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This paper is concerned with the numerical solution of optimal boundary control problems governed by the
unsteady two-dimensional compressible Navier—Stokes equations. Specifically, results are presented for a model
problem consisting of two counter-rotating viscous vortices above an infinite wall which, due to the self-induced
velocity field, propagate downward and interact with the wall. The wall boundary control is the temporal and
spatial distribution of wall-normal velocity which is used to minimize cost functionals of interest. The motivation
for this work is on—blade control of aeroacoustic noise generated by blade-vortex interaction. We discuss some
problem formulation issues, especially the choice of regularization terms; we outline our adjoint computations;
and we present results from optimal control calculations using two different objectives and different control

regularizations.

Introduction

The coupling of accurate computational fluid dynamics
analyses with optimal control theory holds the promise for
modifying a wide-range of fluid flows to achieve enhance-
ment of desirable flow characteristics. Reduction of skin-
friction drag, separation suppression, and increased lift to
drag ratios for airfoils are examples of the types of opti-
mization that such an approach enables.

The present investigation is part of our effort to put for-
ward an optimal control framework for the control of aeroa-
coustic noise where the acoustic source is predicted by
the unsteady, compressible, Navier-Stokes equations. The
practical problem of interest isthe control of the sound aris-
ing from Blade-Vortex Interaction (BVI) that can occur for
rotorcraft in low speed, descending flight conditions, such
as on approach to landing. When BVI occurs, tip vortices
shed by a preceding blade interact with subsequent blades
resulting in ahigh amplitude, impul sive noi sethat can dom-
inate other rotorcraft noise sources. Reduction of the noise
generated by this mechanism can alleviate restrictions on
civil rotorcraft use near city centers and thereby enhance
community acceptance. High frequency loading associated
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with this phenomenon al so causes fatigue and hence reduc-
tionsin BVI can have adirect impact on maintenance costs
associated with blade failure in fatigue mode.

While several strategies for aleviating BVI have been
examined, such asthe use of aporousleading edge (Ref. 1),
passive blade design (Ref. 2), and actively controlled trail-
ing edge flaps (Ref. 3), an optimal control setting in which
the mean flow and the noise component are computed by a
high fidelity model of the flow physics has the potential to
identify new strategies for BV noise control.

In thisinvestigation, the unsteady two-dimensional com-
pressible Navier—Stokes equations are used to model the
near-field flow as well as the propagation of small ampli-
tude acoustic waves. Various controls can be incorporated
within the optimal control framework but as an initial test,
we consider unsteady wall-normal suction and blowing.
The coupling of the near-field Navier—Stokes to far-field
acoustic equations using a Kirchhoff type method and op-
timal control of the coupled system will be considered in
forthcoming work. Since the compressible Navier-Stokes
equations are an essential component of aeroacoustic sim-
ulation and since actuators for noise control will be located
on the blade surface, i.e., on the boundary of the near-field,
the computational tools developed for the present study
and the observations made are immediately applicable to
the coupled problem. While this investigation is motivated
by aeroacoustic noise control, our findings extend to other
control applicationsinvolving compressible Navier—Stokes
equations.

The success of an optimal control approach pivots
around two critical issues: the accuracy of the acoustic
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field prediction and the accuracy of the gradient for updat-
ing the control. Acoustic waves are non-dissipative and
non-dispersive and, as such, high-order accurate numeri-
cal schemeswith minimal dissipation and dispersion errors
are essential for computational aeroacoustics. Our dis-
cretization is spatially sixth-order accurate using centered
finite-difference stencils and a fourth-order accurate ex-
plicit Runge-Kutta scheme is used to advance the solution
in time. In addition to accurate interior methods, accurate
nonreflecting boundary conditions are also required in or-
der to allow acoustic waves and spurious numerical waves
to leave the computational domain without significant re-
flections. A variety of far-field boundary conditions rang-
ing from aone dimensional Riemann invariant treatment to
the application of dampersthat parabolize the equationsin
the vicinity of the outflow boundary and buffer domains
have been tried and tested extensively (Ref. 4). In the
present study we use a Riemann extrapolation based invis-
cid far-field boundary condition (see Ref. 4).

In the optimization procedure, gradient information is
computed using adjoint methods, which arewidely usedin
flow control and design. References 5-11 present a small
selection of papersin which adjoint based gradient methods
are used to control unsteady incompressible Navier—Stokes
flows of varying complexity. Adjoint based gradient meth-
ods for optimal design problems governed by the steady
state compressible Navier—Stokes equations are discussed
in Refs. 12,13. To the best of the authors' knowledge,
optimal control based on the unsteady, two-dimensional
compressible Navier—Stokes eguations has not been dis-
cussed in the literature to date.

There are two main approaches to derive adjoint equa-
tions for gradient computation. One approach is to derive
adjoint and gradient equations in function spaces, i.e., on
the partial differential equation level and then discretize
the resulting equations. The other approach is to first dis-
cretize the objective function and Navier—Stokes equations
and then perform gradient computations for the discrete
problem, possibly with the aid of automatic differentiation
(see Ref. 14). Thefirst approachisreferred to as‘ optimize-
then-discretize’, and the latter approach as ‘ discretize-then-
optimize'. Both approaches and hybrids of the two are
used in theliterature. As mentioned earlier, accuracy of the
gradient is important for optimal control. However what
‘accuracy’ meansin this context is not always correctly de-
scribed. Often when the term ‘accurate gradient’ is used
in the literature, it is used to mean that the gradient ap-
proximation computed for the discretized optimal control
problem is a good approximation of the derivative of the
discrete objective function. Such a property is necessary to
ensure convergence, up to approximation error, of the iter-
ates generated by the gradient based optimization method
applied to the discretized optimal control problem. How-
ever, this meaning of ‘accurate gradient’ is incomplete. In
fact, there are simple examples, see, e.g., section 6 in Ref.
15, which illustrate that exact solutions of the discretized
optimal control problem may have nothing to do with the

optimal control of the continuous problem. Therefore, it is
also important that the discrete adjoint equations and dis-
crete gradient equations (computed by the optimize-then-
discretize approach, the discretize-then-optimize approach,
or a hybrid) converge towards the adjoint egquations and
gradient equations, respectively, of the original infinite di-
mensional problem as the discretization is refined. This
aspect of gradient accuracy requires a more comprehen-
sive view of the problem that integrates well posedness
of the infinite dimensional problem, existence of adjoint
equations and gradient equations, and properties of the
discretization. For incompressible Navier—Stokes equa-
tions, treatments of the infinite dimensional problem can
be found, e.g., in Refs. 11, 16 and a general convergence
analysis of discretizations with applications to the control
of steady-state incompressible Navier—Stokes flow is given
in Ref. 17.

