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Abstract. In this paper, the filter technique of Fletcher and Leyffe991) is used to globalize the primal-
dual interior-point algorithm for nonlinear programmirgoiding the use of merit functions and the updating
of penalty parameters.

The new algorithm decomposes the primal-dual step obtdioed the perturbed first-order necessary
conditions into a normal and a tangential step, whose sizesantrolled by a trust-region type parameter.
Each entry in the filter is a pair of coordinates: one resglfiom feasibility and centrality, and associated
with the normal step; the other resulting from optimalitgrfgplementarity and duality), and related with the
tangential step.

Global convergence to first-order critical points is proedthe new primal-dual interior-point filter
algorithm.
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1. Introduction

In this paper we use the filter technique of Fletcher and legy[ff3] to globalize the
primal-dual interior-point method for nonlinear optimien. This technique incorpo-
rates the concept of nondominance (borrowed from multeda optimization) to build
afilter that is able to reject poor trial iterates and enforce glabalergence from ar-
bitrary starting points. The filter replaces the use of nfarictions, avoiding therefore
the update of penalty parameters associated with the patiah of the constraints in
merit functions.

Since its first appearance in a 1997 paper by Fletcher anddrdif3], the filter
technique has been mostly applied, so far, to SLP (sequiénéar programming) and
SQP (sequential quadratic programming) type methods B,14]. Global convergence
to first-order critical points has been proved for SLP byd¢Het, Leyffer, and Toint [14]
in 1998 and for SQP by Fletcher, Gould, Leyffer, and Toin{ [[h11999. In the context
of composite SQP for equality constrained optimizatiorrigh and Ulbrich [21] have
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also proposed, based on filter ideas, a nonmonotone tmistaralgorithm. Recently,
Audet and Dennis [2] presented a pattern search filter mefthraderivative-free non-
linear programming. The filter idea has proven to be very assftl numerically in the
SLP/SQP framework [12], motivating its applications teeimbr-point methods.

Interior-point methods, although quite well studied forelar and convex program-
ming, are still a very open topic of research in nonlineagpaonming. One of the issues
is guaranteeing global convergence because there seemstoileal merit function.
Several approaches for globalizing interior-point methading different merit func-
tions have been proposed. See the references [5, 8,10, 22]16n the other hand, the
local convergence properties of interior-point methodsianlinear programming are
quite well studied in the literature [6,7,10,18,23,28thaligh difficulties arise when
the limit point does not satisfy strict complementarity wrelar independence of the
gradients of the active or binding constraints [17,20, 24].

The primal-dual interior-point method is based on the aapion of Newton’s me-
thod to a perturbed version of the first-order necessaryitiond. The perturbation in-
corporates the (numerically efficient) notion of centgaliorcing the iterates to stay as
much as possible away from the boundary of the feasible setpfmal-dual interior-
point filter method is partially motivated by the SQP-filtég@ithm of Fletcher, Gould,
Leyffer, and Toint [11]. We also split the primal-dual stepa normalandtangential
steps and use a trust-region parameter to control the slzatlosteps. The normal step
points towards the quasi-central path, trying to achievargrovement in feasibility
and centrality. The tangential step is designed to reduesitte of the gradient of the
Lagrangian function (and complementarity). The algorithoorporates also a restora-
tion phase (proposed in [11,13, 14] for SLP/SQP-filter) areeimprove, if necessary,
feasibility and centrality.

This paper is organized as follows. A brief outline of theibancept of filter
methods is given in Section 2. The primal-dual interiorpdiamework is presented
in Section 3, where a number of estimates are presenteddaotimposite primal-dual
step (the proofs are postponed to an appendix). The filtehamésm and the primal-
dual interior-point filter method are described in SectioBdction 5 contains the proof
of global convergence to first-order critical points. A mgation algorithm is proposed
in Section 6 and some final remarks and open questions aeel gtafection 7.

We use]| - || to denote the Euclidean norm of a vector as well as the indozdx
norm. Given two vectors € RP* andv € RP2, we use(u, v) to represent the vector
w = (ul,vT)T € RP1+P2 Finally, we pose the nonlinear programming problem in the
general form

min f(z) s.t. h(x) =0, z >0, Q)

wheref : R — R andg : R* — R™ are twice continuously differentiable func-
tions on an open set C R”.

2. Basic concept of a filter method

We begin by outlining the main concepts of the filter method-lstcher and Leyffer
[13], using the form analyzed by Fletcher, Gould, Leyfferddoint [11]. This method
is applicable to the general nonlinear programming probleiowever, since in our
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interior-point approach the nonnegativity constraints> 0 will be handled by the
interior-point step calculation, it is sufficient to skettie basic algorithmic framework
of the original filter method for the simpler (equality casted) problem

min f(z) s.t. h(zx) =0, (2)

wheref : R* — R andh : R* — R™ are twice continuously differentiable
functions on an open sé& C R”.

The concept of NLP filter methods originates from the obderaahat the solution
of a nonlinear programming problem like (2) consists of twe tompeting aims of
minimizing a measure of feasibili§(x), e.9.0(z) = ||h(x)]||, and of minimizing the
objective functionf(z). Hence, (2) can be seen as a bi-criteria optimization proble
with the additional requirement théthas some priority, since convergence to a feasible
point must be ensured. Instead of combining the two objestoy using a penalty func-
tion, Fletcher and Leyffer proposed in [13] to usiltr to build the efficient border of
the bi-criteria optimization problem of minimizing infabaity and objective function
value. The definition of a filter takes into account the faet thve would like to reduce
both,f(z) andf(z). Afilter F is afinite set of tuple§f(z;), f(x;)) — pairs in this case
— that correspond to a collection of pointg, with the additional requirement that no
filter entry is dominated by any of the others. Hereby, follugv[13], a pointz, or the
corresponding paitf(z), f(z)), is said to dominate a point, or the corresponding

pair (6(z"), f(z')), if
6(r) <6(') and f(x) < f(2').

If 2 dominates:’, the latter is most probably of no real interest. A naturguieement
for a new iterate is, therefore, that it should not be doneiddity previous iterates. The
filter serves the purpose of collecting information on selé@revious iterates, and
thus provides, in terms of dominance, a selection critefanew iterates. However,
it is obvious that the acceptance of iterates whenever theyat dominated by the
filter (i.e., by any of the filter entries) does not exclude, édgample, a clustering of
iterates at an infeasible point. To avoid the acceptanceaios ghat are arbitrarily close
to the efficient border (i.e., to the boundary of the set opalfs that are dominated by
the filter), acceptability of: to the filter is defined in [11] in a more stringent way by
requiring that for all filter entrie$d(z;), f(z;)) € F it holds that

max{0(z;) — 0(x), f(z;) — f(z)} > vFr0(x;),

whereyz € (0,1/2) is fixed. The original concept of nondominance is still useddd
a point, or the corresponding pd#(z), f(z)), to the filter: If 2 is added to the filter,
then all entries that are dominated byware removed from the filter.

In order to produce new iterates that are acceptable to tee filletcher, Gould,
Leyffer, and Toint [11] proposed the use of a trust-regianfework and the decom-
position of the step, = s} + s} into a normal step} and a tangential steg,. The
normal steps} is computed yielding linearized feasibility, i.e.

h(zr) + Vh(zp) sp =0, ||spll < kadg, (3)
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whererx 4 € (0, 1) is a constant. It is assumed that there exists a consfapt 0 such
that||s}|| < 0 for all k. The tangential step is in turn computed verifying

Vh(z)"sh =0, s+ sl < Ay,

and providing a fraction of Cauchy decrease for a quadratidettn;, of f.
Problem (3) is infeasible ifA, is too small in comparison t8,. Therefore, it is
required in [11] that
Iskll < £, min{l, K, Ay} (4)

with constants:, > 0 andy € (0, 1). In particular, for smalld,, the normal step}
must be tiny compared td. If it is not possible to compute a normal step satisfying
(4), a restoration phase is entered with the goal of redutiagnfeasibility, measured
by 6, as much as needed. Then the full normal step can always&e, @kd thus (=, +
sk) = O(A?). Possibly after reducing\;, (and reentering restoration if necessary), the
new trial iterate will be acceptable to the filter if all filtentries(6;, f;) satisfyf; > 0,
which is ensured by the mechanism of selecting new filteriestif the filter test is
passed, the decrease properties of the full siepn the modeln; are checked. If
the predicted decrease fg@ris not promising, more precisely ifi; (zy) — my(zr +
sk) < kg7 with a constank, € (0, 1), then the infeasibility is considered to dominate
the possible decrease jh The new iterate is accepted ang is added to the filter.
Otherwise, thef-decrease is required to satisfy the standard trust-regioeptance
criterion

flak) = flok + sk)

’fnk(’l‘k) — mk(Tk + Sk) B

with preset) € (0, 1). If the test fails,Ay is reduced. Otherwise, the step is accepted
andAy is updated as in a standard trust-region algorithm. Iffftecrease is met;, is
not added to the filter, sinég can be very small in this case and addingcan enforce
small trust-region radii to get acceptable points in laterations.

