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This paper studies the differentiability properties of the control-to-state mapping for entropy
solutions to a scalar hyperbolic conservation law on R with respect to the switching times
of an on/off-control. The switching times between on-modes and off-modes are the control
variables of the considered optimization problem, where a general tracking-type functional is
minimized.

We investigate the differentiability of the reduced objective function, also in the presence of
shocks. We show that the state y(%, -) at some observation time ¢ depends differentiably on the
switching times in a generalized sense that implies total differentiability for the composition
with a tracking functional. Furthermore, we present an adjoint-based formula for the gradient
of the reduced objective functional with respect to the switching times.
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1. Introduction

This paper is concerned with the optimal control of entropy solutions of a scalar conser-
vation law

yt+f(y)x :g('ay)a (t,:L‘) €]O7OO[XRa (1'1)
y(0,:) =ug, x€R,

which contains an on/off-switching control at = = 0, i.e., in the off-state the flux across
x = 0 is zero leading to a decoupling of (1.1) into two conservation laws and in the
on-state the conservation law (1.1) holds on the whole real line R. Such on/off-controls
are essential for modeling flows on networks, for example traffic flow involving traffic
lights and gas-/water-networks involving valves. They can be seen as node conditions
on a simple network consisting of a single node with one incoming and one outgoing
edge. However, the results of this paper are also relevant for larger networks with on/off-
controls.
We develop a sensitivity and adjoint calculus for objective functionals of the form

b
() = / $(y(E ;0), ya(z)) de (1.2)
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with respect to the switching times o = (09,,0ls,0L,, - o0 agéﬂ). Here, ¢ €

yYon>
Cll(;i (R?) and y4 € BV(a,b) is a desired state.

In [48] a sensitivity calculus for the Cauchy problem with respect to the initial data ug
was presented that deals with shocks in the entropy solution and also allows for explicit
shifts of shock generating discontinuities in the initial data. This approach was extended
in [42] to initial-boundary value problems. In this paper we build on the aforementionend
works and develop a sensitivity calculus for the on/off-problem. Furthermore, we present
an adjoint based formula for the reduced gradient (%J (y(o)) in the flavor of [49]. Our
results are valid for arbitrary shock formations in the solution.

It is well known that weak solutions to hyperbolic conservation laws are in general not
unique. The physically meaningful solution among them is called entropy solution and
can be characterized by an entropy condition, see e.g. [33].

Even for smooth initial data, entropy solutions may develop discontinuities, so called
shocks, cf. [9], that lead to the issue that the control-to-state mapping ug — y(¢, -; ug) for
the Cauchy problem is only differentiable with respect to the weak topology of measures.
This topology is not strong enough to directly imply the Fréchet-differentiability of the
reduced objective (1.2).

Despite these difficulties, the optimal control of conservation laws has been studied
intensively in recent years. The existence of optimal controls for the Cauchy and the
initial-boundary value problem is well studied in the literature, e.g. [2, 3, 46, 47].

Several generalized notions of differentiability for the control-to-state mapping have
been considered, see [7, 10, 11, 13, 16, 47, 48]. In the present work we follow the ideas of
[47, 48] and use the concept of shift-differentiability introduced therein. A useful tool for
establishing shift-differentiability is the theory of generalized characteristics by Dafermos
[19]. The shock sensitivity is computed via an appropriate adjoint state which is based
on reversible solutions to linear transport equations with discontinuous coefficients [8].
This adjoint calculus can also be used to derive an easily computable formula for the
gradient of the reduced objective function, see also [22, 23, 49].

Typical applications for networks of conservation laws are traffic flow modeling and
gas pipelines. Traffic networks in the context of the LWR~model [36, 45] and also the Aw-
Rascle-model [4] have been discussed by several authors, see for example [12, 14, 21, 26,
30, 31]. In [5, 17, 25, 32] networks of pipelines are considered. Moreover there are several
further applications, such as supply chain management [24] or population modeling [15].
In many of these network models on/off-switching devices and their control, which are
considered in this paper, are relevant (e.g., valves or traffic lights).

The notion of a “switched control” in the context of hyperbolic conservation laws
was discussed in [28], where also switching in flux function and the source term was
considered. Further considerations on switching controls can be found in [1, 27, 29].

Our results provide the possibility to apply gradient-based optimization methods to the
infinite dimensional optimal control problem for switching times of on-/off-controls and
to derive optimality conditions for it. This in turn can form the basis for the development
of suitable numerical methods for such type of problems. Furthermore, the extension of
our results to systems of conservation laws is of great interest, especially in the context
of the optimal control of valves in gas networks or water networks or of traffic lights for
more involved traffic models by systems of conservation laws.

The paper is organized as follows. In §2 we introduce the considered general on/off-
switching problem and illustrate it by the example of a traffic light in the context of the
LWR-model. In §3 we collect results on the well-posedness for this problem and structural
properties of the corresponding solution. The main results of our paper will be presented



in §4, where we state the shift-differentiability of the control-to-state mapping and the
adjoint-based formula for the Fréchet-derivative of the reduced objective function. Those
results were already announced in [43]. The proofs of the theorems are postponed to §5.

2. Formulation of the on/off-switching problem

We consider the Cauchy problem for convex scalar conservation laws with source terms
on R. We choose the initial data and the source term in such a way that the solution stays
inside a certain range [Ymin , Ymax |, which we set to [0, 1] for simplicity. Furthermore, we
assume that the flux function vanishes at the end points of this interval.

We augment the model by the possibility to suspend the flux across the point x = 0
for a certain time. The on/off-switching problem splits the considered time interval |0, T'[
into on-phases Joi 1, olq[,i =1,...,n,+1 and off-phases Jolg, 0l [,i=1,...,n,, where
the incoming flux at x = 0 is or is not allowed to cross, respectively. This is done by
imposing an artificial boundary at x = 0 during the off-phases.

Before we formally define the solution to a on/off-switching problem, we briefly recall
the notion of a solution to initial (-boundary) value problems.

2.1 Solutions to initial (-boundary) value problems

An initial-boundary value problem (IBVP) on Q = ]a, b] is given by

v+ fW)e=9(,y), on Qr, (2.1a)

y(Ov ) = Uo, on Qa (21b)

y(-,a+) = up.q, in the sense of (2.3a) (if a > —00), (2.1¢)

y(-,b—) = upp, in the sense of (2.3b) (if b < 00), (2.1d)

where Qp := 10, T x €. Usually, we are interested in entropy solutions of (2.1), namely

solutions that satisfy (2.1a)-(2.1b) in the sense of [33], i.e.

(e(¥)); + (@), — ney)g(-y) <0, in D'(Qr),
%SEI&-IE ly(t, ) = uolly orj—g,rp = 0 forall R >0

holds for every (Kruzkov-) entropy 7.(\) := |\ — ¢|, ¢ € R, and associated entropy flux
ge(N) == sgn(A — ¢)(f(A) = f(c¢)). In order to get a well posed problem, the boundary
conditions (2.1c), (2.1d) have to be understood in the sense of [6], that is

g 0in sg(up,a — y(-,a+))(f(y(,at)) — f(k) =0, ae on]0,T[, (2.3a)
el(y(,a+),up,q)

r s b) ) (Fy( b))~ f(0) =0, ac.on 0T (2.3b)

with I(a, 8) := [min(c, ), max(«, )], see also [20, 35, 37, 39].



2.2 Solutions to on/off-switching problems

We will work in the setting o = (09,, 01,0k, ... 0% o"st!) € ¥, where
Yy = {1/ c RQ(RU—H) 0=v <y < <vgpy 41 < Vo 42 = T} . (2.4)

Of course, the presented analysis is also applicable if one considers the case where the
first and/or the final phase is an off-phase.

A solution y of an on/off-switching problem (OOSP) on Q7 :=]0,T[x R is determined
as follows. During the i-th on-phase, y solves a Cauchy problem on Qo ; == Joi !, 0% g [x R
with initial data

up =ylot =), i=2,...,n,+1
in the sense of (2.2), where y(c?,1—,-) is the final state of the previous off-phase.

For the i-th off-phase we consider the restrictions y; and ys of y to the incoming and
outgoing arc I := R-and I := R*. The restriction y; is the solution of an IBVP
on Q(l)ffﬂ- = lolg, o0, x I with initial value y(olg—, ) and boundary data upg = 0.
{2l x Iz with up = 1. For the first
on-phase, i.e. the first IVP, the initial data are given by some function u;. The on/off-
switching problem can then be formulated in the following way.