Currently the mathematical foundation for optimal con-
trol problems governed by the unsteady compressible
Navier—Stokes equations is not sufficiently developed to
allow a rigorous and comprehensive study of gradient
and adjoint accuracy in the previous sense. Even math-
ematical existence theories for the unsteady compressible
Navier—Stokes equations are less developed than for the
incompressible case. However to gain some confidence
in our calculations we have implemented and compared
adjoints and gradients computed using the optimize-then-
discretize approach and using the discretize-then-optimize
approach. Due to space restrictions the present study only
contains results computed by the discretize-then-optimize
approach. The optimize-then-discretize approach is de-
scribed in Ref. 18. In the current study, adjoints at fixed
times are computed using the automati ¢ differentiation tool
TAMC (Ref. 19) because it supports a sufficiently large
subset of the Fortran90 language used in our flow solver.
In this paper the role of the control regularization term in
the objective function is also investigated. In particular,
we show that inappropriate regularization terms can lead
to highly oscillatory controls, where the oscillations are
likely non-physical and dueto animproper problem formu-
lation. More detailed and comprehensive studies including
comparisons between the two adjoint formulations will be
presented in a forthcoming paper.

To make the current discussion concrete, we present
results for a model problem consisting of two counter-
rotating viscous vortices above an infinite wall which, due
to the self-induced vel ocity field, propagate downward and
interact with the wall. For this problem, the control is
the temporal and spatial distribution of wall-normal veloc-
ity which is used to minimize cost functionals of interest.
This problem is a reasonable, although highly idealized,
test case for the blade-vortex interaction problem and it can
potentially highlight the possible computational difficul-
ties with the state and adjoint solutions for optimal control
applied to the unsteady compressible Navier—Stokes equa-
tions.
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Problem Formulation

The spatial domain occupied by the fluid is Q@ =
{x € R? : 2, >0} and T denotes its spatial boundary.
The portion of the boundary on which suction and blowing
is applied is the controlled boundary

I.={x=(21,0) : 1 € [a,b]}.

Let
u=(p,v,ve,T).
denote the primitive flow variables, where p(¢,x) is the
density, v;(t,x) denotes the velacity in the x;-direction,
i=1,2,v = (v1,v2)T, and T'(t, x) denotes the tempera-
ture. The pressure p and the total energy per unit mass E
are given by

T T 1
p=t Bt Ty

e P=sEwe s

respectively, where v is the ratio of specific heatsand M is
the reference Mach number. We write the conserved vari-
ables as functions of the primitive variables,

T
q(u) = (p, pv1, pvz, pE)

and we define the inviscid flux terms

pUL pv2
2
1y | PUitDp 2,y _ pUIV2
F (u) - pPU2VL F (u) - pvg +p )
(PE + p)vr (PE +p)v2

and the viscous flux terms

0
; 1 T1i
G'(u) = Re T2i )
K
T1i01 + ToiV2 + mﬂci

i = 1,2, where;; arethe elements of the stresstensor =
w(Vv +VvT) + A\(V - v)I. Here i, A arefirst and second
coefficients of viscosity, « is the therma conductivity, Pr
is the reference Prandtl number, and Re is the reference
Reynolds number.

Thetwo-dimensional compressible Navier—Stokes equa-
tionsfor thetimeinterval [0, ¢ ;] can now be written as

2

aw) + 3 (Fiw),, - Giw),,) =0 (1)

i=1
in (to,ty) x © with boundary conditions
B(u,g)=0 2

on (to,tr) x I, and initial conditions u(tg,x) = ug(x)
in ©2. The function g in the boundary conditions (2) acts
as the control, which is taken to be suction and blowing in
wall normal directionon T, and is modeled by

v=b+g onl,. 3)

Here b is a given boundary velocity that satisfies the com-
patibility condition v(to,x) = b(to,x) for x € I". Since
I.C{x: 29 =0}, wehaveg = (0,92)7.

Abstractly, al optimal control problems treated in this
paper are of the form

min J(g) = JObs(u(g)) + JReg (g)a (4)
g€Gad

where g isthe control, G, 4 isthe set of admissible controls,
u(g) is the solution of the compressible Navier—Stokes,
Jobs is the part of the cost function that represents our
flow control objective (the ‘observed part’) and Jgeg(g)
is a regularization term, typically some weighted norm of
the control. The concrete choices of the set of admissible
controls G, 4 and of the objective function J depend on the
physical systemwewant to control (e.g., how much suction
and blowing can the actuators provide, what part of the flow
do we want to influence), but they also need to be chosen to
ensure the existence of a solution g, of the optimal control
problem (4).

In this paper we consider two objectives. Thefirst objec-
tiveis the minimization of kinetic energy in 2y C ) a the
final timet;,

Jovs(u(g)) = 3 / plts, vt X)2dx  (©)

and the second is the minimization of heat transfer over a
subset T of the bottom wall,

sontute) =3 [ [ w00 (Zrix) o @

Heren = (n1,n2)7 isthe outward unit norma and w isa
nor—negative weighting function.

Given Jons We must choose G4 and the regularization
term Jreg (g) S0 that (4) is well-posed. General existence
results for optimal control problems of the type considered
here can befoundin, e.g., Chapter 1 of Ref. 20. Their appli-
cation to our problem is difficult, because general existence
results for the compressible Navier—Stokes equations suit-
able for optimal control are still missing. We refer to Refs.
21-23 for recent results and further references on the exis-
tence of solutions of the compressible Navier—Stokes equa-
tions. Therefore our treatment of the infinite dimensional
problem is formal. It follows the mathematical theory of
optimal control of incompressible Navier—Stokes flow, es-
pecially Refs. 11,20, 24. Our space of controlsis either

Goa = {g: &€ L2((to,ty): H'(TL)),

g € L((to, ty); L*(Te)),
g(t,x) = 0o0n (to,ty) x T,

g(to,x) =0in FC}.

()
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or
Goa={&: &€ L3((to 1)) HA(L)),

g € L*((to, ty); L(Te)),

g(t,X) = 07 Vg(t,X) =0on (toatf) X aFCa

g(to,x) =0in Fc},
)

Our notation for function spaces follows, e.g., Ref. 25. In
(7), (8) Vg denotes the gradient of g on the boundary,
which in our test problem is given by Vg = (0, (92)z,)" .
Thefirst two conditionsin (7) are smoothness conditionson
the admissible controls in space and in time, respectively.
Thethird condition ensuresthat thereare nojumpsinb+g
at (to,ty) x OI'c. The fourth condition enforces compati-
bility between initial velocity field v, and boundary data
b + g. A similar interpretation is valid for the conditions
in (8), except that the require spatial regularity of the con-
trols is one order higher. If our control space is (7), the
regularizationterm Jre, in (4) is chosen to be

. b o Qo
ese) £ [ [ (Gl Flel; @
Lo c
«
+73||Vg||§)dxdt.

Otherwise, if our control space is (8), the regularization
term Jgeg iN (4) is chosen to be

tr
def aq Q2
Tres®) =[] (Sl + el
to Jr, \ 2 2
Qs Qg
+51Vel3 + Sl Ag]3 ) dxat.