The interior-point filter method introduced in this papeinispired by the sketched
SQP filter method of [11]. Essentially, our application o fiiter concept to the glob-
alization of interior-point methods has the following fiessts:

— A primal-dual interior-point Newton step forms the basistfee trial step computa-
tion. The nonnegativity constraints are handled by a cergenechanism.

— We identify two objective$ andé,, corresponding to feasibility and objective func-
tion value, such that an appropriate splitting of the stéparmal” and “tangential”
components guarantees decrease for linearized modelaraft,, respectively.

— An adaptation of the filter framework of [11] for the p&it, 6,) is proposed.

— The trial steps do not require the recomputation of normdltangential compo-
nents when the trust-region radius changes.

3. Interior-point framework

We return to the nonlinear programming problem posed in greal form (1).
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3.1. Step computation

Primal-dual interior-point methods are based on the idesppfying Newton’s method
to an appropriate perturbation of the first-order necessatignality conditions (Karush-
Kuhn-Tucker or KKT conditions). For the problem under calesation, the KKT con-
ditions can be written in the form

Val(z,y,2) =0, 5)
h(z) =0, (6)
Xz=0, @)

>0, z>0, (8)

wherey € R™ andz € R" are the Lagrange multiplierg, denotes the Lagrange
function
U,y 2) = f(2) + hz)Ty — 2"z,
andX is the diagonal matrix of order in which thei-th diagonal element is;. Under
a constraint qualification the conditions (5)—(8) are neagsforz to be a local solution
of (1).
We now perturb block (7) of the KKT system (5)-(7) and write

Val(z,y, z)
Fy(z,y,2) = h(z) =0,
Xz — jie

wherej > 0. Throughout, we will work withi = ou, whereo € (0,1) is a centering
parameter, and

p=—. ©)
To abbreviate notation we set
w=(r,y,2z) and Aw = (Azx, Ay, Az).

The primal-dual Newton stefw is determined by the Newton equation for the per-
turbed KKT system, i.e.,

Frlr,u(xvyvz)Aw = _Fﬂu(xvyvz)v
or, in detail, by

V2 U(z,y,2z) Vh(z) =1 Az Vil(z,y,z)
Vh(z)" 0 0 Ay | = — h(x)
Z 0 X Az Xz —ope

The choicei = o with centering parameter € (0, 1) and complementarity measure
u according to (9) ensures that the primal-dual Newton divac\w is a descent direc-
tion for 27 2 /n and allows thus a dynamic reductionafThis choice is frequently used
in the context of linear programming and was also used in dmimear programming
algorithm of El-Bakry et al. [10].
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To adapt the methodology of a filter as outlined in Section @upinterior-point
context, we have to specify the two quantities for the filtetries, the first component
corresponding to feasibility and the second correspondiogtimality. Along with the
choice of the filter components, we have to find a correspgndé@composition of the
trial step into a normal step and a tangential step thatyildecrease of the feasibility-
and optimality-component, respectively.

To motivate our choice of the components in the filter and thp decomposition,
we rewrite the perturbed KKT-conditions in the form

0 Val(z,y, z)
Fou(z,y,2) = h(x) + 0 = 0. (10)
Xz — pe (1 - o)pe

The first term in the middle expression measures the proximithe quasi-central path.
We recall that the quasi-central path, parameterized (see [1]), is defined by

Pl = {(z,2): h(z) =0, Xz = pe}.

Therefore, in terms of our filter approach, it seems natar#éttthe quasi-central path
play the role of the feasible sét : h(z) = 0} in Section 2 and to choose the measure
of quasi-centrality

O(w) = [[h(x)]| + | Xz — (2T2)/nel

as the first component in the filter. In this context it is inpok to mention that the
central path for nonlinear programming

P;i = {w=(z,y,2) : Vyl(w) =0, h(z) =0, Xz = pe},

parameterized by, is only guaranteed to exist (for sufficiently sma)lin the neigh-
borhood of a pointz, y, z) that satisfies the second-order sufficient conditions;tstri
complementarityrpax{z;, z;} > 0,7 = 1,...,n), and linear independence of the gra-
dients of the active or binding constraints.

The second term in the middle expression of (10) measurepleomentarity and
criticality. For the second filter component we choose tloeesthe optimality measure

0,(w) = z7z/n + ||V L(w)|2.

We are aware that this choice certainly allows some roomnigrovements, since the
fact that we are dealing with a minimization problem is natyweell reflected byd,.
However, given that the investigation of filter methodsiistits beginnings, we think
that our choice of the optimality measure is appropriatetierpurpose of this paper.
We believe that our approach is also viable for other choade;, and return to this
issue in Section 7.

With this choice of the filter components it remains to defiogesponding tangen-
tial and normal components of the trial step. We use the dposition associated with
the splitting (10). For th@ormalsteps™ = (Az", Ay™, Az™) we thus choose

0
Bl =— | h@) |, (1)
Xz — pe
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whereas outangentialsteps’ = (Ax?, Ayt, Az?) is given by

Vo b(w)
F;ﬂ(w)st =— 0 : (12)
(1 o)ue

Note thatAw = s™ + st. However, it will be crucial that we exploit the flexibilityf the
step splitting to introduce different stepsizes §6rands? in our trial step computation.
The adjectives normal and tangential are borrowed from @ié &ontext [4,19] but
have here a slightly different flavor. The normal step candmnss a step towards the
quasi-central patt??. The tangential step is the sum of a tangential compostent

V. l(w)
F,, (w)st = — 0
0

that attempts to redudpv .¢(w)

0
F(w)sh = — ( 0 )
(1 —o)pe

that seeks the minimization gf = 27z/n (see, for instance, [27]). Therefore, the
tangential step aims to reduce the optimality meadyite) = 27 z/n + || V.4(w)|*.

We introduceA as the positive scalar that primarily controls the lengtthef step
taken alongAw, forcing the damped component&(A)s™ anda?(A)s?, to satisfy

, with a predictor component,

la™(A)s"[| < 4, la’(4)s'] < A.

Having these bounds in mind, and requiring explicithf A) < a™(A), we set
A
a"(A) —min{l,w}, (13)
S
at(A)—min{an(A),At} —min{l,i,it}. (14)
[Is*]] [Fs™ 11 []s*]]

Hereby, we use for\ > 0 the natural definitiom™ (A) = 1 for ||s"|| = 0 anda?(A) =
a"(A) for ||s*]] = 0 by using the conventiomin{1,co} = 1.
Let also

w(4) = (5(A), y(A), 5(4)) = w+ 0" (A)s" + o ()", (15)
s(A) = (SI(A), sy(A), SZ(A)) =w(A) —w = a"(A)s" + o' (A)s". (16)
Thus,
[s(A)] < 24,

andA plays here a role comparable to the trust-region radius.
The scalarsy™(A) and of(A) define the step sizes taken along the normal and
tangential directions, respectively, and will be such tagitivity and some measure
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of centrality of the new iterate/(A) are maintained. However, botit (A) anda®(A)
depend onA, that in turn will be adjusted, not only to meet the purposeaditivity
and centrality, but also to enforce global convergence.

We introduce the notation

ZETZ

out) = @, Oefw) =[xz T2l butw) = 19,

which allows to rewrite the filter components as

O(w) = Oc(w) + 0 (w), 0y (w) = = + ||V (w)

SinceX z might not be zero, a point that satisfie®(w) = 6,(w) = 0 and(z, z) > 0,
might not be a KKT point. The definition & (w), however, guarantees that a paint
verifying 6(w) = 6,(w) = 0 and(z, z) > 0, is indeed a KKT point.

With the purpose of achieving a reduction on the functignwe introduce, at a
given pointw, the quadratic model

m(w(2))
:UTZ x — TZ z — 2 TLU

22 WA ZD AR 2L 19, 6w) + 2, ) (w(2)  w)
H(A)T2(4) ~ (@(4) ~ )7 (=(4) ~ 2

_ IV l(w) + V2 L (w) (w(A) — w)]?,

by adding to the linearization of’ z /n the squared norm of the linearizationgf £(w).
To shorten notation we also set

In order to preventxz(A), z(A)) from approaching the boundary of the positive
orthant too rapidly we will keep the iteration in the neighiomod

ZETZ ITZ
N(y,M) = {w i (z,2) >0, Xz2> T On(w) + 0y (w) < MT}
with fixedy € (0,1) and M > 0. This is a frequently used centrality condition in
infeasible interior-point methods for linear and conveadyatic programming, cf. [27]
and the references therein, and has also proven its efficiartbe context of nonlin-
ear programming [10]. We will see in the next subsection that A (v, M) implies
w(A) € N (v, M) wheneverA € (0, A,y for a given constantl,;, > 0.

