance of filter-SQP methods reported in the past [3,7].

Appendix: Proof of Lemma 5

It is sufficient to show that the assertion is true for all0 < ∆ ≤ ∆̃ with a constant
∆̃ > 0. In fact, since by (A4)xk → x̄ holds, we findK > 0 with ‖xk+1 − xk‖∞ < ∆̃
for all k ≥ K and thus for allk ≥ K Algorithm 2 produces the same sequence if we
replace∆k in all iterationsk ≥ K by min{∆k, ∆̃}.

Let againÂ(x) := AE∪A(x), ĉ(x) := cE∪A(x). Moreover, we set

AE,k := AE(xk), AA,k := AA(xk), cE,k := cE(xk), cA,k := cA(xk).

We know from (O) in (A4) that

ĉ(x̄) = 0, g(x̄) = −Â(x̄)T ȳE∪A, ȳA ≥ 2ε > 0, cI\A(x̄) < −ε

for someε > 0. Now chooseK > 0 so large and∆̃ > 0 so small thatcI\A(x) < 0 for

all feasible points of QP(xk, ∆̃), k ≥ K. Then QP(xk, ∆), 0 < ∆ ≤ ∆̃ is for k ≥ K
equivalent to

min qk(s) := gT
k s +

1
2
sT Bks, AE,ks = −cE,k, AA,ks ≤ −cA,k. (61)

By continuity and (O), we can increaseK such that withBk = ∇xx`(xk, Y (xk)),
yk = Y (xk) for all k ≥ K the following holds

sT Bks ≥ κB‖s‖22 on
{

s : Âks = 0
}

,

‖(ÂkÂT
k )−1Âk‖ + ‖ÂT

k (ÂkÂT
k )−1‖ ≤ MA,

(yk)A ≥ 1
2
ȳA ≥ ε.

Moreover, we have constants with‖gk‖ ≤ Mg, ‖yk‖ ≤ My. Since(yk)I\A = 0 if
yk = Y (xk) we obtain by (8) withµ = min{1,

√
ε} > 0

θ
1/2
k ≥ µ‖ĉk‖.

In addition, we observe that

gk = −ÂT
k ȳE∪A + (gk − g(x̄)) + (Âk − Â(x̄))T ȳE∪A =: −ÂT

k ȳE∪A + rk, (62)
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where‖rk‖1 ≤ Lg‖xk − x̄‖1 with a constantLg. Finally, we increaseK such that for
all k ≥ K

‖xk − x̄‖1 ≤
ε

16MALg
. (63)

Now let s be the solution of a problem QP(xk,∆), 0 < ∆ ≤ ∆̃, k ≥ K, that is
compatible in the sense (18). We know thats solves also (61) and have by (18)

µ‖ĉk‖ ≤ θ
1/2
k ≤ κ∆∆1+ξ. (64)

We want to show that̂Aks = −ĉk. We first compute an upper bound forqk(s). If
we take

ŝ = −ÂT
k (ÂkÂT

k )−1ĉk,

thenÂkŝ = −ĉk and by (64)

‖ŝ‖ ≤ MA‖ĉk‖ ≤ MAκ∆

µ
∆1+ξ =: C1∆

1+ξ.

Thus, for∆ ≤ min{1, ∆̃, C
−1/ξ
1 } =: ∆̃1 we have‖ŝ‖∞ ≤ ‖ŝ‖ ≤ ∆ and the objective

function value is for∆ ≤ ∆̃1

qk(ŝ) ≤ MgC1∆
1+ξ + nMBC2

1∆2+2ξ ≤ (MgC1 + nMBC2
1 )∆1+ξ.

Thus we find a constant0 < ∆̃2 ≤ ∆̃1 such that for all0 < ∆ ≤ ∆̃2

qk(ŝ) ≤ ε

8MA
∆. (65)

Now we decompose the optimal solutions in a normal and tangential component

s = sn + st, sn = ÂT
k v, st = Wz,

where the columns ofW are an ONB of the nullspace of̂Ak. The corresponding objec-
tive function value is by (62)

qk(s) = −ȳT
E∪AÂksn + rT

k s +
1
2
sT Bs

≥ −ȳT
E∪AÂksn − (Lg‖xk − x̄‖1∆ + nMB∆2).