(10)

Here a1, as, a3, a3 > 0, Vg is the gradient of g on the
boundary, in our case Vg = (0,(g2)s, )7, and Ag is
the Laplacian of g on the boundary, in our case Ag =
(0, (g2)z,2,) . We ran experiments without regularization
of the derivatives of g, i.e., with a«; = a3 = a4 = 0 and
as > 0. In these cases the optimization algorithm pro-
duced strongly oscillatory controls, which frequently led to
ablow-up in the flow variables generated by our compress-
ible Navier—Stokes solver. Therefore we use acg, a3 > 0
in all our computations reported here, only a1, gy > 0 are
allowed to be zero. If «; = 0 we do not enforce smooth-
ness of the control in time. In particular the requirements
5ig € L*((to, tf); L*(T'.)) and g(to, x) = 0 are dropped
from (7), (8). Asshownin theresults section, the computed
control can exhibit strong oscillationsin timeif oy = 0.

Spatial Discretization

Our compressible Navier—Stokes flow solver is based on
aconservative extension of the method described in Ref. 4.
The Navier—Stokes equations are mapped to the computa-
tional space; a unit square divided into an equally spaced
grid system. This transformation allows clustering of grid
points in regions of high gradients, simplifies the imple-
mentation of the boundary conditions, and extends finite-
difference techniques to moderately complex geometries.

Spatia derivatives are approximated using sixth-order ac-
curate central differences in the inner domain with third-
order biased and one-sided differences used at boundaries
that are designed to enhance stability when used with ex-
plicit time advancement methods (see Ref. 26).
Central-schemes are non-dissipative and require the ad-
dition of explicit artificia dissipation to suppress the
growth of high-frequency error modes. These error modes
stem from a variety of sources including approximate
boundary treatments, mesh stretching, and conflicting ini-
tial and boundary conditions. In this study, a fourth-order
artificial dissipation term acting of the numerical fluxesis
added to the right hand side of the discretized equationsto
damp out error modes. This dissipation term is computed
using sixth-order accurate finite-differences and the dissi-
pation parameter, ¢, is chosen judiciously to damp out the
error modes while avoiding excessive dissipation in the so-
lution as established through numerical experimentation.

The Semi-Discrete Problem

We consider the optimal control problem (4) with state
equation (1) and (2) after a discretization in space has
been performed. We allow the possibility that the objec-
tive function depends on the value of the flow variables
at the final time and on the flow variables distributed in
time. Thefinal time contribution to the objectiveis denoted
by 1/ (u(ts)) and the distributed contribution is denoted by

i 1(u(t), g(t))dt. This enables usto treat both objective
functions (5) and (6) simultaneously. After adiscretization
in space, the optimal control problem can be written as

min J(g) = I (u(ty)) + [,/ 1(u(t), g(t))dt
+ [ S 0 Ls) + a0 g0
(1)
subject to the compatibility condition
g(to) =0

on the control, where u is the solution of the semi-
discretized Navier—Stokes eguations

q(u(t)): + N(u(t),g(t),t) = 0,
u(to) = Up.

(12)

te [th tf]7(13)
(14)

Thestatesu and controlsg are vector valued functionswith

u: [to, ty] = R™, g:[to,tf] — R".

The boundary conditions g(t,z) =0,z € 9T'.,:q

and, if (8) isused, Vg(t, ) = 0,2 € 9T, onthecontrol
are incorporated into the spatial discretization. We do not
introduce different notation, such as superscript h to denote
the semi-discretized states, controls, etc. The meaning of
these variables and functions should be clear from the con-
text.

Thefunctionq : IR™ — IR™ representsthe discretized
conserved variablesand N : IR"™ x IR"s x IR — IR™
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represents the inviscid and viscid flux terms as well as
boundary conditions. In the objective function (11),
V:R"™ - R, |:R"™xR" — R,

and Li,Ly € IR™*™s are symmetric matrices. The ma
trix L is such that g;(¢)"Lig;(t) is a discretization of
Jr. llgi(t, x)|[3dx. Thematrix Ly issuchthat g(t)" Log(t)
is a discretization of [;. [lg(t,x)[|3 + [[Vg(t, x)[|3dx or
of [ lls(t. )3 + [Ve(t.x)[3 + |Ag(t,x)|3dx, de-
pending on whether (9) or (10) is used. The matrices L 1,
L, aso incorporate the boundary conditions g(¢, ) = 0,
x € JI'.. If the control space (8) and regularization term
(10) are used, L, L, aso incorporate the boundary condi-
tions Vg(t,z) = 0, z € d'.. Thus, L; is amass matrix
on the boundary and L, is the sum of a mass matrix and a
stiffness matrix on the boundary. To simplify the presenta-
tion, we have assumed that s = «3 and that if a4 > 0,
thenas = a3 = ay.

For the numerical solution of (11)—14) we need the gra-
dient of the objective function J. Given an inner product
(-,-) on the space of controls, the gradient (with respect
to thisinner product) is a function denoted by (VJ(g))(t)
such that the Fréchet-derivative D .J of J can berepresented
as

DJ(g)ég = (VJ(g),dg) (15)

for all admissible variations dg of the control. The choice
of the inner product partly determines the conditioning
of the problem and it can significantly influence the per-
formance of gradient based optimization algorithms (see
Ref. 27). However, oftenlittle attention is paid to the choice
of the inner product and in many cases it is chosen to be
(g1,82) = [, &1(t)"g2(t)dt. The proper choice of the
inner product depends on the control space G ., which for
our problem is given by (7) or (8). If we impose aregular-
ization on the time derivative of the contral, i.e., if a1 > 0,
aproper inner product is

(g1,82) = [ f(gl)t(t)TLl(gz)t(t) + g1(t)" Logs(t)dt.
i (16)

If «; = 0, then aproper inner product is

ty
(g1, 82) Z/ g1(t) Logo(t)dt. (17

to

Notice that the regularization terms (9), (10) in (4) corre-
spond to weighted inner products. Thisis no coincidence.
If no explict control norm-constraints are imposed in G .4,
then typically a weighted norm is added to the objective
function to ensure mathematical well-posedness.

Casea; > 0.

If aregularization of the time-derivative of the control
isimposed and if the control g satisfies (12), then one can

show that the gradient of J with respect to the scalar prod-
uct (16) isgiven by

VJ(g) =k, (18)
wherek solves

=Lk (t) + Lok(t) (19
= —onLigu(t) + asLog(t) + Vgl(u(t), g(t))
+Ng(u(®),g®), )" A(t), t€ [to,ts],
k(tg) = 0,
ki(ty) = arge(ty).

Here A is the solution of the adjoint equation

~M(u(t))" Ae(t) (20)
= _vul(u(t)v g(t)) - Nu(u(t)v g(t)v t)TA(t)v

t € [to, ty], where

M(u(t)) = ——q(u(?)), (21)
with final conditions
M(u(t)"Aty) = =Vl (u(ty), ty). (22)

For details we refer to Ref. 18.