Analogously, y2 solves an IBVP on ngf ;= ]agﬁc,a

v+ f(W)e =9(-,y) on Qon it1, i=0,...,ny, (2.5a)
(W)t + f(Wi)z = 9(-,y;) on Qog; and Ly, i =1,...,14,, (2.5b)
y(0,-) = uy on I, (2.5¢)

y(ofm, ')‘Ij = yj(afm—, ) on R™ and RT, i=1,...,ns,, (2.5d)
yj(aéﬂ, )= y(agﬁr—, -)‘Ij on R~ and RT, i=1,...,ns,, (2.5€)
y1(-,0—) = 0 (in the sense of (2.3a)) on Jo’g, 0", ], i=1,...,n,, (2.5f)
y2(-,04) = 1 (in the sense of (2.3b)) on Jo’g, 0%, ], i=1,...,n,. (2.5g)

As we will see, the boundary conditions (2.5f)—(2.5¢g) ensure the flux across z = 0 to be
equal to zero during off-phases. Condition (2.5d) and (2.5e) ensure, that ¢t — y(¢,-) €

Lllo(:(R) is continuous, even between consecutive phases.

2.3 Example: A traffic light on a single road

A typical example for a single conservation law with on/off-switching control is a traffic
light on a unidirectional road. In the LWR-model [36, 45] the traffic at some time ¢ € |0, T'|
and location z € R is expressed by means of a traffic density p(t,z) € [0, pmax |- Moreover,
the averaged velocity at some point in space and time is assumed to only depend on the
current traffic density at this point, i.e. v = v(p). The evolution of the traffic distribution
is then described by

pi+f()e=0,  flp):=pv(p).

There are various suggestions for the velocity function p — wv(p) in the literature that
lead often to a strictly concave flux function f. For example, the Greenshield velocity for



n =1 given by v(p) = vmax (1 — —£—) yields a strictly concave flux function f. A simple
transformation of variables,
p ~
y=1- ) f(y) = —=f((1 = ¥)pmax) = (¥ = 1) pmax v((1 — ¥) pmax )

Pmax

makes the traffic flow model fit into our setting. The possibility of adding a traffic light to
the above model was already discussed in the original works [36, 45] and by many authors
afterwards. In the terms of the traffic light problem (2.5) an off-switching means switching
the traffic light from green to red. Consequently, an on-switching means switching back
from red to green.

3. General and structural properties of the on/off-switching problem

In this section we analyze the structure of solutions to on/off-switching problems. From
this point we focus on the switching time controls and consider fixed initial data, i.e. we
choose a fixed function

ur € PCYR;x1,...,2,,), 0<uy <1 (3.1)

By definition a solution of an OOSP is a concatenation of solutions to a finite number of
IVPs and IBVPs. Therefore, the existence, uniqueness and stability properties provided
in the literature carry over to the present problem.

We will work under the following assumptions.

(A1) The flux function satisfies f € CZ _(R), f(0) = f(1) = 0 and there exists m s > 0

such that f” > my». The source term satisfies g € C ([0, T]; C'(R x [0,1])) and
for all (t,z) € [0,T] xR

g(t,z,y) >0 for all y <0, g(t,z,y) <Oforally >1 (3.2)

holds. Finally there is £4 > 0 such that g(t,-,y)|_. . ;=0
Under this assumption one can show that (2.5) is a well posed problem.

COROLLARY 3.1 (Existence and uniqueness for on/off-switching problems) Let (Al)
hold and consider ur as in (3.1). Then for every o € X there exists a unique entropy
solution y = y(o) € L>®(Qr) of (2.5). After a possible modification on a set of measure
zero it even holds y € C([0,T); L (R)) and y(t,-) € BVioe(R) for all t € [0,T]. The
solution satifies y(t,x) € [0,1] for almost all (t,x) € Qr.

Moreover, there is a constant Ly, > 0 such that for all 6,6 € ¥ and all t € [0,T] holds

ly(t,55) —y(t, ';a-)Hl,loc < Lysl|le —a]|.

Proof. The existence of a unique solution is a direct consequence of the respective theo-
rems for Cauchy and initial-boundary value problems, see for example [18, 33, 34, 38, 50],
and the fact, that y is a concatenation of solutions to such problems. The same holds for
the regularity of y.

We prove the Ll-stability. We define the componentwise maximum and minimum of
6 and ¢ as ¢ and ¢. By definition & and ¢ are strictly monotone increasing. We will
use the fact, that a solution y to a Cauchy problem can be interpreted as the solution



of two initial-boundary value problems on R* with boundary data y(-,0+) and that the
difference between two solutions to (2.5) is uniformly bounded by 1.
We start with { = o1 = g; = 0 and iterate while ¢t < T":

(i) Ift =, < g, for some i,  is the lower endpoint of a time interval on which y(-; &)
and y(-; &) are in the same phase, i.e. both are in the (%W—th off-phase or on-phase. If
i is odd, £ is the beginning of an on-phase and we apply the L!-stability for Cauchy
problems on [7;,0,,1] x R and obtain, that for every t € [7;, ;4]

”y(tv ) &) - y(ta g OA—) 1,loc < LC Hy(El, '; &) - y(Ez, B &)Hl,loc

holds. If 7 is even, ¢ is the beginning of an off-phase and we apply the L'-stability for
the two initial-boundary value problems on [7;,0,,] x R* for identical boundary
data and obtain for every ¢ € [7;,0,,4] that

||y(t7 g &) - y(ta g &)Hl,loc <2Lp Hy(ﬁlﬁ ° 5) - y(ﬁia g &)Hl,loc ’

Afterwards we set £ = g, and reiterate.

(ii) If £ = g; < @; for some 4, we define j as the smallest j > i such that &; < Tjt1, i€,
condition (i) holds. We apply the L!-stability for the two IBVPs on [g;,7;] x R*
for different boundary data, i.e. for every t € [g;, 7]

ly(t,6) = y(t,56)110e < 2LB (Hy(gi, 56) = Y(@i 561100 +T5 — QZ-) :

From the definition of j we know that for every k € {i,...,j — 1} the inequality
011 < 0 holds. Thus, by simple estimation and using a telescope sum, we obtain

Gj—0; <3 _ @k —ap) = Sh_. |6k — 61| We set £ =7, and go to (i) with i = 7.

Since the loop terminates after at most 4n, + 2 iterations, we see that the assertion holds
for Ly := (max{2Lg, Lc})* ™ and the ||-||;-norm on the righthand side. [ |

Using the regularity properties, we conclude that for an entropy solution y € L>(Q7)N
C([0,T);LL (R)) and all (¢, ) € (0, T] xR the one-sided limits y(¢, z—) and y(t, z+) exist.

loc
Whenever x # 0 or (t,z) € Qon i, they satisfy y(t,x—) > y(t, z+). We choose a pointwise
defined representative of y € C([0,T];LL _(R)) and if (t,z) & Jois, o] x {0}, identify

y(t, x) with one of the limits y (¢, z—) or y(¢, z+).
We recall the definition of generalized characteristics in the sense of [19].

on)
on

DEFINITION 3.2 (Generalized characteristics) A Lipschitz curve
[, B] € [0,T] = Qr, t = (t,£())
is called a generalized characteristic on [a, b] if

Et) € [f'(y(t,E0)0), f (y(t, B =-)],  ae. on [a, f]. (3-3)

The generalized characteristic is called genuine if the lower and upper bound in (3.3)
coincide for almost all ¢ € [, G].

In the following we will also call £ a (generalized) characteristic instead of ¢ — (¢,£(t)).
It will also be useful to introduce notions of extreme or mazximal/minimal characteristics



&4, that satisfy

Ex(t) = f(y(t, &(t)£)) for a.a. t.

Assumption (A1) yields, that y is bounded in L*°(2r) and hence the maximum speed
of a generalized characteristic is bounded, too. Therefore, characteristics either exist for
the whole time period [0,7] or meet the artificial boundary created by the off-mode
condition at z = 0 at some point (0,0+) € Qof“, ie€{l,...,ns}, j = 1,2. Moreover it
can be shown [19] that (3.3) can be restricted to

) (y(t, €(4))) if f(y(t, & ))s
[f[@(gf G D) £ £ E0-),

where for ¢ € BV(R) the expression

denotes the jump of ¢ at x.
The next proposition collects useful properties for the solution y of (2.5) along gener-

alized characteristics that do not touch the end points (c'g,0), (0¢,,0) of an off-phase.

PROPOSITION 3.3 (Structure of BV-solutions to the OOSP) Let assumption (A1) hold.
Consider an entropy solution y of the on/off-switching problem (2.5) for o € 3, see (2.4),
and ur € BVi,.(£2;10,1]).

Let & be a generalized characteristic on Q, defined on a mazimal interval |o, B] in
10,¢] €10, T[. Then the following holds true:

1) If £ is an extreme backward characteristic, i.e., £ = £+, then £ is genuine, 1i.e.,
) 2 .g K

y(t,8+(t)—) = y(t, &£(t)+) for almost all t € o, A1
(ii) If € is genuine, then it satisfies

§(t) =¢(t), &) =v(t), telap]
where ((,v) is a solution of the characteristic equation

(1) = f'(v(t)), (3.42)
o(t) = g(t,¢(t),v(1)). (3.4b)

In particular, two different genuine characteristics may intersect only at their end
points. For extreme characteristics £+ the initial values are given by

(€, v)(8) = (2, y(t, 2%)). (3.4c)
(iii) If € is genuine and £(8) = lim; »g £(t) € Q, then
§B) =¢(B), y(t.&(8)—) = v(B) = y(t,£(8)+).
(iv) If € is genuine, « = 0 and z == £(0) := limp o &(t) € Q, then

z=1C((0), ur(z—) <v(0) <wur(z+).