3.2. Step estimates
The following lemma provides, at(A), upper bounds on the values&f, 6., 6,, and

6, in terms of A and of the corresponding valueswuatlt also provides a lower bound
for the decrease produced on the quadratic modby the stepy(A) — w.
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Lemma 1. There exist positive constanid;, M., and M,, depending on an upper
bound foré, and on the Lipschitz constants @ and V2 ¢, such that, for allA > 0,

Tw

O (w(A)) < (1 — a™(A))0n(w) + My A?, (17)
0.(w(A)) < (1 —a™(A)b.(w) + M.A?, (18)
Oy (w(A)) < (1 — a(A))b(w) + MyA?. (19)

For A satisfyingd < A < Ay, it also holds
0y(w(A)) < (1 - (A)(1—0))0g(w) + MyA?, (20)

for some positive constant,,.
Finally, for any A > 0, we also have

m(w) — m(w(A)) > o' (A)(1 — 0)8,(w). (21)

Now we state a result that says that if the current peint (z,y, z) satisfies the
centrality requiremenk z > ~yue, so does the next point(A) = (z(A),y(A), z(AQ)),
provided A is sufficiently small. A similar property is also stated fbetinequalities
On(w) + 0¢(w) < Mp and(zx, z) > 0.

Lemma 2. Let||F, ,(w)~!|| < C and, fory € (0,1) and M > 0, assume that
Xz >ype, Op(w)+0i(w) < Mp.
There exists a constant,,;, such that, ifd < A < A, then

X(4)z(4) = yu(A)e, (22)
On(w(A)) + 0s(w(A)) < Mu(A). (23)

Furthermore, if(x, z) > 0, then, for allA in (0, Amin],
(z(A),z(4)) > 0. (24)
Thus,w € N (v, M) impliesw(A) € N (v, M) forall A € (0, Apin].

The proofs of these results are quite technical and aredefari appendix of this
paper.

4. The interior-point filter method

Our definition of a filter takes into account the fact that weulddike to reduce both
0(w) = 0.(w) + 0, (w) andd, (w). Hence, we choosg andd, to form a filter entry,
wheref measures feasibility arg) measures optimality. We thus replace the objective
function value by the criticality measurg. Since we introduced the filter concept
already in Section 2, we give here only formal definitionsebthe notations for the
rest of the paper.
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Definition 1 (Dominance).A pointw, or the corresponding paif(w), 8,(w)), is said
to dominate a poini’, or the corresponding paff(w’), 04 (w")), if

f(w) < O(w') and O,y(w) < O,(w'),
or, alternatively, if the following inequality igiolated
max{f(w) — O(w'), 0y (w) — O, (w')} > 0.

Definition 2 (Filter). A filter is a finite subsefF c R? consisting of pairs(ef,ag;),

def

with 8/ = 67 + 6/, such that no pair can dominate any of the others.

As pointed out in Section 2, the mere requirement that a reati is not dominated
by any of the filter entries is too weak as an acceptanceionteinstead, we require:

Definition 3. Let vy € (0,1/2) be fixed. The poiniv is acceptable to the filtef if,
for all (97,6]) € F, it holds

max{0’ — O(w), 9_5 — O, (w)} > y£07.

In the course of the algorithm, we will add selected new intthe filter. This
procedure is done in the following way:

Definition 4. By addingw to the filter7 we mean the following operation:

F = F ={(0(w),0,(w))}U
{(67,0)) € F : min{6 — O(w),0] — 6,(w)} < 0}.

Remark 1Therefore, ifw is added to the filter, all old entries that are dominated ky th
new entry are removed. O

Our primal-dual interior-point filter method generatesateswy 1 = wy(Ay) #
wy, that are acceptable to the filter, but not all new iteratgs, are added to the filter.

In general, the primal-dual interior-point filter methodgases a sufficient reduc-
tion criterion relating the actual reduction éy with the reduction predicted by its
modelm,:

Pk =M

where
d:ef Hg(wk) — 99(’(Uk(Ak))

mg(wy) — my(wi (Ag))

andn € (0, 1) is a preset constant.
However, the test of this condition is skipped if

mi(wy) — my (wi (Ag)) < £6(w)?,

wherex € (0,1) is a preset constant. In other words, the sufficient rednatiite-
rion p > n is only imposed when the reduction in the modeg] is sufficiently good
compared withd (wy)?. In the situation wherg;, < n andmy (wy) — mg (wi(Ar)) <
k0 (wy)?, the new iteratav, 1 = wy(Ay) is accepted and the previous poing is
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added to the filter (guaranteeing that this new filter enttisBasf(wy) > 0). This se-
lection criterion of adding points;, to the filter prevents us from building up a filter for
which the computation of acceptable points would requicesimall trust-region radii.

If pr > nandmy (wy,)—my (wi(Ar)) > k0 (wy)?, the iteratavy, is not added to the
filter. This situation is the only one where a new iteratg, ; = wy(Ax) is computed
and the previous oney, is not added to the filter.

If 6(wy) is too large compared td, (or to an appropriate power afy), the al-
gorithm enters a restoration phase with the purpose of ireduéc More precisely, a
restoration algorithm is called if

O(wy) > A min{~, fyzAg},

where~y;, 2, andj are preset positive constants. The restoration algorithust pro-
duce a new iteratey, | that is not only acceptable to the filter but also satisfies; ;1) <
Ay min{yy, 7y, Af}. In this situation, the previous iteraig, is added to the filter (quar-
anteeing also that this new filter entry satisfi¢g,) > 0). In Section 6, we propose a
restoration algorithm, based on the primal-dual intepioint framework of this paper,
that verifies the requirements of the restoration phase.

The primal-dual interior-point filter method satisfyingetlabove features is now
presented. Note that step 5 guarantees that the potemtgallyteratew; (A ) is always
acceptable to the filter.

Notation. In the following algorithm, the current iterate in iteratié is denoted
by wy and the normal and tangential trial steps are denoted, lands?, respectively.
Further, the step sizes}(A) andal, (A) are defined according to (13) and (14), re-
spectively, withs™ = s ands’ = st. Similarly, wy,(A) ands (A) are defined by (15)

and (16), respectively, withy = wy,, s"/* = sz/t, anda™/t(A) = az/t(A).

Algorithm 1 (Primal-dual interior-point filter method).

0. Chooser € (0,1),v € (0,1) 71,72 > 0,0 < 8,71,k < 1, andyz € (0,1/2). Set
F := (). Choos€(z, z9) > 0 andyg, and determine € (0, 1) such thatXz, >
Yo With pg = 22 2o /n. Further, choos8/ > 0 such that, (wg)+0,(wy) < M .
ChooseA}™ > 0 and set := 0.

1. Setuy, = x} 2, /n and compute? ands! by solving the linear systems (11) and
(12), respectively, withfw, 1) = (wg, g )-

2. Computed;, € [0, A}"] such that

zp(A) >0, 2z,(A) >0, Xp(A)zp(A) > yurp(A)e forall A e [0, AL]
and such thatd} is not smaller than the largest Ai*, r = 0,1, ..., having this
property.
3. Compute the largest) = v/ A}, j = 0,1,..., such that
On (wi(AY)) + Oc(wi (Ay)) < Mpx(AY).

Set4; = Ag
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4.1f O(wy) < Ag min{fyl,fyzﬂg} then continue in step 5. Otherwised wy, to the
filter and call a restoration algorithm that produces a pejnt, such that:
wiy1 € N (v, M) with  pgpiq = 2t 2041/7;
w41 1S acceptable to the filter;
O(wi1) < Apgr min{yr, 72 A7} with Ay = Ay
SetA}" | := Ay, k:=k+1,and goto step 1.
5. If wy (Ayg) is not acceptable to the filter (withy, considered in the filter ifng (wyg ) —
my (wi(Ax)) < x6(wy)?), then go to step 11.
6. If my(wr) — mi(wir(Ag)) = 0, then sepy, := 0. Otherwise, compute

0y (wy) — 0g(wi(Ag))
mg(wi) — my (wi(Ag))

Pk =
7. If pr. < nandmy (wy) — my(wi(Ag)) > k6(wy)? then go to step 11.
8. If my(wy) — myg(wi(Ax)) < k0(wy,)? thenadd wy, to the filter.
9. ChooseA” | > Ay.
0. Setwg41 := wi(Ag), k:=k + 1, and go to step 1.
1. Setwyy1 = wy, S}y = SF, Sjyq = Spy Apyq = Ar/2. Setk =k +1and go
to step 3.