In the numerical solution of the discretized optimal con-
trol problem we want to avoid the solution of (19). More-
over, we need to ensure that the discretization of the objec-
tive function (11) is consistent with the time-discretization
of (13). Therefore we introduce the additional variables

B(t) = g(t)
and
w(t) = [ (Ia(r),g(r)) + $h(r) Lih(r)
+%2g(r) Log(7) ) dr.

Since the time derivative is applied to the conserved vari-
ables g we view the primitive variables u as functions of
the conserved variables q. Thus, we rewrite (11)—«14) as

min J(h) = I/ (u(a(ty)), t5) +w(ts) (23)

with state equations

zzzt((g z ;((:(t)v h(t)v t)a te [tov tf]a (24)
where

r(z(t), h(t),1))
( I(u(q(t)).g(t)) + Sh(t)" Lih(t) + g(t)" Lag(t) )
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and

w(t) 0
z(t) = ( q(t) ) , Zo = ( q(uo) ) ~ (26)
g(t) 0

In the reformulation (23)—<26) of (11)—«14) z playstherole
of the state and h plays the role of the control. We define

Fla(ty),tr) = V(u(alty)), ty) +w(ty)  (27)

so that the objective (23) can be written as

minJ(h) = f(z(tf), ty). (28)
The Lagrangian function for (24) and (28) is given by

L(z,h, 7, m)
= Jalty),ty) +m (a(to) — 20) (29)
+ ] w0 (2(t) — x(z(t), h(t), 1)) dt.
The adjoint equations are

r,(2(t), h(t), 1)) m(t),
—sz(Z(tf), tf)a

—m(t) =
m(ty) =

te [tovtf]a

(30)
wherer, isthe partial Jacobian of r with respect to z. The
gradient of .J is computed with respect to the scalar product

tr
(hi,hy) = / hy (t)" Lyhy (t)dt. (31)
to

In this case it can be computed by differentiation of the
Lagrangian (29) with respect to h and is given by

(VI(h))(t) = —ra(z(t),h(t), 1) = (), (32

wherery, isthe partial Jacobian of r with respect to h.
Ifweset m = (6,\,4)T, u(t) = u(q(t)), and use (25)
and (27), then the adjoint equation (30) is

—0,(t) = 0
~M(u(t))"Ai(t) =

(1)

for ¢ € [to, t¢] with final conditions

H(tf) —1
( Altr) ) = ( —M(u(t))""Vulf (u(ty), ty) ) :
P(ty) 0

(34)

The gradient (32) is given by

(VJ())(t) = —aaf(t)Lah(t) —ab(t). (39

The relations between (33)—(35) and (18)—(22), are ex-
plored in Ref. 18.

Casea; = 0.

If no regularization is imposed on the time derivative of
the control, the adjoint equationsfor (11)—(14) are till (20)
with final conditions (22). However, the gradient of J in
(11) in the inner product (17) is given by VJ(g) = k,
wherek solves Lok(t) = asLog(t) + Vgl(u(t), g(t)) +
Ng(u(t),g(t), )T At), i.e,

VJ(g) = L;'[asLlog(t) + Vel(u(t), g(t))
+Ng(u(t), g(t), )" A®)].  (36)
To ensure consistency between discretization of the ob-

jective function and the time-discretization of the state
equation, w is defined as before and we set

r(z(t),g(t),t))
_ ( l(u(a(t)), () + Fe(t)" Lag(t) ) (37)
—N(u(q(t)),g(t),)

andz = (w,q)", zo = (0,q(uo))”. Inthisabstract setting
our control problem can again be formulated as

min J(g) = f(z(tf)v tf)v (38)

where f isdefined in (27) and where z solves

zi(t) = r(z(t),8(t).1)),

Z(f,o) = Zy.

t € [to, ty], (39)

Thus, using the abstract notation alows us to treat both
cases simultaneously. We only have to substitute (37) for
(25) and g for h. For example the adjoint equations for
(38)—«(39) are

—TI't(lf) =
w(ty) =

I'Z(Z(f,), g(t)a t))Tﬂ-(t)7
_VZf(ZNt 9 tf)

t € [to,ty],

(40)

Thegradient of J(g) in (38) with respect to the inner prod-
uct(hy, hy) = [/ by (t)Tho(t)dt is

—I'g(Z(t), g(t),t))Tﬂ'(t), (41)

where rg is the partial Jacobian of r with respect to g.

3, g(t))0(t)However, wewant the gradient of J(g) in (39) with respect

to the inner product (17). It is obtained by scaling (41) by
L, ! anditisgiven by

(VI(h))(t) = —L; 'rg(z(t),8(1), 1) m(t).  (42)
Not surprisingly, (42) and (36) are equivalent (see Ref. 18).

Time—Discretization

For the discretization of the state equation we use a
Runge—Kutta method with coefficients

1| a1 @12 ... Qis
(43)

Cs As1 As2 . Qss

[ b1 b ... by
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andtimestepsty < t; < ... < tn, = ty. Weset At, =
tn+1 — tn. 1N our computational experiments we use the
classical fourth order explicit Runge-Kuttamethod. Inthis
case s = 4 and only as1, a3, a43 # 0. This structure,
as well as the structure in the right hand side (25) or (37)
of the state eguation is exploited in our implementation.
However, for our discussion of the time discretization, this
is not important and therefore we treat the general case.
More details are given in Ref. 18.

Remark 1 Our abstract notation allows us to treat both
casesw; > 0 anda; = 0, simultaneously. The notation
In particular the
control is denoted b¥. If we consider the case; = 0 we

used in this section follow§3), (24).

only have to substitutgd7) for (25) andg for h.

The Runge—Kutta method introduces intermediate time
locations

tni =t + ALy,

We let z,, be approximations of the states at ¢, n =
, Ny, and we introduce controls h,,;, i = 1,...,s
TZZO, 7]\ft—l.
The discretized optimal control problem (23)—<24) is
given by

min J(h) = f(zn,, t5), (44)
where
Znt1 = Zn+ Aty ES: biv(Zpi, hpitni)  (45)
i=1
Z,; = 1z,+At, ZS: aijt(Zpj, hyj, tn;), (46)
j=1
i=1,...,5,n=0,... ,N,— 1.

In the fully discretized control problem, we view (45)
and (46) as the state equations Thus, z,,n = 0,..., Ny,
andZ,;,i=1,...,s,n=0,..., N, — 1, are the states
andh,;,i=1,... ,s, n=20,... ,Nt —1, arethe controls.

Remark 2 We point out that the discrete contrdls,; can,

and often are poor approximations of the contioht ¢ ;.