(v) If there exists i € {1,...,ns}, 0 € |0, 0l [ satisfying f'(y(0,04)) < 0, then there
exists a genuine characteristic £ on |a, 0] satisfying

§0) =lme(t) =0, €(6) = lme(t) = £/(y(8, 0+4))-

(vi) If there exists i € {1,...,ns}, 0 € |0’ g, 08 [ satisfying f'(y(0,0—)) > 0, then there
exists a genuine characteristic & on |a, [ satisfying

§0)=0,  £0) = f'(y(6,0-)).

Let in the following o € o, ol [ for some i € {1,...,ny}

(vii) If € is genuine and &(a) = 0, {(a) > 0, then we have v(a) = 1.
(viii) If € is genuine and £(a) = 0, () < 0, then we have v(a) = 0.
Let in the following 3 € |os, ol [ for some i € {1,...,ny}
(ix) If £ is genuine and £(f) = 0, 5(6) < 0, then we have v(B) < 0.
(z) If € is genuine and £(5) =0, £(B) > 0, then we have v(B) > 1.

Proof. The above proposition is a consequence of the application of the results of [19]
and [40, §3] to the present problem (2.5).

Assertions (i)—(iv) describe the behaviour of characteristics away from the artificial
boundary introduced by off-switchings and follow simply from the classical results by
Dafermos [19] for the Cauchy problem.

The remaining statements describe the situation at the artificial boundary. The exis-
tence of backward characteristics emanating from a point at the boundary with outgoing
characteristic speed in (v) and (vi) follows from [40, Lem. 4], where an initial-boundary
value problem with constant boundary data is considered. We recall that the boundary
data for the right boundary of the incoming arc is given by 0 and for the left boundary
of the outoging arc by 1. From [40, Prop. 3.2] we obtain that the limit of the function y
along backward characteristics ending at the artificial boundary is equal to the boundary
data. This shows (vii) for the outgoing and (viii) for the incoming arc. Statements (ix)
and (x) describe the situation for forward characteristics and are consequences of [40,
Prop. 3.3]. |

The following lemma on the differentiability of the solution operator of the character-
istic equation (3.4) is a consequence of a result on ordinary differential equations (cf. [47,
Prop. 3.4.5, Lem. 3.4.6] or [44, §5.6]). Together with Proposition 3.3 this lemma can be
used to show local differentiability properties of a solution y to the OOSP. The occurring
derivatives can be expressed by means of the solution (§¢, 0v)(+; 6, z,w; 6,0z, dw) of the
linearized characteristic equation

3¢ (t) =f"(v(t))dv(t) (3.5a)
6.7}(75) =gz (t, C(t), v(t))6C(t) + guw(t, C(t), v(t))dv(t) (3.5b)
(8¢, 60)(0) =(02z — f'(w)d8, sw — g(0, z,w)50). (3.5¢)

LEMMA 3.4 Let (A1) hold and denote for every (6, z,w) € [0, T|xRxR by ({,v)(-; 60, z,w)
the solution of (3.4a)-(3.4b) for initial data

(C,v)(0;0,z,w) = (z,w).



Let My, be given and set B :=[0,T] x R x | = My,, My, then the mapping
(0, z,w) € Br— (¢,0)(-,6,2,w) € C((0,T)°

is Lipschitz continuous and continuously Fréchet-differentiable and on B the right hand
side is uniformly Lipschitz w.r.t. t. The derivative is given in terms of the solution of
the linearized characteristic equation (3.5) by

d(@,z,w) (Ca w) ’ (507 5Z7 (511)) = (5<7 51})(7 67 2, W; 567 6Z7 511))

Finally, for any closed S C [0,T] x R, any fized (0,2) € [0,T] x R and any bounded
intervals T C [0,T], I the mappings

(0,up) € C(S;T) x CHT) — (¢, v)(-+,0, Z,up(0)) € C(S)?,
(z,up) € C(S; f) X Cl(f) — (6, 0) (1,0, z,up(2)) € C(S)?

are continuously Fréchet-differentiable. Here -4 denotes the t-part of a point (t,z) € S.

Lemma 3.4 is a direct generalization of [47, Lem. 3.4.6] to the case where the depen-
dence on the time 6 where the initial datum is specified, is considered, too, and can be
obtained by standard calculus. The interested reader is referred to [41, Lem. 3.1.15] for
the proof of the extension.

We now investigate the solution y = (y1,y2) during an off-phase and at the beginning
of the next on-phase.

LEMMA 3.5 Let (Al) hold and uy be as in (3.1). Denote by y = (y1,y2) the solution to
(2.5). Consider i =1,...,n4, g4 > 0 from (Al) and

My = max(—f'(0), f'(1)) > 0. (3.6)

Then the following holds true:
(i) Lett* € [0'4, 0l [ such that y1(t*,0—) < 1. Then there exist 0 < § < &4 and m; > 0

off» “on ;
such that y1(t,z) = 0 holds for all (t,x) € |t*, 04, x| = 6,0[ with x > —my(t —t*).
(ii) Lett* € [ogq, oon| such that y2(t*,0+) > 0. Then there exist 0 < 6 < ey and m; > 0
such that y2(t,x) = 1 holds for all (t,z) € |t*, 00 ,] x |0, 6] with x < my(t — t¥).

(iii) Let € €10,e4] be such that y(ols,-) is bounded away from 0 and 1 on [—£,£], then
there are 0 < 6 < € and my > 0 such that

yl(ta *73) =0, (t,l’) € Dogt N ch)ff,ia
ya(t,x) =1, (t,z) € Dog N Qgﬁ‘ﬂ;

holds with Do = {(t,x) € (0ig,08,] X (=8,0) : || <my (t—0lg)}.
(iv) If there exists § €10,¢,] such that y(ol,,-) = 11, holds on [—0,4], then

y(t, ) = min <1,max (f’—1 (t _”;gn) ,0)) . (t2) € Do (3.9)

holds with Dy := {(t,x) € oy, ot x] — 6,00 ¢ Jz| <& — My (t — agn)}.




(v) If the conditions from (iv) are satisfied for some &.,, then we can reduce 6 such

that with 7 :=6/(4My) > 0 and 0 < p < 7 small enough holds

y(t, ;&) = min <1,max <f’—1 <t _x&gn> ,0)) (3.10)

for all 6 € BE(&) ={0c € : |lo-0d|, <p}anddl (t,z) €ls,, 5’ +7[ xR
such that

v €= 2B PO~ B POl A (311)

and the latter interval contains | — %5, %5[ by the definition of T and p.

Proof. We recall that by the BLN-boundary condition for almost every ¢ € }aéﬁ, ol [ we
have y(t,0+) € {0,1}.
Consider the setting of (i). We set

. 9
C2My

1
gi= 5 inf{e €] —e, 0 : p(t'2) <1} and 7

If y1(t*,-) is constantly equal to 0 on | — £, 0[, we choose my; := f/(0), otherwise we set

g [T 2) — FO)
T ze)-20] y1(t*, x)

Consider the unique generalized forward characteristic n through (t*,0). For every ¢ €
Jt*,t* + 7[ the maximal backward characteristic through (¢,7n(t)) is a straight line ending
at the artificial boundary at = 0. Hence, by Proposition 3.3 (viii) we have y; (¢, n(t)+) =
0. Moreover, the minimal backward characteristic is a straight line, too, and intersects
the line {¢t*} x ] — £,0]. Hence, the right limit of y; (¢, -) in 7(¢) is equal to 0 while the left
limit is contained in {f(y1(t*,z)) : = € | —£,0[} and in particular bounded away from
1. From this we conclude that 7(t) < —m, < 0 holds for every t € |t*, t* + 7.

Now let 6 := 7m;, and ¢5 := inf ({t : n(t) = =0} U{o’,}). Using similar arguments as
before, we obtain, that y; is constantly equal to 0 on {(¢,x) € [t*,ts] x[=d,0[ : n(t) < z}.

(i) can now be proven by induction. From the previous considerations we know that

y1 (1, -)]]_570[ =0 (3.12)
holds true for £ = t;5. We prove that, whenever (3.12) holds for some ¢ € Jolq, ol [, the

A ~ . on
same must be true for all ¢ € [t, min(t + 7, 0.,)], where

!
_ e,
31 oo 19

7

To prove this claim, we show first that the unique forward characteristic through (¢, —§),
again denoted by 7, satisfies n(t) < —§ for all ¢ € ]t, min(f + 27, 0% )[: For this purpose,
assume that inf{t € J¢,T[ : n(t) > —6} < min(f + 27,0%,) holds true. Then there
exists £ € |, min(f + 27, 0% )[ such that n(f) > —d and 7(#) > 0. The maximal backward

characteristic £+ through (¢, 7(f)) must end at the artificial boundary at some time . The
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curve t — £ (t) is a straight line—at least for ¢ sufficiently close to  or 0, respectively.
Since 7)(f) > 0 we can deduce y(t,7(#)+) > 0 and hence, the characteristic must not be a
straight line for the whole interval ]¢, 7[ but must leave and re-enter | — g4, 0[ D ] — 4,0].
From the characteristic equation (3.4) and Proposition 3.3 we obtain that the acceleration

of £F, ie. €T, is uniformly bounded by Hf//HC([O,l]) llgll.c and hence the time between

leaving and re-entering | — 4, 0[ with speed f’(0) is at least 37. Thus, £+ has to intersect
1 which is a contradiction. By using the same arguments we deduce, that y(¢,-) |]—6 of = 0

must hold for all ¢ € [t, min(f + 7, 0% )].