(66)

Using (63), we find0 < ∆̃3 ≤ ∆̃2 such that for all0 < ∆ ≤ ∆̃3

qk(s) ≥ −ȳT
E∪AÂksn − ε

8MA
∆. (67)

We show next that with a constant0 < ∆̃4 ≤ ∆̃3 for all 0 < ∆ ≤ ∆̃4 the solutions of
a compatible problem QP(xk,∆) has a normal componentsn with ‖sn‖∞ ≤ ∆/2. To
this end we show thatqk(s) > qk(ŝ) would hold if‖sn‖∞ > ∆/2.

Sincesn = ÂT
k v, we havev = (ÂkÂT

k )−1Âksn and thus

‖v‖ ≤ MA‖sn‖.
This yields

‖v‖‖Âksn‖ ≥ vT Âksn = ‖sn‖2 ≥ 1
MA

‖v‖‖sn‖
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and we conclude that

‖Âksn‖ ≥ 1
MA

‖sn‖ ≥ 1
MA

‖sn‖∞.

Since
ÂA,ksn ≤ −cA,k,

we have for the positive part0 ≤ (ÂA,ksn)+ ≤ −c−A,k and thus
∥∥∥∥∥
(

Â+
A,ksn

ÂE,ksn

)∥∥∥∥∥ ≤ ‖ck‖ ≤ κ∆

µ
∆1+ξ =: C3∆

1+ξ.

We conclude that

‖Â−A,ksn‖ ≥ ‖Âksn‖ − C3∆
1+ξ ≥ 1

MA
‖sn‖∞ − C3∆

1+ξ.

This gives for‖sn‖∞ ≥ ∆/2

−ȳT
E∪AÂksn ≥ −ȳT

AÂ−A,ksn −MyC3∆
1+ξ ≥ 2ε‖Â−A,ksn‖

1
−MyC3∆

1+ξ

≥ 2ε

MA
‖sn‖∞ − C3(2ε + My)∆1+ξ

≥ 2ε

2MA
∆− C3(2ε + My)∆1+ξ ≥ ε

2MA
∆

(68)

for ∆ ≤ ∆̃4 with a constant0 < ∆̃4 ≤ ∆̃3. Thus, we obtain by combining (65), (67),
and (68) for0 < ∆ ≤ ∆̃4

qk(s)− qk(ŝ) ≥ ε

2MA
∆− ε

8MA
∆− ε

8MA
∆ =

ε

4MA
∆ > 0

which contradicts the optimality ofs. Therefore,∆ < ∆̃4 ensures that‖sn‖∞ ≤ ∆/2.
We are now in the position to show that̂Aks = −ĉk for ∆ < ∆̃4. Assume the

contrary. Then there exists a rowaT
i of ÂA,k with aT

i s < (−ĉA,k)i. Set

δs = ∆
u

2‖u‖∞
, u = ÂT

k (ÂkÂT
k )−1ei,

whereei denotes thei-th unit vector. For all components with|(sn+st)j | = ∆ we have
|(st)j | ≥ ∆/2, since|(sn)j | ≤ ∆/2. Therefore, we have withs(α) := (1 − α)st +
sn + αδs for smallα > 0

‖s(α)‖∞ ≤ ∆, Âks(α) = Âksn + α∆
ei

2‖u‖∞
≤ −ĉk.

Now we have by using thatgk = −ÂT
k ȳE∪A + rk

d

dα
qk(s(α)) =

d

dα

(
gT

k s(α) +
1
2
s(α)T Bks(α)

)

= gT
k (δs− st) + s(α)T Bk(δs− st)

= −∆
(ȳE∪A)i

2‖u‖∞
+ rT

k (δs− st) + s(α)T Bk(δs− st)

≤ − 2ε

2MA
∆ + (2Lg‖xk − x̄‖1∆ + 2nMB∆2)

≤ − ε

MA
∆ +

ε

4MA
∆ < 0.
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In the last step, we use the choice of∆̃3, see (66), (67). But sinces(α) is feasible
for smallα > 0, d

dαqk(s(α)) < 0 contradicts the optimality ofs and the assumption

aT
i s < (−cA,k)i for somei was wrong. This completes the proof by setting∆̃ = ∆̃4.

ut
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16. A. WÄCHTER AND L. T. BIEGLER, Global and local convergence of line search filter methods for non-
linear programming, CAPD Technical Report B-01-09, Department of Chemical Engineering, Carnegie
Mellon University, Pittsburgh, Pennsylvania, 2001 (revised 2002).