Actually, for some Runge—Kutta methods such as the clas-

sical Runge Kutta method,; = ¢,,; for somei # j, butin

general one hakh,; # h,;. Hager (Ref. 15) shows how to
compute an approximatioh,, of the controlh at¢,. The
‘discrete controls’h,,; should be viewed as artificial vari-

The Adjoint Equation and the Gradient for the Fully
Discretized Problem

The Lagrangian function for (44)—(46) is given by

L(z,h,Z, 7, II)
= f(ZN”tf)
Ny—1

+ Z 71'n+1 Zpt1 — Zn — Aty Zb rni| (47)

n=0 i=1

N;—1 s S
z, — At, E @iiTnj |
i=1

DD M | Zu -

n=0 i=1

wherer,,; = r(Z7L117 hy;, tni)
The adjoint equations are obtained by differentiating
the Lagrangian function (47) with respect to z,,, n =
,Nt, Zniu 1= 17 , S, N = O, ,Nt - ]., and
setting the derivatives to zero. This gives the adjoint equa-
tions

Tp = T+l + Z IL,;, (48)

i=1

n:l,...,Nt—l,and

II,;, = rz(Zml; hn% tni)T . (49)
XAtn [b1',7rn+1 + 23:1 ajiHnj];
i=1,...,5,n=0,...,N; — 1, with
TN, = _vzf(ZNtvtNt)' (50)

The ni-th partial derivativeof .| (h) in (44) is obtained by
differentiating the Lagrangian function (47) with respect to
h,;. Thisyields

d}?,“ J(h) = _rh(Zmi; hni; tm’,)T
x At, [biﬂ'nJrl + Zj’:l ajiHnj]v
(51)
i=1,...,5,n=0,...,N, — 1. These partia derivatives

are the components of the gradient with respect to the Eu-
clidean inner product (h1, hy) = h'h,, whereh; isavec-
tors of componentshﬁji), i=1,...,8,n=0,... , N, — 1.
This is commonly used in practice. However, this gra-
dient is highly mesh dependent and can lead to artificial
ill-conditioning in the problem. Instead, we use discrete
versions of theinner products (31) and (17).

Gradient computation in the case, > 0:

The discretized version of the inner product (31) is

N¢y—1 s

SN Atybi(0) LB (52)

n=0 =0

(hy,ho) =

and the gradient of (44) with respect to this inner product

ables needed to obtain good approximations of the statess the vector

and good approximations of the adjoints from which good ~
approximations of the controls can be computed, see Re- VJ(h) =

mark3 below.

5(h>> . (53)

n=0,... ,Ny—1
i ..,8

1 d
L—l
(Atnb dh,,;
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where dhimf(h) is given by (51). We have assumed that are of the same order. The order of approximation depends
bi,...,bs # 0, which is the case for the classical fourth on the order of the Runge—Kutta methd8) applied to the

order Runge Kutta method. optimal control problem and the regularity in time of the
Gradient computation in the case, = 0: optimal control of(23), (24). The order conditions for the
We replace h by g, see Remark 1. The discretized version ~ Runge—Kutta metho3) applied to theoptimal control
of theinner product (17) is problem include the order conditions for the Runge—Kutta
method(43) applied to the state equatidi24). However,
Ni—1 s ) _ they also include other conditions that need not be met
(81,82) = Z Z At,bi(g) Lagt), (54)  if the Runge—Kutta method is just applied to solve a sin-
n=0 i=0 gle state equatiof24). Order conditions for Runge—Kutta

and the gradient of (44) with respect to this inner product methody43) applied to theoptimal control problem are

IS the vector fourth order Runge—Kutta method used in our numerical
~ 1 . d ~ examples.
Vi) = oLl (8 , (55)
Atan', dhni n=0,... ,Ny—1 ) . ) . 3
=18 For theoretical and also implementation reasons it is

more favorableto transform the adj oint equations (48)—(50)
so that the transformed adj oint equations admit the form of
g Runge—Kutta method. This transformation is well known,
see, e.g., the papers 15, 28, 29, and we will review it in the
next section. We remark that if one has a Fortran or C/C++
code for the solution of (45), (46) and the subsequent eval-
uation of the objective (44), and if one uses reverse mode
automatic differentiation (AD) (Ref. 14) to compute gradi-
ents, then the AD tool will generate and solve (48)—50),
and it will compute the partial derivatives from (51). In
our case the time discretization poses few challenges when
computing adjoints. We use AD only to compute deriva
tive information at a fixed time ¢. Specifically, we use
reverse mode AD to compute productsr ,(Z,,;, hy, t,i) T v
or v (Zni, o, tei)T v for agiven vector v (cf. (49), (51)).

where 24— J(g) is again given by (51) with h replaced by

Remark 3 As we have pointed out in Remazkthe dis-
crete ‘controls’ h,,; can be poor approximations of the
controlsh(t) att = t,;. They are needed to compute
good approximation%,,, n = 1,..., N, of the states
and good approximations ,,, n = 1,..., N, of the ad-
joints. After a local minimum of the fully discretized prob-
lem (44)—(46) has been found and the corresponding states
zi,n=1,..., Ng,andadjointsr’,n =1,..., N, have
been computed frorfd5), (46), (48), (49), approximations
h* of the controlsh*(¢) att = ¢, can be computed by
solving the minimization problems

min (WfL)TI'(Z:,a hy,t,), n=0,... ,N,—1. (56) Transformation of the Adjoint Equation and the Gradient
" for the Fully Discretized Problem
Casea; > 0: Thefollowing transformation of the adjoint system (48)—

If we setr = (0, X, 4,)" and use the structure af  (50) can befound, e.g., in Refs. 15,28, 29. If we define
in (25), then the appropriate approximation of the optimal

controlh*(t) att = t,, is ~ °Laji
( ) II,; = T+l + Z b_]-Hnj- (59)
1 i—1 1
by = —— L', n=0....N,-1 (57 ’
A1Yn fori,...,sandn =0,..., N, — 1, then the adjoint equa-
Casea; = 0: tions (48)—50) can be equivalently written as
We replaceh by g, see Remarld, and we setr} = s
(65, 7). If Lin (12) is independent of and ifN(u, g, ?) T = Tng1 + Aty Y bi¥s(Zini, Bi 1) Ty (60)
is linear in g, which is both the case in all our examples, =1
then we can use the structuremwin (37) to solve(56) ex-
plicitly. In this case the appropriate approximation of the and
optimal controlg™* att,, is S b
1 II,; = T+l + Aty Z Jb_ﬂ rz(znj7 hnj7 tnj)THnjv
g, = m L;lNg(uZ, Zn, tn)TA:w (58) j=1
szt (61)
n=0,...,N—1, whergu; = u(q}). Note that because i . sim=0,... N;—1,with
of our linearity assumptionNg(u, g,?) does not depend
ong. N, = —Vaf(zNn,), tN,), (62)

In Ref. 15 it is proven that under suitable assump-
tions on(23)—(24) the errorsmaxo<n<n, ||h} —h*(t,)||,  The equations (60)—62) are called the transformed adjoint
maxXo<n<n, |12, — 2" ()], maxo<n<n, |7, — " (tn)||  equations.