This concludes the proof of (i). The proof of assertion (ii) is analogous and statement
(iii) is a direct consequence of the first two.

For the proof of (iv) we consider the Cauchy problem on €, ;. By the boundedness of
speed of characteristics by My, from (3.6) every backward characteristic through a point
in Doy ends at t = o in (—0,0). Hence, on D,,, the solution y coincides with the solution
of the Riemann problem for initial data 1g+. That solution contains a rarefaction wave
and is given by (3.9). B

To prove (v) we reduce 6 > 0 obtained from (iv) such that there exists p > 0 with

min (—f'(0), /(1)) (54n — Tog — £) > 0.

We reduce p > 0 such that 7 = ﬁﬂ > p and find ¢ > 0 satisfying

min (—f'(¢), f'(1 —¢€)) (6L, + 7 — 3'q — p) > 6. We use the local L'-stability of the

O

)
solution operator to (2.5) obtained in Corollary 3.1 to further reduce p > 0 such that

I3
12’

Hy(&én +7,50) —y@l, + 7, U)HL]_%&ES[\[_%%& < for all & € BE(&).

By the choice of 6 and 7, we know that y(&!, +7~_";6)‘]—§S 8§ = 1g+. From

\[‘%8%5]
the above inequality we deduce that for every ¢ € BE(&) there exist continuity points

x €] — %5, —%5[ and z, € ]%5, %5[ of y(ai, + 7, ;) such that
Y(Oon + F21:6) € [0l (00, + T, 2n ) €1 &1

Since in the considered area the source term vanishes, we conclude that the unique
genuine backward characteristics &/, through (ot, + T,y /T) are straight lines, traveling
with speed & € [f(0), f/()], & € [f'(1 —¢€), f'(1)]. By the choice of ¢, the curves &1/
intersect {x = 0} at some time 6, /r > Oog + p > 0. Moreover, the choice of 7 > p >0
implies ¢/, < 0¢, — p < 04y, By Proposition 3.3 the solution y(-;7) along § must be
equal to 0 and along &, it must be equal to 1. By the non-intersection property of genuine

characteristics the same holds for all points (¢,z) € |52 ,5¢ -+ 7[ x R such that

x satisfies (3.11) and = ¢ [f'(0)(t — &2,), f/(1)(t — &%)

For z € [f'(0)(t — &%), f/(1)(t — &°,)] the backward characteristics must end in (52, 0).

on?
Hence, the final claim is proven. [ ]
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4. Shift-differentiability

In this section we give the main result of this paper, that is the shift-differentiability of
the control-to-state mapping for (2.5).

Before we introduce the notion of shift-variations and finally state the main theorems,
we give a simple example to illustrate how shocks in the entropy solution cause the
nondifferentiability of the control-to-state mapping.

Ezample 4.1 Let y(-;0) be the solution of (2.5) for T' =3, n, = 1, f(w) = Jw(w — 1),
g =0 and u; = 0. Consider switching vectors of the form o = (0, oo, 2,3) with a single
control variable o,¢ € |0, 1[. Then a representative of the entropy solution is given by

0 if v € | -2 min (—52,0) [,
1 ifme]ma (Q,O),t_”"ff ,
y(t,2; (0, 001,2,3)) = . o 4
: ) el ]
% else.

For t € ]2, 3] we consider the mapping S : |0, 1[ — L*(] — 1, 1[), oo > y(%, -; (0, ooft, 2, 3)).
Clearly, S is not differentiable, since the obvious candidate for the derivative, %5z — %cLZ
with the Dirac measure §, at z = =% does not belong to £(]0,1[,L'(] — 1,1[)). In fact,
differentiability does only hold in the weak topology of the measure space M(] — 1,1]).

4.1 Definitions and preliminary work

As we have seen in Example 4.1, the nondifferentiability of the solution operator is
created by the shock discontinuity that changes its position depending on the control. In
[11] and [47, 48] the authors used the specific structure to develop a suitable variational
calculus. In this approach, the additive variations (e.g. in L) are augmented by possible
horizontal shifts of discontinuities.

We recall the definition of the notions of shift-variations and shift-differentiability.

DEFINITION 4.2 (Shift-variations, shift-differentiability)

(i) Let a < b and v € BV(a,b). For a < 1 < 2 < --- < x,, < b we associate with
(6v,0z) the shift-variation Sq(}xi)(év, 6x) € L(a,b) of v by

S (6, 62) () 1= 6v(x) + Y [v(2:)]sgn(62:) L 14, 5, 460,) (T),

i=1

where [v(x;)] := v(x;—) — v(x;+) and I(«, B) := [min(a, 8), max(c, 5)].

(ii) Let U be a real Banach space and D C U open. Consider a locally bounded mapping
v:D — L*®R), u+— v(u). For u € U with v(a) € BV(a,b), we call v shift-
differentiable at u if there exist a < 1 < g < -+ < x,, < b and Dyv(u) €
L(U,L"(a,b) xR") for some r € (1, o0], such that for du € U, (év,d0x) := Dsv(u)-0u
holds

Hv(ﬂ + du) — v(@) — S (v, 5:@” = o([|6ull,).

1,]a,b]

The mapping v is said to be continuously shift-differentiable at « if v is shift-
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differentiable in a neighborhood of @ and if Dsv(-) and z;(-), v(:)(zi(-)L), i =
1,...,n,; are continuous in «.

As shown in [48, Lem. 2.3] this variational concept is strong enough to imply the
Fréchet-differentiability of tracking type functionals as in (1.2) as long as yq and y(t, -)
do not share discontinuities on [a, b]. The derivative is given by

duJ(y(u)) Sou = (wy(y(t_u B u)v yd)? 5y)2,[a,b] + ZT: &y(mz)[y(ﬂ B U)](S.%'Z, (41)

i=1

with
— 1 — —
By () = /0 Wy (9(E 3 0) + 7ly(E 23 0)], ya() dr. (4.2)

Here, we use again the convention, that yg(x) is identified with one of the limits y4(z—)
or y4(x+), which makes 1, be defined pointwise everywhere.

If the sets of discontinuities of y(¢, -; u) and y4 intersect, the reduced objective functional
is still directionally differentiable. The directional derivative is given by (4.1) with y4(z;)
replaced by the corresponding one-sided limit y4(z; + 0 - sgn(dx;)). For a proof we refer
to [48, Lem. 2.3].

The proof of Theorem 4.6 and the formula for the gradient of the reduced objective
function in Theorem 4.8, which will be stated in §4.2 and are the main results of this
paper, are based on an appropriately defined adjoint state. Formally the adjoint equation
is given by

e+ [ (W)pr = —gy(-,y)p, on Q7 :=[0,1] X R,
p(ta .

h 4.3
) (4.3)

Pt on R.
Since the state y is in general discontinuous, the coefficients in (4.3) are discontinuous,
too. This makes the analysis of the linear transport equation more involved. Nevertheless,
for g = 0 and Lipschitz continuous end data p’, Bouchut and James [8] give a definition
of a reversible solution for (4.3), which satisfies a crucial duality relation.

In [47, 49] it was shown that the reversible solution of (4.3) is exactly the solution
along the generalized characteristics of y. Using this characterization, the notion could
be extended to more general source terms g, including all source terms satisfying (A3)
and discontinuous end data.

In the present case we only consider the adjoint state on the set

G (0,0 X R) (qua:;ﬁ,ozn] < (o} ué) ,

=1

where E denotes the set of points (¢,z) lying on a backward characteristic through a
point (olg,0).

DEFINITION 4.3 (Adjoint state) Let p' be a bounded function that is the pointwise
everywhere limit of a sequence (w,) in C%(R), with (w,) bounded in C(R) N Wlloi (R).
The adjoint state p associated to (4.3) is characterized by the requirement that for every
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generalized characteristic £ of y through (¢,Z) € Qr the function

t > p*(t) = p(t, £(1))

is the solution of the ordinary differential equation

(1) = igy(t,ﬁ(t),y(t,f(t)))pg(t), (t,£(1)) € O
p(0) = p'(@).

4.2 Main results

We are now able to formulate our main results for the on/off-switching problem. We
state the shift-differentiability of the control-to-state operator from which we can deduce
the total differentiability of the reduced objective functional. Finally, we give a formula
for the gradient of the reduced objective in terms of an adjoint state.