1
1

In practice, step 2 would be implementedAls = TkAA;c, WhereAA;C is the largest
value of A such that(zg(A), zx(A)) > 0 and Xy (A)zx(A) > yur(A)e and 7y is
a parameter irfr, 1) to enforce(z;(A), zx(A)) > 0. The adjustment of; would be
important to achieve a rapid rate of local convergence. Vife paoit that the calculation
of Ay is split in steps 2 and 3 for good reasons. In fact, in step 2 fidssible to
determine explicitlyA; (more preciserAA;c). However, because of the nonlinearity of
0, andd,, that is not the case in step 3, where we know from Lemma 2 tlaiteid all
sufficiently smallA} verify 0y, (wy (A})) + 0o (wi(A))) < M pi(A}) but we cannot
explicitly determine it.

5. Global convergence to first-order critical points

For the rest of this paper we assume tlai } is a sequence of iterates generated
by the primal-dual interior-point filter method (Algorithr). We will also impose the
following assumptions.

Assumption 1.

(A1) The sequencé(zy, yx, zx)} is bounded.

(A2) The derivativesVh and V2 ¢ exist and are Lipschitz continuous in an open set
containing all the iterate@ey, yx, zx) and the line segmentsy,, wy + s (Ax)].

(A3) There exists” > 0 such that for alk it holds || ¥, (wy) ™[] < C.

Remark 2(A3) holds in a neighborhood of a regular point satisfying the second-
order sufficient conditions and strict complementarity &# instance [10]. Moreover,
conditions are given in [10] under which (A1) and (A3) arewesl if the iteratesuy
are kept inV'(, M) and only the boundedness{fy } is assumed.
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As we will see, these assumptions will allow us to prove glabavergence to KKT
points. Since KKT points are feasible, we are restrictingdhalysis to problems that
are not infeasible. It is the uniform boundedness of therseef the Jacobian given in
Assumption (A3) that rules out infeasibility. 0

The following simple result is a direct consequence of tlessaimptions and of Lem-
mas 1 and 2.

Lemma 3. The following hold:

i) The sequence®y, (wy)}, {0.(wk)}, {pr}, and{6,(wy)} are bounded.
ii) The constantd/;,, M., M,;, M, in Lemma 1 are bounded for &il
iii) There existsA,;n > 0 such that the conditions in steps 2 and 3 are satisfied for
all Ay, A}l € [0, Awin]. Thus, steps 2 and 3 leav®" unchanged fof) < A" <
Amin and we havel, = A",
iv) It holdsmax{||s?||,[|st||} < C(M + (n? — n + 1)1/2)y, for all k.

For the result iv) we use th§tX z — pe|| < (n? — n)?p and||(1 — o)pel| < n'/?p.
Given the fact that{(zx, yx, zx)} is bounded, the boundedness of the sequence
{s(Ag)} follows by Lemma 3. (Note thats?|| and||s%|| are bounded by iv) and}
andal, do not exceed one.)
We start the convergence theory by showing that new iteeatealways acceptable
to the filter and that all filter entrie@”, 67) obey#” > 0, two facts that require no
analysis and follow directly from the structure of the aigfon.

Lemma 4. If wy, is added to the filter, thefi(wy) > 0.

Proof. An iteratew;, is added to the filter either in step 4 or in step 8. In the firseca
(step 4), we see th&{wy) > Ag min{’yl,’ygAg} > 0. In the second case (step 8), we
conclude from Lemma 1, (21) that

O(wy)? > %(mk(wk) — g (wi(Ag)) > 0.

Thus, in both case8(wy) > 0. 0
Lemma 5. In all iterationsk > 0, the current iteratev;, is acceptable to the filter.

Proof. The proof is by induction. Sincg is empty in iteratiork = 0, the initial iterate

wy IS certainly acceptable to the filter. Now let> 0 and assume that,, is acceptable

to the filter. The iteratey;; is either generated in step 4, or in step 10, or in step 11.
If w1 iS obtained in step 4, themn,, is added to the filter and a restoration algorithm
is called that returns a poinmt; ., that is acceptable to the filter.fy ,, is obtained in
step 10, then the new iteraig, ., = wy(Ag) passed the filter acceptance test in step
5 (with w;, considered in the filter in the case whetg is added in step 8). Finally, if
w41 results from step 11, them;+; = wj; andwy, is not added to the filter. By the
induction hypothesisyy, is acceptable to the filter. Since the filter is not changed, th
same holds true fowy 1 = wy. O
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The next three lemmas describe a few technical results teateeded to establish
global convergence to first-order critical points. The fobthese lemmas provides a
crucial inequality showing that feasibility and centralit wy (Ay) are of the order of
Az

Lemma 6. There exists &\, > 0 such that, ifA; < A, in step5, it holds
0(wi(Ar)) < (M + M) A7,
Proof. If step 5 is reached, then
O (wy) < 72A;1€+6-

Thus, by (A3) and (11), we haye} || < Cng,lfﬁ. In the casefs}! || = 0 we get for all
A > 0thata] = min{l, A, /|[s}||} = 1 by our natural conventiomin{1, co} = 1.
Otherwise, we have

Ay 1

> .
|~ CypAl

sk

We see then that] = 1 whenever

1 \7
A< AE [— ) .
"= <C’Y2>

Thus, we have in both caseg = 1 for A, < A,. Butthen, by Lemma 1,
O

Remark 3We stress that Lemma 6 as well as the next two Lemmas 7 and 8 make
assertions on the situation step5 of the algorithm Step 5 is preceded by step 4, and
thus, in step 5 always holds

B(wy) < Apmin{y;, 7247}, (25)

since otherwise step 4 calls restoration instead of stepsBwvé\ have already seen in
Lemma 6, (25) makes it possible to shéyww(Ay)) = O(A?) for sufficiently small
Ay, which would be impossible without (25) holding. 0

The nexttwo lemmas deal also with step 5 of the primal-duatior-point filter method.
They provide sufficient conditions on the value 4f for w(Ay) to be acceptable to
the filter in step 5. In both lemmas we analyze the acceptalbiiw(Ay) to the filter
considering that the filter containg, if my(wg) — my(wi(Ar)) < x6(wy)?, despite
the fact that, in this situationy, will possibly be added to the filter only in step 8.
Firstly we consider the case wherg is bounded away from a KKT point and the filter
has a finite number of entries.
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Lemma 7. Suppose thaf(wy) + 6,(wy) > € > 0 for all k. There existsA, > 0
depending only ola and on the values of the filter entries, such that, if

0<Ak§Aaa

thenw(Ay) is in step5 acceptable to the filter (withv, considered in the filter when
m(wg) — my (wg (Ar)) < KO(wy)?).

Proof. Since0 < v < 1/2 < 1, we have from Lemma 4 that

Or = m}n(l —y5)6% > 0.

Consider first the case whefféwy ) > €/2. Thenwy, (4y) is acceptable to the filter
(with wy, considered in the filter whemy, (wy,) — my (wi (Ag)) < 56 (wy)?) if

1 . .
O(wy(Ag)) < 2 min{fr, (1 —v£)e/2} < min{Oz, (1 — vx)e/2}. (26)
We also know from Lemma 6 that
9(“)k(Ak)) S (Mh + MF)Az

holds forA, < A,. Thus, (26) is satisfied fan; < ALY with ALY > 0 depending
only onfr, e and, of course, oM}, M., vz, andA,..
Otherwise we havé, (wy) > €/2. If w;, is not considered in the filter in step 5, then

a similar argument, witd (wy (Ay)) < 1605 instead of (26), shows that i, < A,(f)
thenwy, (Ay) is acceptable to the filter. Moreover, (4 ) is also acceptable, withy,
considered in the filter whem, (wy) — my (wi (Ay)) < &6(wy)?, if, in addition,

0y (wi(Ax)) — Og(wi) < —y£0(wy). (27)

In the rest of the proof we show how this bound can be achiemeslfficiently small
Ayg. Since step 5 is reached, we know that

O(wy) < 1AL

On the other hand, we obtain frofly(wy) > ¢/2 and Lemma 1 witl) < A < A,
that
Hg(wk(Ak)) - Hg(wk) S —(1 - U)a26/2 + MQA%

Hence we need to show that
—(1—o)ake/2 + M,A; < —fy}-fygAlchrB.

Ay
[EA

Since||s?| and||st || are bounded by a constabf; and«!, = min{1, ”f—rf“, }, we
“k

have for allA;, < M, thatal, > Ay /M. Thus (27) holds if
(1—-o0)e < (1—-o0)e
4M, 2M,

Mg Ay + W”YQAf <

which in turn holds for allA, < AP with A2 > 0 depending only ore and of
course on the constanté,, vz, vz, 8, 7, M, andA,,;. TakingA, = min{A), AP}
concludes the proof. 0



16 M. Ulbrich, S. Ulbrich, and L.N. Vicente

Secondly we look at the case where only the measure of optynsbounded away
from zero, but where we impose a condition relatiti@, ) and A.

Lemma 8. Suppose that for given> 0
A
Oy(wi) > € and O(wyg) > Tk min{y;, v2(Ar/2)°}. (28)

Then there exista\; > 0 such that, if
0< A < Af,

thenw(Ayg) is in step 5 acceptable to the filter (withy, considered in the filter when
my (w) — my(wi(Ag)) < £O(wg)?).