8 OF 17

AMERICAN INSTITUTE OF AERONAUTICSAND ASTRONAUTICS PAPER 2001-0821

listed in Ref. 15. They are satisfied by the explicit classical



Using the transformed adjoint system the ni-th partia
derivative (51) can be written as

d
dhm’,

see (59).

For our application the special structure of r in (25), (37)
alows a significant reduction in the transformed adjoint
equations. For details see Ref. 18. Thisis taken advantage
of in our implementation.

J(0) = —rp(Zni, by, i) T Atib I, (63)

Optimization Algorithm

Our numerical results are produced using a nonlinear
conjugate gradient algorithm (e.g., Ref. 30) for the solu-
tion of the discretized problem (44)—46). However, we use
the inner products (52) or (54) instead of the standard Eu-
clidean inner product and our gradients are computed from
(53) or (55), respectively. We noticed that even in the case
a1 > 0 use of the inner product (54) instead of (52) was
more effective in the nonlinear conjugate gradient method.
The following computations use (54) and the correspond-
ing gradient (55) in both cases, «; > 0 and oy = 0. The
inner product acts as a preconditioner within the nonlinear
conjugate gradient algorithm. Thus, it effects the conver-
gence behavior of the agorithms, but it does not ater the
solution of the problem. The choices (52) or (54) minimize
the mesh-dependent behavior of the algorithms and avoid
artificial ill-conditioning due to discretization.

In addition to the nonlinear conjugate gradient algo-
rithm, we have also experimented with the limited memory
BFGS methods (e.g., Ref. 30), and even extended the lat-
ter algorithm to handle bound constraints on the control.
Those results will be presented el sewhere.

To copewith the very large size of state and control vari-
ables, we apply a simple storage management technique.
M ore sophisticated storage management techniques, which
will be considered in the future, are discussed in Refs. 5,31.

All computations are performed in paralel using
OpenMP on the SGI Origin 2000. We remark that the so-
lution of one adjoint equation, where spatial adjoints are
computed using the AD tool TAMC is about four times as
expensive as the solution of one state equation (compress-
ible Navier—Stokes equation).

Results

The optimal control formulation described aboveis now
applied to the vortex-wall interaction problem. The initial
flow field is determined by the superposition of two com-
pressible Oseen vortices (Ref. 32). The initial vortex core
radii are L* and the maximum azimuthal velocity vy —at
the edge of the viscous core of each vortex at theinitia time
are the length and vel ocity scales chosen for the nondimen-
sionalization of the Navier—Stokes equations. Thus, the
reference Reynolds and Mach numbers are defined as

* X 0k *
_ pOOL Y6,,, M Yo,

Re

Hhe VAR

where p?_, u , and T arethe density, viscosity, and tem-
perature far from the vortices; R* is the gas constant; and
“*” denotes dimensional quantities.

Our computational domainis[—15, 15] x [0, 15] in non-
dimensional units and at time ¢ = 0 the vortices are cen-
tered at (+2, 7.5). Although each individual Oseen vortex
is a solution to the Navier—Stokes equations, the super-
posed field does not satisfy the equations of motion due
to the nonlinearity of the convectiveterm and it also failsto
satisfy the wall no-dlip and thermal boundary conditions.
Hence, the flow is advanced a number of time steps until
timet, to let the transients associated with these incompat-
ibilities leave the domain through the top and sides where
a nonreflecting boundary treatment is used. The result-
ing field at time ¢, is taken as the initia condition to our
problem. The Mach, Reynolds, and Prandtl numbers are
M = 0.5,Re = 25,Pr = 1, respectively. For the demon-
stration problems presented here, constant Prandtl number
and fluid properties (viscosities and thermal conductivity)
are assumed along with Stokes hypothesis for the second
coefficient of viscosity, A = —2/3. Our formulation also
supports variable fluid properties and these effects will be
included in future calculations.

In all cases, the control g is the wall-normal velocity
which is a function of the wall coordinate and time. Due
to the geometry of our problem g = (0, g2) so that positive
go represents injection (blowing) of fluid into the domain
while negative g corresponds to suction of fluid out of
the domain [cf. equation (3)]. It is assumed that the in-
jected/ingested fluid is always in thermal equilibrium with
the solid surface.

Two different control objectives are considered as given
by (4) with Joys defined either as (5), referred to as Termi-
na Kinetic Energy (TKE) control, or (6) which is denoted
as heat transfer control. Before presenting the control re-
sults, wefirst document the uncontrolled dynamics by con-
sidering the interaction of the vortex pair with a no-dlip,
adiabatic wall with inviscid characteristic based far-field
boundary treatments used on the top and sides. In the un-
controlled flow, the vortex pair convects downward due to
the self induced velocity eventually interacting with the
wall at the lower boundary. Since the Reynolds number
is rather low, the vortices decay as shown in Fig. 1 by the
evolution of integrated kinetic energy fQ pvIv/2dQ and
integrated enstrophy [, w’w/2d), wherew = V x v
is the vorticity vector. The integrated kinetic energy un-
dergoes a monotonic decay as dissipation converts kinetic
energy into internal energy. While the integrated enstrophy
aso generally decays, when the vortices approach the wall,
secondary vorticity is generated through the no-dlip condi-
tion leading to alocal maximum in integrated enstrophy at
approximately ¢ = 22. Inall controlled runs, the integrated
enstrophy peak of the uncontrolled flow lieswell withinthe
optimization time window. The next two sections present
detailed results for the TKE control and heat transfer con-
trol flows.
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Fig.1 Theevolution of integrated kinetic energy and enstro-
phy with timefor uncontrolled and TKE control, run (a).

Test Case 1: Optimal Control of Terminal Kinetic Energy

The objective functional for thistest caseis given by (4)
with (5) and Qo = [—15, 15] x [0, 15] (the entire computa-
tional domain). The regularization term in (4) is given by
(9). The computations are performed on a 128 x 128 uni-
form mesh with afixed timestep At = 0.05. The optimiza-
tion time window is 700 time stepsfrom ¢y = 5to ¢ty = 40
and the enstrophy peak of the uncontrolled flow lies well
within this time window, see Figure 1. The lower wall
is adiabatic while an inviscid characteristic based farfield
boundary condition is imposed on the other boundaries.
The injected/ingested fluid is at the local wall temperature.

We performed three runs — two include a regularization
of the time derivative of the control, the third does not. In
al runsthe control space (7) and the regularization term (9)
isused, i.e., oy = 0 throughout. The coefficients o; in the
regul arization term for the two runs are:

Run | [e%} Qa9 (0%} (o7}
a 05 0.005 0.005 O
b | 005 0005 0.005 O
c 0 0005 0.005 O

In al cases the optimization is started with zero con-
trol. The optimal wall-normal velocity distributions g for
runs (a)—(b) are plotted in Figures 2(a) to 2(c), respectively.
These plots clearly show the effect of the regularization
term [ %+ ||g.||3. Without it, the control startsto oscillatein
time in the second half of [to, ;] and also exhibits alarge
jump at tg. As mentioned in the ‘ Problem’ section, setting
a1 = ag = 0 produces strong spatial and temporal oscilla-
tions in the control which frequently led to afailure in the
compressible Navier—Stokes solver. Such jumps and os-
cillations are also physically undesirable since they would
place severe demands on actuator performance.