We will work under the following assumptions:

(A2) ¥.q C ¥ is a closed set in [0, 7]+ with ¥ defined in (2.4).

(A3) Assumption (Al) holds and in addition the source term satisfies g €
CL([0,T] x R x [0,1]) and is affine linear w.r.t. y.

(A4) The off-switching points O‘éff are nondegenerated in the sense of the following
Definition 4.4.

The affine linearity of g w.r.t. y implies, that the coefficient at right hand side of (4.3) is
continuous in space, which is needed in order to apply the theory of reversible solutions,
cf. [48, §7].

DEFINITION 4.4 (Nondegeneracy of o's) An off-switching point o’ is called nondegen-
erated, if x = 0 is a continuity point and no shock generation point of y(af)ff, -;0), where &
denotes the truncated switching vector & = (09, Jéﬁ, ol ... ,Ué?ﬁl, o1 T). Moreover,
the unique backward characteristic through (¢!, 0) does not intersect any of the points
(074,0), j =1,...,i— 1. In addition, there is t* € Jo’s, o’ [ such that assertions (i) and
(ii) of Lemma 3.5 are applicable.

Remark 4.5 The existence of t* such that (i) and (ii) of Lemma 3.5 hold means, that
the shock generated by the off-switching moves away from the boundary z = 0 until the
next on-switching occurs.

The following main theorem on the shift-differentiability of the control-to-state map-
ping for the OOSP assumes a nondegeneracy condition to hold for all shocks at observa-
tion time ¢. The formulation of that condition is rather technical and thus, postponed to
§5. Roughly speaking it ensures that the shock structure at ¢ does not change for small
perturbations of the control.

THEOREM 4.6 (Shift-Differentiability for on/off-switching problems) Let ¢ =
(69, 0ke, 0L, ... 60, 5’2&“) € ¥aq and uy as in (3.1). Let (A3), (A4) hold and for every
0 € Y. denote by y = y(o) € L=(Q7r) N C([0,T]; L (R)) the solution of the on/off-

loc
switching problem (2.5). Let a < b and t € ]533,52&“[ such that y(t,-;7) has on [a,b]
no shock generation points and only a finite number of shocks at a <z < --- < Ty < b,

that all are neither degenerated according to Definition 5.1 nor shock interaction points.
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Consider the mapping
0€Saar—y(t;0) €L (a,b). (4.4)

Then the following holds:

(i) If mone of the backward characteristics through continuity points x € [a,b] of
y(t, ;@) intersect (G,,0) for some i, then the mapping (4.4) is continuously shift-

differentiable on the ball sz((_f) for sufficiently small p > 0. The shift-derivative sat-
isfies Dgy(t,5) € L(X0,PC([a,b); T1,- - ,Zx5)xRN), where Xg := {v € R2=+1) .
V1 = Va(n,+1) = 0}

(ii) If there are continuity points x € [a,b] of y(t, ;&) that intersect (5°,,0) for some
i, then the mapping (4.4) is shift-differentiable in 6. The shift-derivative satisfies
Dyy(t,;5) € L(X0,PC(la,b];Z1, -+ ,Z5) x RY), where (Z;) is the set of shock
points extended by all continuity points of y(t,-; ) with backward characteristics
through some (5¢,,0).

on?

If in addition f € C3, g € C([0,T];C*(R x [0,1])), and u; € PC*(R;1,...,2zn,) then
the above assumption on shocks and shock generation points holds for almost allt € ]0,T].

Proof. The proof is given in section 5. The fact that at almost all ¢ € 0, T'[ the assumption
on shocks and shock generation points hold can be shown as in [48, Thm. 3.8]. [ |

It is important to emphasize that for the on/off-switching problem also off-switching
times, i.e. rarefaction centers, may explicitly be shifted, whereas for the initial
(-boundary) value problem in [42, 48] only the shifting of shock creating discontinu-
ities was allowed. This is a particular challenge in the analysis of the on/off-switching
problem OOSP. We will use the fact that for OOSPs the solution in a neighborhood of
an on switching rarefaction centers is thoroughly known, cf. Lemma 3.5.

From [48, Lem. 2.3] we can deduce the total differentiability for reduced objective
functionals.

COROLLARY 4.7 Let the assumptions of Theorem 4.6 (ii) hold and consider J defined
as in (1.2). Then the reduced functional

0 € Yaq — J(y(o)) (4.5)

is directionally differentiable in &. The directional derivative is given by (4.1) with yq(x;)
replaced by the corresponding one-sided limit yq(xz; + 0 - sgn(dz;)).

If even the assumptions of Theorem 4.6 (ii) are satisfied and yq is continuous in a
small neighborhood of {Z1,...,Z5}, then (4.5) is continuously differentiable on BE(&)
for p >0 small enough with derivative given by (4.1), (4.2).

In the following theorem we give a representation of the gradient of the reduced ob-
jective function based on the appropriate notion of an adjoint state from Definition 4.3.

THEOREM 4.8 Let the assumptions of Corollary 4.7 hold and let the terminal data ptin
(4.3) p' be given by 1, defined in (4.2). Then there exists an adjoint state p according to
Definition 4.3 as the reversible solution of the adjoint equation (4.3).

The derivative of the reduced functional o € Saq — J (o) = J(y(0)) in & and direction
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do € X 1s given by

J'(7)- 60 = Z (Phse - 000 + Do - 005,
i=1
where
. oy y 1/
= [ Jim (o)) v (7)),
Dot = (P(Tog, 0+) — p(Toq, 0-)) - f(y(Tog—, 05 7))
Proof. The proof is given in section 5. ]

One may also consider the initial data as additional control. The derivatives w.r.t. the
initial data are then given as for the Cauchy problem without on/off-switching, cf. [48].

5. Proof of the main results

In this section we prove the results of §4.2. For the whole section we will work in the
setting of Theorem 4.6, i.e. we assume (A3), (A4) to hold.

5.1 Classification of continuity and shock points

In this subsection we classify the different types of continuity points and shock points Z
of y(t, ;o). To this purpose, we denote for a continuity point Z of y(t,-; o) the unique
backward characteristic by £. By Proposition 3.3 ¢ is genuine and coincides with the
solution ((-;¢, %, y(t,T;0)) of the characteristic equation (3.4). The genuine backward
characteristic £ propagates until it reaches the initial data, the boundary data during an
off-phase or the rarefaction center (o2,,0) at the beginning of an on-phase.

We start by collecting the classes of points where ¢ does not touch the artificial bound-
ary at © = 0 during an off-phase [0", 0% | including the on-switching time. Thus, € exists
on the whole interval [0,¢] and ends in a point z at ¢ = 0. Those points have already
been categorized and analyzed in [48]. We briefly recall the classifications. We denote by
w :=v(0;,Z,y(t,7;0)) the value of the v-part of the solution of (3.4) corresponding to

Case C: Z#£ x; forl=1,...,n,.
There exists an interval J with z € J and u;|; € C!(J) and

%g‘(t;o,z,uj(z))lzzg >0, telo,f. (5.1)

We say that T is of class C° if even

%C(t;O,Z,UI(Z)”Z:g >B5>0, tel0,t]. (5.2)

As shown in [48] (5.2) holds if (¢,Z) is no shock generation point.
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Case CB: z = x; for some l € {1,...,ng} and ur(x;—) = ur(z+).
By the same arguments the one-sided derivatives satisfy (5.1). If even the one-sided
version of (5.2) holds, we call Z of case CB°.

Case R: z = x; for somel € {1,...,ny} and 0 € Jur(x;—), ur(z;+)].
In this case we have

d

The R¢-Case is characterized by the stronger inequality

d
@C(tv 07 Z, w)|w=ﬂ) > ﬁt > 07 t E]Oaﬂv (54)

which again is ensured by the requirement that no shock is generated at (¢, 7).

Case RB: z = ux; for some |l € {1,...,ngz}, ur(z;—) < ur(z;+) and w €
{ur(@i+), ur(zi—)}
The point (¢,Z) lies on the left or right boundary of a rarefaction wave. The one-sided
derivatives satisfy (5.1) and (5.3), respectively. If even (5.2) and (5.4) are satisfied, Z is
of class RB°.

For brevity we collect these classes of continuity points with € starting from the initial
data in the classes X := {C,CB, R, RB} and X§ := {C° CB¢, R°, RB}, respectively.

The following classes of continuity points Z are special to the on/off-switching problem,
namely points whose backward characteristics end at {x = 0} during or at the end of an
off-phase at some time 6 € [0, 0% |. We denote by w := v(0;%,7,y(t, ;o)) the value of
the v-part of the solution (¢, v) of (3.4) corresponding to &.

Case Cs: 0 €loiy, ol [ for somei€ {1,...,n,}.
Depending on the orientation of ¢ we have

% (t;0,0,0)]g_g > 0, 0<t<t, if §(§+) <0, (5.5a)

%C(t; 0,0,1)]4_5 <O, 0<t<t, if £(0+) > 0 (5.5b)
We say that ¥ is of class C§ if even

d _ _ -

@C(t; 0,0,0)|p_g > B >0, 6<t<t, if £(0+) <0, (5.6a)

% (£:0,0,1)]y_g < —B < 0, h<t<i, if £(0+) > 0. (5.6b)

By using the same arguments as in [48, §4.3], one can show that (5.6) holds if (5.5) is
satisfied and (£, Z) is no shock generation point.