Proof. Since, by Lemma 5y is acceptable to the filtety, (Ay) is acceptable to the
filter (with w;, considered in the filter whem, (wy,) — my (wi,(Ar)) < k0 (wy)?) if

O(wy(Ax)) < 0(wg)

and
0y (wi(Ag)) < O0g(wy) — yrb(wy). (29)
We know from Lemma 6 that, i\, < A,.,
O(wy,(Ar)) < (My, + M) A%

Hencef(wy (Ay)) < 0(wyg) is ensured by the second inequality in (28) if in addition

(M, + M)A, < % min{y1,v2(Ar/2)°}. (30)

Moreover, wherd < A, < A, we have by Lemma 1 and the first inequality in (28)
that
0, (wi(Ar)) — O, (wr) < —ak(1— 0)e+ M,A3.

We have pointed out before thaf > A /M, for all A, < Mj, see the end of the
proof of Lemma 7. So,

(1-o0)e

S

99(“)k(Ak)) — Gg(wk) S Ak ( + Mqu> .

Since we consider step 5 of the algorithm, we know that;,) < 72A,1€+5, see Remark

3, (25). Hence, we obtain (29) whenever

(1-o0)e < (1-o0)e
2M; M,

My Ay, + yry Ay < (31)
The requirement8 < Ay < min{A4,, A,;}, (30) and (31) omA; are obviously satis-
fiedif 0 < Ay < Ay with some constanti > 0. g

Now we are ready to derive asymptotic results. We appeatdiscommonly used
argument in filter convergence proofs to show thatinfy_, ., 6(wx) = 0 when in-
finitely many iterates are added to the filter.
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Lemma 9. Beginning from the moment where a paint is added to the filter, the filter
always contains an entry that dominates.

Proof. Sincew; dominatesw;, the assertion is trivial as long ag, remains in the
filter. If w; is removed from the filter then it is replaced by an iterate, ¥’ > k,
that dominatesv,. Thus, the assertion remains true as longvgsstays in the filter.
If wg: is removed from the filter then it is replaced by an iterate, k" > k', that
dominateawy: and thus also dominates, by the transitivity of dominance. Thus, the
result follows inductively. 0

Lemma 10.Suppose there are infinitely many points added to the filleenTthere
exists a subsequenég; } such thatwy, is added to the filter and
lim O(wy,) = 0. (32)

71— 00

Proof. Let infinitely many points be added to the filter and set
A = {k : wy, is added to the filtgr.

Assume (for deriving a contradiction) that the assertiowrieng. Since by Lemma 4
holdsé(wy) > 0 for all £ € A, we then finde > 0 with 6(wy) > eforall k£ € A.
Fork € A, define the square

Sk = [0(wi) — vre, 0(wi)] X [0g(wi) — vre, Oy (wp)]-
We prove that for alk,! € A with & > [ it holds
S NS =0. (33)

In fact, at the time wherev; is added to the filter, the filter contains an entry
that dominatesy; according to Lemma 9. In additiony, is acceptable to the filter
by Lemma 5, so that at least one of the following inequalitgzh or (35) holds:

O(wy) < O(wy) — yrO(wyp) < O(w;) — yre (34)
or Oy(wy) < Og(wy) —yrb(wy) < Oy(w;) — yre. (35)

In either case, this implies (33). Therefore, all these itdiy many squaresy, k €
A, with area(yre)? are disjoint. Since the sequenf®(wy), 6,(wy)} is bounded, we
obtain the desired contradiction. 0

Remark 4Note that Lemma 10 asserts (32) only fesme particularsubsequence
{wy, } of iterates added to the filter and not fany such subsequence. The reason is
that acceptability of a pair does not imply acceptabilityaoflominated pair. In fact,
let P, = (1,1) and P, = (1/2,1). ThenP; is acceptable td’; and dominated, ;
nevertheless, all points in the $ét— £, 00) x [1 — v#,1 — v /2) are acceptable to
P,, butare notacceptable td;. Therefore, ifP; is in the filter andP, enters the filter,
then, by dominance?; is removed, and this can result in points that are acceptable
the updated filter, but were not acceptable to the filter leetfoe update.

If required, this effect can be circumvented in several way& easiest approach is
to never remove dominated entries from the filter. Then ttevalproof can be easily
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modified to establish that (32) holds for any infinite subssme of iterates that are
added to the filter. An alternative to derive this strongsutg if one wishes to remove
dominated filter entries, can also be obtained by modifyirgyfilter acceptance test a
little bit, see [9,§15.5]. In fact, if we require

either 67 — O(w) > vx07 or 07 —0y(w) > yr0(w),

then acceptability to a pair implies acceptability to alhdpated pairs and it is straight-
forward to prove that (32) holds for any infinite subsequenititerates added to the
filter, see [9, Lem. 15.5.2]. 0

Our next step is to show that in the case where infinitely méematies are added to
the filter there exists a subsequence of iterates that cpesd¢o a KKT-point. In fact,
our previous resultim infy_, ., 8(wy) = 0 can be extended tbm infy,_, o O(wy) +

0, (wy) = 0. Since iterates are added to the filter only if restoratianvieked or in step
8, the sequencgk; } of Lemma 10 must contain either a subsequence where restorat
is invoked, or a subsequence where the iterates are addweslfitiér in step 8. We start
with the first case.

Lemma 11.Suppose that there exists an infinite sequeligé of iterations at which
restoration is invoked and for which holds

lim f(wyg,) = 0.

71— 00

Then{k;} contains a subsequen¢g; } with

lim 6(wy) =0, lim O,(wy:) = 0.
Jj—o0 J j—ooo J

Proof. Let k; be a subsequence where restoration is invoked for éyggnd thuswy,

is added to the filter) such thbin;_, ., 0(wg,) = 0. Since the restoration is invoked it
must hold

Or, > Ay, min{y1, 7247 }. (36)
Therefore, we have
72— 00 72— 00

and thus can find(, > 0 such thatd,, < vA.,;, forall k; > K, with A,;, from
Lemma 3.iii, withv € (0, 1). We show next that\,, _; < 24, for all k; > K, which
then yields

71— 00 71— 00

= lim Ay, ;. (37)
71— 0Q

In fact, Ay, < vAmi for k; > K, shows thatd,, = A;‘gf for k; > K, since, by
Lemma 3.iii, step 2 and step 3 yield ondy,, # A,”;} if A,ﬁ’j > Apnin- But then the
result of step 2 and step 3 would be a radilys > v A,,;,, which is not the case for
k; > Ko. Thus, we havel,, = A} for k; > K, and conclude that\,, > Ay, _1/2
forall k; > K. Thus, (37) holds.

By (37) and Lemma 3.iii we know that for large enougstep 2 and step 3 do not
changeA;”_, andA}". Thus, we findk; > K, with

Apo1=AP_y, Ay, =A}" forallk; — 1> K. (38)
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We show next that step 5 is reached in all iteratiéps- 1 > K. In fact, otherwise
the restoration procedure is called in iteratign- 1. Thus, we haveﬁ"fj = Ag,-1 and
consequently\,, = A;. _; by (38). Since by our assumption the restoration is invoked
in iterationk; — 1, by usingA,, = Ag,_; the outcome of the restoration is an iterate
wy, With

Or, < Akifl min{’YlvV?Agifl} = Akz min{’YlvV?Agi}u

which contradicts (36). Hence, step 5 is reached fok,all 1 > K; and thus in partic-
ular

Or,—1 < Ap,—1min{y1, 1 A7 _}.

For the purpose of deriving a contradiction, suppose théw,,) > ¢ > 0 for
k; > K5 with some sufficiently large(, > K;. We show next that then there exists
K3 > K5 such that

99(“)’%—1) > 6/2 forall k; > Ka;. (39)

In fact, we have eithewy, = wy, 1 Or wy, = wg,_1(Ak,—1). In the first case (39)
is obvious since thefl, (wy, 1) = 04(wg,) > eforall k; > K,. In the casev;,, =
wy, —1(Ag,—1) it follows from Lemma 1 that fof) < Ay, 1 < Ay

Og(wi,) = Og(wr,—1(Ag,—1)) < (1 — o, _1 (1 — 0))0g (wr,—1) + Mg A7, _4,
and thus fork; > K,
€< ag(wkq) < eg(wkifl) + MgAii,I.

We can therefore conclude from (37) that (39) holdsAar> K, large enough.

Next, we show that step 7 must be reached for all iteratignsl with k;, — 1 > K4
andK4 > K3 large enough. In fact, leti ; be the bound of Lemma 8 corresponding
to ¢/2 instead ofe. By (37) we can find<y > K3 such thatd,, ; < Ay holds for all
k;—1 > K4. Now assume that step 7 is not reached in iteratioh1 > K,4. Then step
5is followed by step 11 and thég, = 6,1, and, using (38)A;, = A"’j = Ag,—1/2.
Therefore, by (36),

Ap,—1

Ok, —1 > min{fyl,fyz(Aki_l/Z)B}.