There are only dlight differences between the controls
for runs (a) and (b) which both include time regularization.
In both of these runs, the control is localized in the cen-
ter of the domain near the region of vortex/wall interaction

and consists primarily of suction although there are small
amounts of blowing visible at late times near x = 7. The
main effect of the control is to absorb the vortices through
the wall as described in more detail below.

The following table shows the values of the objective
functional (4) with (5) at the initial iterate, i.e., zero con-
trol (Jy); at the final control iterate (Jgna1); and the inte-
grated terminal kinetic energy (5) at thefinal control iterate
(T K Egna1). We seethat because of the large regularization
parameter o, the terminal kinetic energy reduction in run
(a) islessthan that for run (b) although the smaller oy > 0
of run (b) is till sufficient to maintain temporal smooth-
ness in the controls. However, both run (@) and (b) achieve
a dramatic reduction of TKE of approximately 97%. Al-
thoughrun (c), without time regularization, leadsto slightly
greater reduction in T K FEgp, (98%), the added benefit is
more than offset by the physically and numerically unde-
sirable control distributions.

Run | JO Jﬁnal TKEﬁnal
a | 1243 048 0.42
b 1243 0.37 0.33
c 1243 024 0.20

Figure 1 illustrates the effect of the applied control on
the temporal evolution of integrated kinetic energy and en-
strophy. The control initialy introduces a large amount
of vorticity near the wall which increases the integrated
enstrophy peak almost three fold compared to the uncon-
trolled flow. Thisisaccompanied by aslight decreaseinthe
kinetic energy decay rate as energy is added to the flow via
the control input. Ast — ¢ ¢, therate of decrease of both ki-
netic energy and enstrophy increases considerably and both
quantities approach their terminal values smoothly.

Figure 3 shows contours of kinetic energy for the un-
controlled flow and the TKE controlled flow for run (a).
In the uncontrolled flow, the vortices propagate toward the
wall and, upon interacting with the no-slip wall, eventually
reach an quasi equilibrium position (see Fig. 3(c)) where
they slowly decay due to viscous diffusion. The effect of
the optimal control isto almost completely absorb the vor-
tices through the wall so that the kinetic energy at the final
timeis reduced by two orders of magnitude.

Test Case 2: Optimal Control of Heat Transfer

The motivation for this test case is to investigate the
possibility of controlling the heat transfer across an isother-
mal solid wall in a time interval of interest by applying
unsteady wall-normal velocity control. This test prob-
lem demonstrates how the coupling of thermodynamic and
kinematic flow variables through the compressible Navier—
Stokes equations can be used to effectively control onewith
the other.

The objective functional is now given by (4) with (6).
The regularization term in (4) is given by (9) or by (10).
Suction/blowing is applied only on the portion I', =
{x = (21,0) : z1 € [-11.25,11.25]} of the lower wall
I' = {x=(21,0) : z; € [-15,15]}. Moreover, the nor-
mal derivativeis only controlled over the same part of the
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a) a1 = 0.5, a2 = a3 = 0.005, a4 = 0. b) a1 = 0.05, s = az = 0.005, g = O.

C) a1 = 0,a2 = a3 = 0.005, ag = 0.
Fig. 2 Optimal wall-normal velocity distributionsfor TKE control, runs (a)-(c).
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d) Optimal control, run (a), t = to + 15.
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f) Optimal control, run (a), ¢t = t;.
Fig. 3 Contoursof kinetic energy for uncontrolled and TKE controlled flow, run (a). Thereare 25 evenly spaced contoursfrom
0.0to 1.6.
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Fig. 4 Distribution of wall normal temperature gradient,
9T /On, at thewall for the uncontrolled flow.

lower boundary, i.e., I'g = T, in (6). The weighting func-
tion w is a smooth function whichiszeroat ; = +£11.25
and one on [—9,9]. The term wdT/dn in the objective
contributes to adjoint boundary conditionson Ty C T, but
not outside I'y. If the weighting were w = 1, then the ad-
joint boundary conditions can and usually do exhibit jumps
at x = (£11.25,0). The addition of the smooth weighting
functionwithw(+11.25) = 0 avoidsthese jumpsin the ad-
joint boundary conditions. For details we refer to Ref. 18.

Thelower wall isisothermal while aninviscid character-
istic based far-field boundary condition is imposed on the
other boundaries. The temperature boundary condition at
the lower wall is T'(x,t) = Ty(x), x € T';, where Ty, is
a continuously differentiable function with T (x) = 1.5,
x € I'cand Tp(x) = 2, x = (£15,0). This temperature
profile ensures compatibility with the far-field temperature
at (+15,0).

Inal computationsfor thistest case, we use amesh with
128 grid pointsin the - and y-directions. A uniform mesh
is used in the z-direction while the mesh is clustered in the
y-direction near thewall using an algebraic stretching func-
tion in order to better capture the wall-normal temperature
gradient. The resulting mesh size Ay at the wall is 0.37
times that of a uniform mesh, i.e,, Ay = 0.37 % 15/128.
Thetime stepis At = 0.025. To computethe initial condi-
tions, the flow equations are advanced for 600 time stepsto
minimize effects resulting from the startup transient. The
optimal controls are computed over 800 time steps, i.e.,
to = 15 to ¢ty = 35 and the enstrophy peak of the un-
controlled flow lies within this time window, see Figure 1.

In our first four runs we use the control space (7) and
the regularization term (9). The last two runs use the con-
trol space (8) and the regularization term (10) The first two
runs do not include a regularization of the time derivative
of the control, the other four do. The coefficients o ; in the
regularization term for the runs are

Run | a3 Qo Qa3 Qg
0 05 05 0
0 0.05 005 0

05 05 05 0

05 005 05 0

05 05 05 005

05 005 05 0.05

-~ D QO T Q

The uncontrolled flow is given in Figure 4 which shows
the wall-normal temperature gradient 97'/0n = —9T' /0x o
on the bottom wall that is proportional to the heat trans-
fer from the fluid to the wall, ¢ = —k9T/On. Sincen is
the outward unit normal, 97'/0n > 0 denotes heat trans-
fer from the wall to the fluid. Since the uncontrolled wall
is cool, the nominal heat transfer is from the flow to the
wall asindicated in figure 4 by the predominately negative
0T /on. Since the vortex cores are lower in temperature
than the ambient fluid, there is a local reduction in heat
transfer near the vortex core locations which can be easily
tracked in Figure 4.