Case Rg: 0 = o', for some i € {1,...,n,} and £(oi +) = f'(w) €]f(0), f/(1)].
The point Z is located in the interior of a rarefaction wave created by an on-switching.
In this case we have

d . .
@C(t; O—énv 07 w)|w=ﬁ) 2 07 te [O—én7ﬂ' (57)
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The RG-Case is characterized by the stronger inequality

d

m (t; Gén? 07 w)|w:u7 > B(t - Uén) > 07 te ]Ucimv ﬂ (58)

which, again is ensured by the requirement that no shock is generated at (¢, 7).

Case RBg: 0 = o' for somei € {1,...,n,} and £(ol +) = f'(w) € {f(0), f/(1)}.
The point Z is located at the boundary of a rarefaction wave created by an on-switching.
The one-sided derivatives satisfy (5.7) and (5.5). If even (5.8) and (5.6) are satisfied, we
say that Z is of class RB¢.

Case CBg: § = ol for somei € {1,...,n,}.

The genuine backward characteristic touches the i-th off-switching point with w € {0, 1}.

If @ = 0, the characteristic ¢ reaches the off-phase from the left. The right-sided
derivative satisfies (5.5a) for § = o%,. Moreover, the characteristic does not end at this
point but continues until ¢ < ¢! and either ends at the interior of an earlier off-phase
Jol g, odunl, j < i, in an earlier on-switching point o3y, j < ¢, or at ¢t = 0. Depending on
its endpoint the left-sided derivative satisfies (5.5), (5.7), (5.1) or (5.3).

If w = 1, the characteristic € reaches the off-phase from the right. The same properties
as above hold with “left” and “right” swapped.

If the one-sided derivatives even satisfy the stronger inequalities (5.6), (5.8), (5.2) or
(5.4), we say that Z is of class CBg.

The shock points are categorized by the classes of their minimal and maximal charac-
teristics & and &,.. We introduce the notion of a nondegenerated shock as follows.

DEFINITION 5.1 (Nondegeneracy of shock points) A point Z of discontinuity of y(t, -; o)
is called nondegenerated, if it is no shock interaction point and is of class X; X, with
X1, X, € {X§, RS, C&}.

Using the introduced classifications, we are able to reformulate the nondegeneracy
condition for off-switching points as follows.

Remark 5.2 An off-switching point O'gﬂc is nondegenerated according to Definition 4.4
if and only if z = 0 is a continuity point of y(ogg, -; (0, qéﬂc, ooy 01T of class X €

{X{, RS, RBG, C5} and if there exists a time t* € |olg, 00 [ such that assertions (i) and
(ii) of Lemma 3.5 are applicable.

For nondegenerated off-switching points af)ff we will also refer to X as the class of Jf)ff.

5.2 Differentiability at continuity points

As already mentioned, continuity points of class X§ have been considered in [48], where
optimal control of the Cauchy problem has been studied. Since in the on-/off switching
problem (2.5) the initial value and the source term are assumed to be fixed, the solution
in continuity points of class X7, for which the backward characteristic reaches the initial
data, are independent of the control. Therefore, the results of [48] can be boiled down to
the following corollary.

COROLLARY 5.3 Let (A3) hold, consider ur as in (3.1), ¢ € ¥ and let (t,Z) be a X§-
point. Then there exists a neighborhood S of the genuine backward characteristic £ and

18



p > 0 such that for every s > 0 it holds that y(-;5) € COL(SN{t > s}) and
y(t,z;0) = y(t,2;6), V(t,z) €S, Yoe B (p)

We turn now to continuity points (¢, z) of class CS, UBg, R, RBS, where the backward
characteristic £ ends at an artificial boundary [o%g, o? ] % {O}

Let Z be a continuity point of y(t,-;0) of class C'§ with & approaching the boundary
at (0,0) from the left, i.e. (5.6a) is satisfied. Then by continuity we can find 0; < 0 < 6,
and k > 0, such that (after a possible reduction of 3) holds

d

de((t 0,0,0) > 3 >0, forall (¢t0) € Ty, (5.9)

where for every s > 0 the set T is defined by

T, :={(t,0) €[0,s] x T : t >0} with T =)0, — 5,0, 4+ r[ C]olg, ol

LEMMA 5.4 Let (A3) hold and let (5.9) be satisfied for some $,k > 0. Let T be a
continuity point of y(t,-;7) of class Cg with £ approaching the boundary at (0,0) from
the left. Then the following holds true:

(i) There exists T > 0 such that

—((t 6,0,0) >

w\m

> 0, V(t,0) € Try,.
(11) Consider a point (t,z) € S = S(7), where
S(r):={(t,x) € [0, T+ 7] xR : z € [§(t), & (max(t, 0r))]}
and &, (t) := C(t;0/,,0,0). Then the equation
x = ((t;0,0,0)

is uniquely solvable w.r.t. @ on T from (5.9) with solution 6 = O(t,x).
Moreover, let Yo(t,z) be defined by

Yo(t, z) = v(t; ©(t, ), 0,0).
Then

(iii) ©,Yc € CH(S).
(iv) The mapping

€ J&(t), & (max(t, 6:))[ — (©,Ye)(t,2),  t€[O,t+7]
s continuously differentiable with derivatives

d.0(t, ) = (5¢(t;,0,0;1,0,0)) "
d,Yo(t, z) = 6v(t;60,0,0;1,0,0) - d,O(t, x)

where 0 = O(t,x) and (6¢,6v) as defined in (3.5).
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Analogous results hold for continuity points T of y(t,-;) of class C§ with € approaching
the boundary at (0,0) from the right.

Proof. Lemma 5.4 is a special case of [42, Lem. 4.2] for constant boundary data and fixed
source term. The assertions can be proven in the same way as [48, Lem. 5.1], see also the
proof of Lemma 5.6 below. [ |

LEMMA 5.5 Let (A3) hold, consider uy as in (3.1), 6 € ¥ and let T be a C§-point of
y(t, ;) with & approaching x = 0 from the left. Then the following holds.

(i) There exists a maximal open interval I > T, such that {t} x I contains no point of
the shock set and that all backward characteristics through a point (t,x) € {t} x I
intersect {x = 0} in a point 0 € 15", 5%, [ from the left. In particular, none of those
characteristics intersects {x = 0} during another off-phase (634, 05,] with s > i+1.

(i1) y(t,;&) is continuously differentiable on I.

(iii) Let I :=)a;, x,[ be an interval with x;,x, € I. Denote by &y the genuine backward
characteristics through (t,1;,,) with endpoints 6/, at {x = 0}. Then there exist
K, B > 0, such that (5.9) is satisfied.

(iv) After the possible reduction of T from Lemma 5.4 there exists p > 0 such that

y(t,z;0) =Yo(t,z) VY(t,z) €S, Vo e BE(&).
Analogous results hold for continuity points T of class C'g with € approaching the boundary
at (0,0) from the right.

Proof. Lemma 5.5 is a special case of [42, Lem. 4.3] for constant boundary data and fixed
source term. The assertions can be proven in the same way as [48, Lem. 5.5]. |

Now let Z be a continuity point of y(Z,-;5) of class Rg with € approaching the rarefac-

tion center (¢ ,0), i.e. (5.8) is satisfied for 0!, = & . Then by continuity we can find

w; < w < w, and k > 0, such that (after a possible reduction of ) holds

d .
@C( ) on>0 w) > B( n) > 07 V(t,w) e]&émﬂ X JUH (510)
where Jy, = Jw; — Kk, w, + K.

LEMMA 5.6 Let (A3) hold and let (5.10) be satisfied for some B,k > 0. Then for every
7 €10, W[ the following holds true:

(i) There exists T > 0 and p > 0 such that for all o € BE(&) we have

d

@C(t On,0 w) > é(t— O‘én) >0, V(t,w) G]Gén,f+ 7] X J.