Hence, we obtain from Lemma 8 thaf,, -, (Ax, 1) was acceptable to the filter in step
5, sincek; — 1 > K4 ensuresi;, 1 < Ay. Therefore, step 5 would not have branched
to step 11 as assumed. Hence, step 7 is always reached gratiiahsk; — 1 > K.

We conclude the proof by showing the existences@gf > K, such that step 9 is
reached for all iterationks; — 1 with k; —1 > K. This assertion leads to a contradiction:
by (38) and steps 9, 10 we hawg,, = A" > Ay, _1, wi, = wi,—1(Ak,—1). Thus, we
obtain by Lemma 6 for all,, _; < A, (which holds by (37) for ali large enough)

O, = O(wi,—1(Ag,—1)) < (Mp + M)A}, < (My + M.) AR,

This contradicts (36) and (37).
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It remains to show that step 9 is eventually reached in alatiensk; — 1 with
ki — 1 > K5, K5 > K4 large enough. We note that by (39) and Lemma 1 for all
ki > Ky

Z Aki—l(l - O’)2M .

M1 (g 1) — Mg, -1 (W —1(Ap,—1)) > a1 (1~ 0)

Hereby, we use again the fact thzgi_l > Ay, 1/Mif Ag, 1 < M, which holds
by (37) possibly after increasing,. On the other hand, we have

g, 1 (Wi, 1) =g, 1 (Wi, 1 (Ak, 1) =09 (Wr, 1) +0g (wr, 1 (Ak, 1)) = O(AF, 1)

The last two inequalities show that, 1 — 1 and hence there exists; > K, such
that step 9 is reached in all iteratiohs— 1 with k&, — 1 > K.

As we have already seen, this leads to a contradictionflyitlry,) > e for all k; >
K. The proof is therefore completed since there exists a suigsee{ £’} C {k;} for
whichlim;_, Q(wk;) = lim;_, 6, (wk;) =0. 0

The other situation is where the sequerég} of Lemma 10 contains a subse-
guence, where the iterates are added to the filter in step&ogausly to the previous
Lemma we have the following result.

Lemma 12. Suppose that there exists an infinite sequefigé of iterations for which
wy, 1S added to the filter in step 8 and, in additiding;_, . 6(wg,) = 0. Then{k;}
contains a subsequen¢g’ } such that

lim H(wk;) =0, lim eg(wk;) = 0.

Jj—o0 j—o0

Proof. Let {k; } we a sequence of iterations such thgt is added to the filter in step 8
andlim;_, o 6(wy,) = 0. Suppose now tha, (wy,) > ¢ > 0 for all k; > K, for some
K, > 0. By Lemma 1 and sincey, is added to the filter in step 8 we have

04}';1(1 - 0)6 < mkz(wkz) — Mg, (wkq(Akq)) < K’a(wki)2'

Thus, we obtainy;, — 0 and consequently\,, — 0. In particular,a, > Ay, /M,
for large enough, and since the restoration procedure is not called, we favg ) <
124,17 and conclude that

Akz(]' - U)e/MS < my, (“)ki) - Mk, (“)ki(Aki)) < H(72Allgj_6)2
which is a contradiction ta\;, — 0. O
We summarize both situations in the next theorem.

Theorem 1.Suppose that infinitely many iterates are added to the filteen there
exists a subsequen¢g; } such that

lim 6(wy,) = 0, lim 6, (wy,) = 0.

Jj—00 j—oo
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Proof. By Lemma 10 there exists a sequeRég} of iterates such thaty, is added to

the filter andlim;_, . #(wg,) = 0. As we have already observed there exists either a
subsequencék; } of {k;} such thatwkf are added to the filter in the restoration or a
subsequencgk; } of {£;} such thatwy, ‘are added to the filter in step 8. In the first case
the assertion foIIows from Lemma 11; in the second case fremrha 12. 0

It remains to consider the case where the algorithm runsitielfinbut the filter is
left with a finite number of entries.

Theorem 2. Suppose that the algorithm runs infinitely and only finitepnyiterates
are added to the filter. Then

lim O(wg) =0, lim inf 0, (wy) = 0.
k—o0 k—oo

Proof. The assumption says that fér > K, with K large enough, no further filter
entry is added. Hence, the filter contains forialk K the same finitely many entries,
and the restoration is never invoked. Thus, all new iterates # w; are computed in
step 10. We now show that step 10 is reached infinitely manggim

In fact, step 5 is reached in each iteration, and, by Lemmegep, &is reached after
finitely many reductions ofy;, in step 11. Again, step 8 is reached after finitely many
reductions ofA. In fact, if 6(wy) > 0 then clearly

m(wr) — my(we(Ag)) < K6 (wy)?

for Ay, sufficiently small and step 8 is reached. Otherwifey;,) = 0 andé,(wy) >
0 and thereforep;, > 7 for all A; small enough (we may apply exactly the same
arguments as at the end of the proof of Lemma 12). So, stepdl®éys reached after
finitely many reductions of\;, producing always new iterates.

Since no further entry is added to the filter we know, cf. steth8t in step 10 it
always holds

0,(wi) — 0y (wit1) > n(me(wy) — mg(wi(Ax))) > nrd(w)?.
Since this holds for all successful steps gfigl(wy) } is bounded, we conclude that
lim O(wy) = 0.
k— o0

Now assume that, (wy) > € > 0 forall £ > K and some > 0. Since the filter entries
do not change fok > K, the testin step 5 is passed whenexger< A, (cf. Lemma
7). Also, sinced, (wy) > € > 0, we obtain as before thay, > n wheneverd, < A’
for someA’ > O Finally, we know by Lemma 3 iii that foﬂm < Apin Steps 2 and
3yield A, = A", Hence, we see that;, > § = min{4,/2, A /2, vAmin} > 0 for
k > K. Thus, step 10 is reached for all successful steps @ijth> 6 > 0 and we have,
as above,

Oy (wi) — Og(wit1) > n(me(wy) — mg(wi(Ay))) > (1 — o)eay,

J
>n(l— i 1
n( o)emln{Ms, }

where M, is as before a uniform upper bound arax{||st ||, ||s¥|/}. This is again a
contradiction to the boundednessigfw;,) and the proof is complete. 0
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The main result is obtained by combining Theorems 1 and 2:

Corollary 1. Under Assumption 1, the sequence of iterafeg} generated by the
primal-dual interior-point method (Algorithm 1) satisfies

liminf O(wy) + 04 (wi) = 0.

k—o0

6. A restoration algorithm

In this section we present restoration algorithms that carused in step 4 of the
primal-dual interior-point filter method (Algorithm 1). Ehpurpose of a restoration
algorithm is to find a poinw;,1 € N (v, M) acceptable to the filter and such that
O(wr41) < Agy1 min{’yl,’ygAg_H} with A1 = Ag. In a restoration algorithm, it is
therefore desired to decrease the valué(af) = 6, (w) + 6.(w). To achieve this goal
we introduce the function

02() 2 = (00 (w)? + 6cw)?) = 3 (1) + Xz — pe]).

N | —

6.1. A Restoration Algorithm based on the KKT-Newton-8yste

The normal step™ computed from (11) is a descent direction figfw). In fact,

VO, (w)?'s™ = (Xz — pe) ' (ZAz™ + X Az") + h(z) " Vh(z)" Az™
= (Xz— pe)T(Xz— pe) — h(z)Th(z).

Thus, Vi, (w)Ts™ = —26,(w), ands™ is, in fact, a descent direction fés(w). One
can also show using

(Xz—pe)" (1= o)pe = (1 —o)u(np —np) =0

that the tangential step (12) yiel8®,(w)T s = 0. We summarize these two properties
for future reference:

Vo (w)'s™ = 20 (w), Vo, (w)T'st = 0. (40)

The restoration algorithm that we present works with the f@meworkw(A) =
w+a™(A)s"+at(A)st, wherea™ (A), s, o (A), ands® are given by (13), (11), (14),
and (12), respectively. Several other restoration allgorit are plausible but we chose
the following one because it is consistent with the steputaton of our primal-dual
interior-point filter method.
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Algorithm 2 (Restoration algorithm).

0. Choosé, v € (0,1). Setw} := wy, AY := Ay, 5 := 0 and start with step 4.

1. If O(w]) < Agmin{y;, 1A} andw! is acceptable to the filter then sef,, :=
w] and stop restoration.

2. Setyl = (2])T 2] /n and compute the stepd”’ ands.’ by solving the linear
systems (11) and (12), respectively, with, 1) = (w}, 1i],).