Heat transfer results for the controlled flows are shown
in Figure 6. Keep in mind that we only control 2—5 over
I'. = {x=(21,0) : 1 €[-11.25,11.25]}. In thisre
gion of the wall, (%)2 is reduced nicely by all controls.
Only for runs (&) and (b), where no time-derivative regu-
larization term (o = 0) is enforced, (2—5)2 islarge for a
small time near ¢y. Actually in that time region for runs (a)
and (b), the controlled ( % )2 islarger than in the no-control
flow. Nevertheless, the control substantially reducesthein-
tegral (6) in all cases (see below). These sudden changesin
the wall-normal temperature gradient for the runs without
time regularization are directly related to sudden changes
in the controls for these flows.

The computed controls are plots (a)-(d) in Figure 5.
Since control is only applied over I'. the wall-normal ve-
locity is zero elsewhere. We see that the structure of the op-
timal controls computed using atime derivative regulariza-
tion (a; > 0) is fundamentally different from those com-
puted without time derivativeregularization («; = 0). This
follows aready from the optimality conditionsVJ(g) = 0
using (18)—(20) for the case «; > 0 and (20), (36) for the
case oy = 0. The computed controls for vy = 0 change
rapidly in time near ¢ and near ¢; and they exhibit sight
oscillations elsawhere in time. This can be better seen in
Figure 7, where a dlice of the controlsat x = 0 is plot-
ted. Asinthe TKE control case, the controls without time
regul arization can exhibit large temporal derivatives which
may not only cause numerical difficulties but which would
also place undue demands on the design of physical actua-
torsfor problems of thistype. A regularization of the time
derivative of the controls enforces temporal smoothness.
However, close expection of the optimal controls computed
with time regularization in runs (c) and (d) reveal dight
spatia oscillations in these optimal controls. See plots ()
and (d) in Figure 5. Moreover, all optima controls may
increase sharply near the endpoints z; = +11.25 of the
control boundary T".. To supress oscillations and to avoid
asharp increasesin the horizontal velocity near the bound-
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Control, g

Fig. 7 Comparison of optimal controls at x = 0 for heat
transfer control.

ary points (z1, z2) = £(11.25,0) we switch to the control
space (8) and the regularization term (10). The regulariza-
tion parameters for the two additional runs (e) and (f) are
listed in the table above. The optimal controls for these
runsare plots (e) and (f) in Figure 5. We see that spatial 0s-
cillations are suppressed and the spatial transition from the
no-control to the control boundary is smoother than in runs
(c) and (d). The additional control regularization has little
effect on the total heat transfer as can be seenin Figure 6.

The following tables show the values of the objective
functional (4) with (6) at the initial iterate, i.e., zero con-
trol (Jo) and at the final control iterate, (Jgna1), in addition
to the values of the (6) and those for the individual regular-
ization terms at the final control.

Run | Jo  Jana 3 [w(ZE)?

a | 53970 3650 2560

b | 53970 2807 2609

c 53970 4781  4.159

d | 53970 3435  3.055

e 53970 4844 4236

f | 53970 3656 3354
Run | S-fllgell3  2[lisll3  %2/1Vel3 % [l1As]3
a - 1.034 0.057 -
b - 0.188 0.011 -
c 0.054 0.537 0.031 -
d 0.202 0.101 0.077 -
o 0.053 0.527 0.028 0.002
f 0.156 0.089 0.056 0.004

Overdl, the RMS heat transfer is typically reduced by a
factor of 3.5 or approximately 93% for the controlled flows.
Thedlight additional reductionin heat transfer for the flows
without time regularization is likely due to the fact that
these flows have large controls near ¢, however the sud-
den jump in control at ¢, not only causes oscillationsin the
numerical solutions, but would aso require unrealistically
high actuator frequency response.

Temperature contours for the uncontrolled flow and con-
trolled flow, run (c), are plotted in Figure 8. Figure 5 shows

that in all cases fluid is primarily blown into the domain
such that the optimal control takes the form of film cool-
ing. Since the fluid blown into the domain is at the wall
temperature 7' = 1.5, this creates a small layer of fluid
with almost constant temperature 7' = 1.5 near I, see
Figure 8 d—e, thereby reducing %. The temperature con-
tour plotsfor the controlled flows in runs (b) to (f) are very
similar to those shown in Figure 8 d—f for run (@) and are
not given here.

Conclusions

This work, represents to the Authors' best knowledge,
the first application of optimal control theory to problems
governed by the unsteady, compressible Navier—Stokes
equations. This research is motivated by the potential to
develop novel and effective flow control strategies for in-
herently compressible phenomenaincluding aeroacoustics
and hest transfer by utilizing optimal control theory. We
began by describing a detailed problem formulation for
two-dimensional unsteady problems using wall-normal ve-
locity as control with observation of either terminal kinetic
energy or heat transfer at the wall and this formulation can
bereadily extended to more genera configurations. Anim-
portant aspect of this research involves the role of control
regularization. Motivated by the mathematical theory for
the boundary control incompressible flows we consider not
only regularization of control magnitude but also regular-
ization of spatial and temporal derivatives. In formulating
the optimal control problem, a novel approach is utilized
where the time regularization is incorporated by augment-
ing the state and control variables. The fully discrete opti-
mal control problem is solved using a nonlinear conjugate
gradient algorithm where the gradient is obtained via the
adjoint equations. Adjoints at a fixed time ¢ are com-
puted using automatic differentiation. The optimal control
formulation is demonstrated for a simple wall/vortex inter-
action problem and results are presented for both control
of terminal kinetic energy as well as control of heat trans-
fer. In both controlled problems, regularization of spatial
and temporal derivatives is required to ensure physically
realistic control distributions and with sufficient regular-
ization, realizable optimal controls were found that lead
to dramatic improvements in the control objectives. This
work represents our initial foray into optimal control of
unsteady compressible flows and the formulation and sim-
ulation software described here are now available to study
avariety of problems ranging from fundamental issues in
optimization to flow control applications.

Acknowledgments

The work of S. Collis, K. Ghayour and M. Heinken-
schloss was supported by Texas ATP grant 003604-0001,
1999. M. Ulbrich and S. Ulbrich were supported by DFG
grants UL157/3-1 and UL158/2-1, respectively, and by
CRPC grant CCR-9120008. Computationswere performed
on an SGI Origin 2000 which was purchased with the aid
of NSF SCREMS grant 98—72009.

15 0F 17

AMERICAN INSTITUTE OF AERONAUTICSAND ASTRONAUTICS PAPER 2001-0821



a) No contral, ¢t = tg.

¢) No control, t = tg + 12.5

€) No control, t = ty.

b) Optimal control, run (a), t = to.

d) Optimal control, run (a), t = to + 12.5.

f) Optimal control, run (a), ¢t = t;.

Fig. 8 Temperature contours for the uncontrolled flow and heat transfer control flow, run (a). There are 25 evenly spaced

contoursfrom 1.4to 2.1.
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