2

(i1) TZere exists p € |0, 7[ such that for o € BE(&) and S = S(r,0) == S1(1) U S2(0),
where

S1=51(r) = {(t:2) € oo + T+ 7] xR = w € (). &)}

t — ot t— i
Sy = Sy(c) =1 (t,z) €lol ol +7] xR : z € |z Uon,zr Uon]}

on’ ¥ on S
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with &, (t) == ((t; ot .0, Wy/p)s 2 = §l/r(5};n+%) for every (t,x) € S the equation

z=((t; 0!

on’

0, w)

is uniquely solvable w.r.t. w on Jy, from (5.10) with solution w = W (t,x,0).
Moreover, let Yr(t,x,0) be defined by

Yr(t,z,0) = v(t;al,,0,W(t,z,0)).
Then he have: ‘
(iii) For every o € By () and s > ol there holds W (-,0),Yr(-,0) € CH(SN{t > s}).
(iv) The mapping
(x,0) €&§(t),&(t)] % BE(&) — (W, YR)(t,z,0), telol, +7t+T)

18 continuously differentiable with derivatives

—8¢(t; 08, 0,w; 60, 0,0)
d(w,a)W(t7$70-) (633760-) 5(( : 0n70 w: 0’0’1) )
d(z,0 YR(t, z,0) - (67,00) = dv(t; a0, w; ;60 10,0)

+6v(t; 00, 0,w;0,0,1) - dy )W (t, z,0) - (d,60),

s Yons

with w =W (t,z,0) and (8¢, 0v) as defined in (3.5).
(v) The mapping

o€ sz(&) — (W, YR)(-,0) € C(S1)
1s continuously Fréchet-differentiable with derivative
dU(VVa YR)('? U) 0o = d(w,o)(VVa YR)('a U) ’ (Oa 60)

Proof. For (i) we consider two cases. Let o € BE(‘) with p < 7. Then ¢, +7 < o0& +27
and by the choice of 7 we obtain for ¢ € |o! , ., + 7] for (3.4) the solution

C(t:06n, 0,) = f'(w)(t - 08),  v(t) = w,

since g vanishes for |2| < 4. Hence, —-¢(t;08,,0,w) = f(w )( ol ) > B(t—ol,) by
(5.10). For the remaining ¢ € [5, +7,t+7] (i follows from (5.10) by contlnulty for p >0
and 7 > 0 small enough.

For (ii)—(v) we note that as a consequence for every o € BE( )and t € ol t+ 7] the
mapping

w € Jy — ((t;05,,0,w) (5.11)

0n7
is strictly montone increasing and thus one-to-one. By the choice of 7 for t € Jo? , 5% + 7]
we have as in (i) simply W (t,z,0) = f'~1(=%~). For t € [6°,+7,t+7] by (i) the 1nterval

t—o?,

C(t: 7 0,101) = 25— ), (108, 0, 0) + 25— p)
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is contained in the image of (5.11), since # —p < ¢ +7 — ot and hence also [§(t), & (1)]
is in the image of (5.11) if p > 0 is chosen sufficiently small. The Lipschitz continuity of
W (-, o) follows directly from (i) and the Lipschitz continuity of Yr(-, o) is a consequence
of (3.4). The differentiability of the considered mappings and the derivative formulas in
(iv), (v) follow from the implicit function theorem. [ |

LEMMA 5.7  Let (A3), (A4) hold, consider ur as in (3.1), ¢ € ¥ and let T be a continu-
ity point of y(t,-;5) of class RS with € approaching the rarefaction center (5.,,0), i.e.
£(al,) = 0. Then the following holds.

on7

(i) There exists a mazimal open interval I 3 &, such that {t} x I contains no point of
the shock set and that all backward characteristics through a point (t,x) € {t} x I
end in (a!,,0). In particular none of those characteristics intersects {x = 0} during
another off-phase [G5¢,55,] with s > i+ 1.

(i1) y(t,;7) is continuously differentiable on I.

(iii) Let I:= |z, [ be an interval with x;, x, € 1. Denote by &)y the genuine backward
characteristics through (t,;),) and set wy, = v(oon;t, 21/, y(t, 215 7)). Then
there exist k, 3 > 0, such that (5.10) is satisfied.

(iv) After the possible reduction of T from Lemma 5.6 there exists p > 0 such that for

every o € BE(&) and s € |ol,,t[ with S = S(7,0) from Lemma 5.6 holds

y(t,z;0) =Yr(t,z,0) V(t,z) e SN{t> s} (5.12)

Proof. To show (i) assume that there is a sequence x — T of continuity points, such that
the genuine bachward characteristic ¢, through (Z, zx) does not end in (5%,,0). Since &
and £ may not intersect at some time t > & | & reaches t = 5., and by the backward
stability of solutions ((,v) to (3.4) we have & (o i) — &) and y(8,,&k(58,);0) =
v(Ghnt kYt ok 6)) — v(G On,t,:n y(t,7;5)) = y(@',+,0;5) = w ¢ {0,1}. But for k
large enough we have y(oi , &.(62,);5) € {0,1} by (A4) and Lemma 3.5, which yields
a contradiction. Hence, (i) holds in an open neighborhood of Z and thus there exists a
maximal interval I as asserted in (i) and every point (¢,x), x € I is of class R°.

By (i) and its proof every point (t,z), © € I is of class R® and thus y(t,z;0) =
Yr(t,z,5) with Yg from Lemma 5.6 and thus (ii) follows from Lemma 5.6, (iii).

Let I be as in (iii). By continuity for every = € [2;,z,] we find an open neighborhood
and &, > 0 such that (5.10) is satisfied. We choose a finite covering to obtain k,3 > 0
such that (5.10) holds for the whole interval I.

By (iii) we can apply Lemma 5.6 and obtain S = S(7,0) and p > 0 such that there
exists a function Yg with Yz(-,0) € C1(S N {t > s}) for all 0 € B3(5) and all s > o7,
that describes a rarefaction wave centered at (o?,,0). If n > 0 is chosen sufficiently small,
we have [x; — 21, z, +2n] C I and we can reapply Lemma 5.6 to |x; —n, z, + 77[ instead of
I obtaining smaller values 7, 7, p, a larger interval .J,, O J,, and a new stripe S O S. Since
(A4) holds, we can after a possible reduction of p > 0 also apply Lemma 3.5 ( ) and
obtain y(t, z;0) = f' ' (=2—) = Yg(t,z,0) for all o € sz(&) and all t € Jo!,, 0!, + 7]

t—ol, Oons»%on

and = € |F/(0)(t — ot,), F/(1)(t — ot

By construction (5.12) holds for ¢ and as just shown also for o € BE(&) and
t € Job,, i, + 7[. To establish (5.12) it is enough to show that possibly after reduc-
ing p > 0 for all 0 € BZ( ) there are continuity points Z; € |x; —2n,x; — 7| and
Ty € |z + 1,z + 2n] such that the backward characteristics ((t; ¢, 7y, y(t, T;/; 0)) meet
t=0ol, +7in I, :== ]f'(0)(&°, + 7 —ol.), f/(1)(ai, +7— 0l ,)[. In fact, since genuine
backward characteristics may intersect only at their end points, this ensures that all
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backward characteristics through continuity points = € Ja; — 1, z, +n[ meet t = 6¢  + 7
in I, and thus (5.12) holds on SN {s <t <} and thus for 7 < 1/ max{f’(0), f’(1)} also
on SN {s <t}

Assume the contrary. Then there exists a sequence (oy) C BE (¢), o — & such that
C(@ 4+ 7t x,y(t, x;01)) & I, for all continuity points x of y(Z, -; o) in |z — 21, 21 — 1]
or in |z, +n,x, +2n[. By the Ll -stability from Corollary 3.1 we can select a sub-
sequence such that y(¢,-;0%) — y(¢,-;5) a.e. on |x; — 2n,z, + 2n[. Since the union
of all points of discontinuity of y(¢, ;o)) has measure zero, we thus find continuity
points Z; € Jo; — 2n, 21 — [, Zr € oy —2n, 2 — ] of all y(t,;0x) with y(t, 3,5 08) —
y(fv jl/r; 5-) and hence C(a-én +7; ﬂ jl/rv y(ﬂ jl/r; Uk)) - C(atl)n +7; Ea :%l/'rv y(fa iil/'r; 5)) =
[ (/)7 for some 1y, € ]0,1[. Since there exist open neighborhoods .J;/, of f'(wy )7
with Jj,. C I, we see that for k large enough the backward characteristics satisfy
C(at, + 7t Ty, y(t, Tyyy; 01)) € Iy, which yields a contradiction. [ ]

We turn now to continuity points of class RBg.

LEMMA 5.8 Let (A3), (A4) hold, consider ur asin (3.1), & € ¥ and let T be a RB§-point
of y(t,-;7) on the left boundary of a rarefaction wave, i.e. £(%,) =0, w = 0. Then the
following holds.

(i) There exists a mazimal open interval I > T, such that {t}xI contains no point of the
shock set and that all backward characteristics through a point (t,z) € {t} x I end
in]6tg, 58] x {0}. In particular, none of those characteristics intersects {z = 0}
during another off-phase [05g,05,] with s > i+ 1.

(i1) y(t,-;7) is continuously differentiable on I \ T and Lipschitz continuous on I.

(iii) Let I = |z, e[ > T be an interval with x;,x, € I. Denote by &, the gen-
uine backward characteristics through (t,x;/,) and set 0; = max{t € ]6\g,0,[
Ctt znyt,m;0)) = 0}, we = v(6;t, 2, y(t, 255)). Then there exist k,3 > 0,
w; < w and 0, > & such that (5.9) and (5.10) are satisfied.