3. Computed] € (0, A such that

2l (A) >0, z(A) >0, X[(A)z(A) > yul(A)e forall Ae[0,A]] (41)

and such that\? is not smaller than the largest valugA™7 - = 0,1, . . ., having
this property.
4. If
b (w}) — o (wh(A])) > ~EVBa(w])" 5] (A7), (42)
O (w3 (A7) + Oe (wy (A7) < Mg (Ay), (43)
then choose\" 7+ > A7 setw!™ := wl (A}),j := j + 1, and return to step 1.
Otherwise seﬂ?jr1 = AJ/2,j:=j+ 1, and repeat step 4.

This restoration algorithm terminates successfully in égfinumber of iterations as
we prove in our final theorem. In analogy to Assumption 1 welireq

Assumption 2. Assumption 1 holds fowy,, sx(Ay), i replaced byw?, s1 (A7), ul,
respectively.

Theorem 3.Under Assumptior2, the restoration algorithm 2 terminates in a finite
number of iterations.

Proof. Let us first consider the well-definedness of the algorithraredy, the only
critical issues are the computation of the trial step$ andsZ’-’, which is possible by

Assumption 2 (A3), and the computationﬂé in step 3, which is possible by Lemma
2. Thus, the algorithm is well-defined.

For the rest of the proof, assume that the restoration dhgordoes not terminate
finitely. Let

= i — f
0r m]%_n(l vF)67.

Sinceyr € (0,1/2), we have from Lemma 4 thatr > 0, andw-,i is acceptable
to the filter if O(w]) < 24/6:(wl) < 6£/2 < 0. This condition andd(w)) <
Ay, min{y;, 7, AV} are eventually satisfied if

lim inf 65 (w]) = 0. (44)

Jj—o0
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Hence, if the restoration does not terminate finitely, thresre exists am > 0 with
92(“@ > ¢ for all 7. We show that this uniform bound will lead to a contradictibn
fact, from (40), we have

VGQ(?I)%)TS}i(A) =y (A)Vez(wk)T w4 (Jzk”(A)VHQ(wi)TsZ’j
= —Qak' (A)Qg(w'k).

Moreover, there exists a constavt, > 0 such that
Oa(w]) — Ox(wl(4)) = ~V0x(w])TsL(A) ~ Ma|s(4)||2,
which in turn, appealing te.’ (A) < o}/ (A), implies
0a(w]) — Ba(w](A)) >~ Voa(w])TsL(A) — 2Maalt? (A (|Isp 712 + 157 ]1%)-
Hence, (42) holds for alh}j’j (A) such that
2(1 = &g (A)fa(w]) > 2Maai? (A (Isp 7 1” + Il 1),

i.e., for alla]? (A) such that

' j 1— 80 (w’
042’3 (A) < dZ’J 4o hin {1 ( E) 2(11)k) }

My(|lsp 7112 + Il 112)

¢From Lemmas 2 and 3.ii, we see finally that (41), (42), ai¥) e satisfied for all
A such that

0 < A} < min { Awin a7 ls77]1}
showing that all these conditions are satisfied after fipibeany reductions oﬂi in

step 4.
Now, if 6 (w?) > ¢ > 0 holds for allj, then, sincanax{||s}"||, ||\’ ||} < M,

1 Amln _n, _
(ALY > 2min{ J||aj}2a>0

||3k

for somea > 0, and we conclude that
02(w]) — 02 (w],(4)) > 2Lae

which yields a contradiction. Hence, we have (44) and théfiermination is proved.
0
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6.2. Other restoration procedures and thé&bliter-Biegler example

The restoration algorithm 2 uses the same step computatitimeanterior-point filter
method. Global convergence is attained as long as Assunsgtiand 2 hold. In practice
it may happen that Assumption (A3) is violated, affecting oy Algorithm 1, but also
the restoration algorithm 2. We will briefly discuss herentiagn issues related with this
situation and leave a more detailed study for a forthcomaquep.

For the purpose of this discussion, let us consider the prolproposed by Wachter
and Biegler in [25], which takes the following form:

7[1,1611]1{113 flx) st a2 —zy4+a=0, 21 —23—b=0, zy,23>0, (45)

with ¢ € R andb > 0. The particular form of the (sufficiently smooth) objectigenot
relevant since the interesting properties of the problesganerated by the constraints.
For brevity, we set (z) = x7 —x9+a andhy(z) = x, —x3—b. The problem is nonde-
generate, becauséh(z) has full rank and its condition number is uniformly bounded
on sets where:; is bounded. Nevertheless, it was shown in [25] that for eugtial

pointz® € (—oc, 0) x (0,00)? with 7 := ‘Ziggzgl > 0 anda —rb < min{0, —a/2} any
method fails to converge if it computes the new primal iterdtt! from the old point

% € R x (0,00)? by a step of the following form:

k41 k k 2
z =z" 4+ ops” €ERx (0,00)%, o € (0,1],
k ( ) 9:_(0 ] (46)

wheres* satisfies h(z*) + Vh(z*)T

It is straightforward to see that Algorithm 1, which can Geially adapted to the
fact thatz; is not subject to nonnegativity constraints, is containedhis class, as
long as restoration is either of the same type or restorasiarot called. In fact we
have run this problem using otatlab implementation of Algorithm 1, combined
with Algorithm 2 for the restoration, and we have observed bamerical behavior.
We have seen that the iterates approached a point where AeanfA3) is violated
and that this was the cause for such bad numerical perfomnanc

One way to overcome such situation is obtained by using anagin algorithm
that terminates successfully even if assumption (A3) itatéal. To illustrate this point,
we have considered a restoration procedure that does rwtdt the class (46). This
alternative is based on the optimization problem in thealdész andz

1
mim§(||h(.f1;)||2 + | Xz — pell’) st x>0, 2>0, 47)

wherep© < 1), denotes the value gf when restoration is entered. Analogously, we
denote byw® = (z¢,y°, 2°) & (. yk, 2 ) the iterate for which restoration is entered.
Note that if there exists a strictly feasible point of (458, ja point: such that(z) = 0
andz > 0, then we can choose = ;X ~'e and obtain a global minimizer of (47).
Conversely, if there exists a strictly feasible point thery global minimizer(zx, z)
satisfiesh(z) = 0, z,z > 0, andX z — u“e = 0. Therefore, any solver that is able to

find a global minimizeKz, z) of (47) for which, in addition,

On (7,4, 2) + 0(2,y°, 2) < Mp* (48)



26 M. Ulbrich, S. Ulbrich, and L.N. Vicente

holds, provides a valid restoration procedure (with,; = (z,y¢, z)). In order to in-
clude a device to enforce (48) we tried (among many otherilplessptions) to augment
the objective function in (47) by the penalization te|V.¢(z, y°, z)||. In addition,

it can be advantagous to add the regularization t€fi{z, z) — (¢, 2°)||* to make the
Hessian of the restoration problem positive definite. Battameterg, p» are chosen
small, i.e.,0 < p; < 1. Since these modifications may lead to non-interior sohstio
i.e.,z; = 0 orz; = 0 for somei, we move the nonnegativity constraints slightly. The
resulting problem is

: 1 (& (& [ C
min o ([1(2) |+ X2 = pell? + prl| Vbl g, 2) |2 + pa (2, 2) — (0, ) %)

st xz,z>9,

whered > 0 is very small and should be chosen, e.g., depending on tbe ad}.°. If
required, the value g, can be adjusted during the minimization process. The vdlue o
p1 is kept small, but large enough to ensure (48). We applietsBkas’ projected New-
ton method to solve this problem in the context of (45). Weehawmerically observed
that Algorithm 1 using this alternative restoration proged(adapted to the case where
x1 is unrestricted) was able to successfully solve problen (45

The use of new alternatives for the restoration procedauding the one pre-
sented above, is subject of ongoing research. Anothenaliee is for instance the use
of the restoration algorithm 2 but with a suitable regulatian for the matrixi;, , (w).
One should also consider a modification of the Algorithm 1hsd testoration is also
called if|| F};,, (wi) " | exceeds a prescribed, very large bodté- larger than we ex-
pect or wish the constant to be in assumption (A3). If the restoration procedure ig abl
to find a new pointug ., at which, besides the requirements of step 4 in Algorithm 1,
F, .. (wry1) satisfies (A3) with a reasonable value@f< C’, then the chances of
satisfying assumption (A3) will be improved so that the iittepoint filter method can
continue successfully.

7. Concluding remarks

The filter mechanism has been used for the first time to glpbaiimal-dual interior-
point methods. Global convergence to first-order critica@ihfs has been proved, and
the main result has been reported in Corollary 1. (Since pipearance of this paper,
two others have also appeared in the topic: [3], [26].)

The combination of interior-point and filter ideas led to avredass of algorithms.
We have already tested our primal-dual interior-point ffitteethod in Matlab for QP
problems and small-scale NLP problems. The results areueaging but there is still
some work ahead. We are currently working on a fortran 90 émgintation of our
primal-dual interior-point filter method and we plan to repaumerical results in our
future paper on the topic.

This paper is hopefully a first step in this challenging tofgieveral issues need to
be addressed and better understood, and among them weghighk following there.
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The new primal-dual interior-point algorithm used a 2D filtene dimension for
feasibility and centrality combined and the other for theesof gradient of the La-
grangian (with complementarity added). An open questidhasuse of 3D filters. In a
3D filter, one could use the first dimension for feasibilitye tsecond for centrality, and
the third for the size of the gradient of the Lagrangian.

As we have mentioned in the introduction, the rate of localveogence is well stud-
ied in the literature for primal-dual interior-point metfounder the standard assump-
tions, and even in cases where some of these standard agswsm not hold. The
open issue in interior-point filter methods is whether thebglization scheme (where
the filter plays an important role) becomes locally inactivallow fast convergence
rates.

Another interesting topic for future research is the chaitalternatives for the
components used in the filter. As already mentioned, it whédlesirable to replace
the optimality measuré, by a function that reflects better the goal of minimizifig
Essentially, an appropriate candidate should be a funé@iowhich the tangential step
s! yields a fraction of Cauchy decrease close to the quasralgth.

Appendix

The following lemma measures the decrease on complemigrahtained by the new
iteratew(A) and is needed to prove Lemmas 1 and 2.

Lemmal3.Forall A > 0andalli =1,...,nitholds

2;(A)z;(A) < (1 — &"(A))zizi + (@™(A) — &' (A)(1 — o)) p + 442, (49)
2;(A)z;(A) > (1 — &"(A))zizi + (@"(A) — &' (A)(1 — o)) p — 442, (50)
p(A) < (1—a(A)(1—0)) p+44% p(A) > (1 - ' (A)(1—0)) p—4A%

Proof. By the definition ofs™ ands?, we have

7 (A) 2z (A) = (z; + " (A) Az + o' (A)Azl) (2 + @™ (A) Azl + o (A)Az)
=z;2; + " (A) (2, Azl + 1;A21) + o (A) (2 Axk + 2 A2))
+ (" (A) Az + o' (A) Azl (@™ (A) Az + of (A)AZY)
= a2 — " (A)(wizi — p) — (D)1 — 0)p + (2i(A) — 23)(2:(4) — 2).

So, inequalities (49) and (50) follow from this derivatiamda
|2i(4) = il |2:(A) = 2| < (24)2.

Summing (49) and (50) over all dividing the result by:, and usingu = 2%z /n,
w(A) = z(A)T2(A)/n, yield (51). 0

We can now prove Lemmas 1 and 2.
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Proof of Lemma 1

Proof. Denote byB, an upper bound fdf,, and byC}, andC,. > 1 Lipschitz constants
for Vh andV?2 ¢, respectively. We will prove Lemma 1 with

My, = 2C}, M, = 8y/n,
M, =2Cy, M, = 4(1+ BCp) + 4CL A2,

We note thaWh(z)?s,(A) = —a™(A)h(z), and thus

B (w(A)) = [[h(=(4))] = Hhu) + [ Vhe b A) 5o Q)i

= (1 = a™(A))h(z) + 1 (Vh(z + tse(A) — Vh(x))  s.(A)dt
| J |

< (1= a™(A))fn(w) + Cullsa(4)]? / b,

which proves (17).

Similarly, we havev?  ¢(w)Ts(A) = —at(A)V £(w) and, as above, we get

Oy (w(A)) < (1 - a'(A))0(w) / V2, 0(w +ts(A)) — V2, 0(w)|||s(A)|dt,

which yields (19).
The estimate (18) follows from Lemma 13:
+(2:(A)z(4) — p(4Q)) < i((l —a"(A))zizi + (a"(A) — ' (A)(1 — 0))#) + 442
F(1-a"(A)(1—0))p+44°
=41 — a"(A))(x;z; — p) + 8A%

Inequality (20) is derived by appealing to Lemma 13 and toptteviously estab-
lished inequality (19):

Oy (w(A)) = p(A) + 0(w(4))?
< (1— o' (A)(1 - 0))p+44% + ((1 — o' (A))B(w) + 2Cp A?)?
< (1-a"(A)(1-0))0(w) + (4 +4(1 — o' (A))b(w))Co A® + 4CF A*.
Finally, we have
m(w) —m(w(4)) = p— p(A) + (2(4) — )" (2(4) = 2)/n
+ (1= (1= (A))*)Vat(w)]”

=o' (A)1 = o)+ (1 - (1= a'(A))})|[Vl(w)|?
> o' (A) (1~ 0)f,(w),

and the proof is therefore completed. 0
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Proof of Lemma 2

Proof. We will prove Lemma 2 with

B o(l—7) oM
Amin = {4(1+7)C(M—i—n)’(Mh+Ml+4M)C(M+n)}' (52)

1. We first show that (22) holds for all € (0, A,in] With A, satisfying (52).
From Lemma 13 we obtain

X(A)z(A) > (v+ (1 =)™ (A) — &' (A) (1 — o)) pe — 4A%. (53)
On the other hand, Lemma 13 also yields
T(A) <yp—yat (A)(1 = o)p + 4y A%
Hence, X (A)z(A) > yu(A)e holds whenever

1-7)(a"(4) - o' (A) (A —o))p

4A2<(
- 147

(54)

Sincea!(A) < a"(A), a sufficient condition for this inequality to hold is

a"(A)o(1—v)p

A% <
= 4(1+ ) ’

which, by (13), is implied by

Agmm{ o(l-—y)p ol —7)p }

A(1+7) 41+ ) lls

which in turn is true if

: o(l—y)p o(l—7) aer
A<mm{ 4(1+ ) 74(1+7)C(M+n)} = olw),

since||s™|| < C(M + (n? = n)Y/?)u < C(M + n)p.
On the other hand, we can also deduce fR&t < C(M +n'/?)u < C(M +n)p,
and therefore
6= max{|s" | Is'|[} < C(M +n)p. (55)

We consider now two possible cases in order to show that @&shwhenever
min(A, ) < & (). (56)

In the first cased < § we use that, as we have just shown, (22) holds provided
d1(p). SinceA < § in this case, the inequalith < 6, (u) is equivalent to (56). In
the case) < A, we know thate"(A) = o' (A) = 1, w(A) = w(d), ands(A) =
s(d). Thus, (22) is the same a@§(d)z(d) > yu(d). One can apply the same algebraic
arguments used in the first paragraph of the proof to showAfliét= () > yu(d) holds

if & < d1(p). Now, sinced < A, we have that < ¢, (u) is also equivalent to (56).
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Hence, it remains to show (56) fat € [0, A, ] With A5, according to (52). Let

1 def o(l—7)
Perit = 3007 ) C2(M + n)2’

If u < pl..,thend,(u) is given by its first expression, and (56) follows directlgrfr
(55), since by the definition qf! ;, for u < ul,;, with (55) holds

crit

o(l —
0 < OO+ ) < \JOUM )l = | G0 = ().

If u > pl..,thend;(p) is given by its second expression, and (56) holds if
min(4, §) < &1(p) = 01 (peyir)

which is true if

. o(l—)
A <61 (Berit) = 4(14+4)C(M +n)’

2. We prove now that (23) holds for all € (0, Ap,in] With A, satisfying (52).
From Lemma 1 and’(A) < o™(A) we derive

O (w(A))
On(w(A))

< (1 a(A)0(w) + My A?,
< (1 - o (4))0n(w) + My A2,
Usingfy, (w) + 6,(w) < M u we get
O (w(A)) + 0 (w(4)) < (1 — ' (A))Mp + (M, + M) A%
On the other hand, by Lemma 13
Mu(A) > (1 o' (A)Mp+ oo’ (A)Mpu — 4M A2
Therefore, (23) holds whenever

(My, + Mg+ 4M)A? < oo’ (A)Mp,
which, by (14), is implied by

oMy oMy
My + Mg +4M° (M, + Mg + 4M) max{||s"||, [[s*]|} |’

Agmin{

which in turn is true, by (55), if

oMup oM def ()
My + M+ 4M° (My, + My + 4M)C(M +n) [~ 721

Agmin{

From now on, this part of the proof follows exactly the sanepstof part 1, with

2 o oM
Perit = 01, M, + 4AM)C2(M + n)?’
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replacing the role ofi .., and

crit?
oM
(Mh + M, +4M)C(M—|—n)'
3. Finally we prove that (24) holds for ald such that (52) is satisfied. We know

from part 1 that (53) and (54) are verifieddf € (0, Apin] With A,y satisfying (52).
It follows from (54) that

0 < A< 6o(ply) =

4A% < (a™(A) — o' (A)(1—0))p
So, from (53), we get
X (A)2(A) > v(1 - a™(A))pe > 0,

for all A for which (52) is satisfied, and assertion (24) follows tli. 0
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