(iv) After a possible reduction of T from Lemmas 5.4 and 5.6 there exists p > 0 such
that for every o € B3(5) and s € |ol,, 1] there holds

V(t,z) € SN{t > s}, (5.13)

y(t, w3 0) = ot z) if x < ((t;08,,0,0),
YR(t,SE, U) else,

where S == (SN {x < &}) U (Sr N {x < &}) with S; and S, obtained from Lemma
5.4 and 5.6, respectively.
(v) The mapping
s sz(ﬁ) — y(t,0) e L'(Q) (5.14)
is continuously Fréchet-differentiable for all r € [1, 00] with derivative
dcfy(t_a B U) - ]lng(t;aj,n,0,0) daYR(LTa ) U)'
(vi) The mapping
o€ BE(&) — y(0) € C(SN{t > s}) (5.15)

1s Lipschitz continuous.
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Analogous results hold for continuity points T of class RBS on the right boundary of the
rarefaction wave, i.e. £(a¢) =0, w = 1.

Proof. (i)-(iii) can be proven in a similar fashion as in Lemma 5.7.

For claim (iv) we remark that for ¢ > 0 sufficiently small, the intervals I = |z, — €]
and I, = | + €, x,[ contain only Cg and R% points, respectively. Hence, Lemmas 5.5
and 5.7 are applicable and (5.13) holds on some smaller stripes 5’1 /r- Thus, the genuine
backward characteristics through the remaining points in S cannot escape, which proves

5.13).

| Th)e differentiability of (5.14) and Lipschitz-continuity of (5.15) stated in (v) and
(vi) follow from the differentiability and Lipschitz-continuity of Yg, see Lemma 5.6, the
regularity of Yg, see Lemma 5.4, and the Lipschitz continuity of o +~ ((¢;0%,,0,0),
cf. Lemma 3.4. [

We remark that by assumption (A4) and the previously stated results in this section,
for every off-switching point UOH and genuine backward characteristic &; through (&° Ol O)
such that the mappings

’ on[

there exists a stripe S; around &, p > 0 and s € 10

o€ BYE) — y(5 0,0k o T) €CSiN{t = s)),  (5.16a)
(t,2) € S > y(t,a; 0,6k, ..., 55, T)) (5.16b)

are Lipschitz continuous. This fact will be of special interest in the consideration of
CB¢-points in the following lemma.

LEMMA 5.9 Let (A3), (A4) hold, consider uy as in (3.1), & € ¥ and let & be a CBg-point
with & approaching (Glg,0) from the left, i.e. £(G.g) = 0, w = 0.
Then the following holds.

(i) There exists a mazximal open interval I > &, such that all points in I N{x < z} are
of the same class X; € {X§, RS, C¢} and all points in I N {x >z} are Cg-points.
(i1) y(t,-; &) is continuously differentiable on I \ {Z} and Lipschitz continuous on I.
(iii) Let I = |z, [ © T be an interval with x;,x, € I. Denote by 51/7, the gen-
uine backward characteristics through (t,x;,,) and set 0, = max{t € 154,681
C(t;t,zp,y(t, xr;0)) = 0}. Then there exist k,5 > 0 and 0, < 7'g such that (5.9)
1s satisfied. Thus we can apply Lemma 5.4. Denote by S, the stripe and by Yo the
local solution therein.
(iv) For each x € |x;, Z| we can apply either Corollary 5.8, Lemma 5.4 or Lemma 5.6 and
obtain local solutions Y on stripes S* around the unique backward characteristics.
There exists an extension Y of these solutions Y*, that is defined on a stripe S

around &, such that Y] obeys the same continuity and stability properties than Y'*.
(v) Consider S, as above and set S == (S;N{x < &}) U (S, N{z >&}) and define

- Y(t, x; if v < E(t
Pt 2,0) = { b T0) LD,y g (5.17)
Yo(t,z)  else,
Then it holds for every r € [1,00[ that
|70) = yiio)||
lim nl—o.

i lo —all
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(vi) The mapping o € Soq — y(t, - 0) € L7(I) is Fréchet-differentiable in &.

Proof. Assertions (i)-(iii) can be proven in a similar fashion as in Lemma 5.6.

The precise proof of statement (iv) depends on the class X, but follows the same
ideas for each case. We give the proof for X; = R¢ exemplarily. By assumption (5.8)
holds for some G2y, j < 4, and every backward characteristic through {t} x [x;, Z]. We set
wy = v(Gn; t, wy, y(t, 21;5)). By continuity we find &, 3 > 0 and w, > w such that (5.10)
is satisfied. Now, we can apply Lemma 5.6 to obtain .S; and Y.

For claim (v) we remark that by Corollary 5.3, Lemma 5.5 and Lemma 5.7 (once more
dependlng on the class Xl) fore >0 sufﬁmently small we can construct smaller stripes
Sl/r based on the intervals I; := |;, % — €| and I, := |Z + &, x| such that for o sufficiently
close to & we have Y (,-,0) = y(f,-;0) on I U I.. Moreover, we may let ¢ tend to zero
as |6 — ol| does. Using again the non-intersection property of genuine characteristics we
know that for o sufficiently close to &, the backward characteristics through continuity
points x € I. := [T — ¢,T + €] of y(¢,-;0) may not escape. For such a point one simply
verifies that for z := ((6%g; ¢, x, y(t,x;0)) we have

y(t, z;0) — y(E,2;0)| < |[v(EGig, 2,ur(0,2)) — v(EGlg, 2,ur (G, 2))]

+ Ly(f’ﬁ&) ‘C(t_7 6éﬂ’ 2, u”’(0-7 Z)) - C(a 6éﬂa Z, u’r‘(67 Z))‘
< (1 + Ly(t_,~;c‘f)) LC,'U |u7”(0" Z) - UT(57 Z)|

with (0, 2) = 4 V0o % (0050, 01 T)) i 2 < (d0g — o) 11(0),
0 else.

By construction and (5.16) we obtain

lur(0,2) = up(0,2)| < (Lyo + [ (0)] - Lyz) lo = o],

where L, , and L, , denote the Lipschitz constants of (5. 16a) and (5.16b), respectively.

Recall that by construction the function o € BE( ) = Y(t,-,0) € L"(I) is Lipschitz
continuous for some p > 0 with Lipschitz constant L. We combine these results and
obtain

|VEn0) = yE0)|| <l s0) = yE ),y + [V Ero) - V(E0)

)

rde
< ((1 + Ly({";c—,)) LC,v (Ly,a + |f/(0)‘ ’ Ly,x) + Lf/) (25)% HU - 5” :

Letting ¢, || — o|| tend to zero concludes the proof of (v).
(vi) is a consequence of the differentiability of o — Y;(¢,-,0) € L"(S; N {t = t}) and
hence of o +— Y|(t,-,0) € L"(I) combined with (v). [ |

5.3 Dzifferentiability at shock points

Before we state the differentiability of the shock position, we show that it depends at
least locally Lipschitz continuous on the control and separates two smooth parts of the
solution.

LEMMA 5.10 (Stability of the shock position) Let (A3), (A4) hold and let ur be as in
(3.1) and & € Xaq. Furthermore, let T be a X;X,-point with X;,, € {X§,C¢, Rg}. Denote
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by Yy, the local solution constructed on the stripe S/, by applying Corollary 5.3, Lemma
5.4 or Lemma 5.6 to § ;.
Then, there exists a neighborhood I := |z, x| of T such that the following holds:

(i) y(-;0) is locally given by

asoy - [Yilt0) i () € Sin e <o),
v Yi(t,2,5) if (t,2) € S, N {z > n(t)).

(ii) There exists p > 0 and a Lipschitz continuous function
Ts:0 € BE(&) —  xs(0) (5.18)

with x5(0) =, such that for all o € BE(&) holds

- _{Y}(t,x,a) if x € |z, z5(0)],
Y. (t,z,0) ifx €lrs(o), x|

Proof. The first assertion can be proven by using the backward stability of genuine
backward characteristics according to Lemma 3.4.

A reinspection of the proof of [48, Lem. 6.2] shows, see [41, Lem. 6.3.1 & 7.3.1], that
the class (C°) of the extreme characteristics is not explicitly used, but only the results
on the local solutions Y1 on the stripes S, which also hold true for the current setting
by Corollary 5.3, Lemma 5.4 or Lemma 5.6. ]

In the following lemma we consider an XjXf-shock, that has only one off-phase
Joic, oi,[ in its shock funnel. Then the point ¢’ must be of class X! = X¢, too.
Afterwards we discuss how the result can be extended to general X;X,-shocks with
X € {X§,05 RS}, X' € (X}, 05, Ry, RBS}.

LeEMMA 5.11 (Differentiability of the shock position) Let the assumptions of Lemma 5.10
hold. Consider a shock point x5(5) = Z of class X{ X7 with a single off-phase |6{g, 5¢,[ in
its shock funnel. Let 6lg be nondegenerated according to Definition 4.4. Then for p > 0

sufficiently small the mapping (5.18) is continuously differentiable.

Proof. Denote by & the genuine backward characteristic through (55)3, 0) and by S* and
Y the stripe and the local solution from Corollary 5.3. Let p be small enough such that
St D 6 — paig + pl x 1(0,£(525 — p)). Consider § > 0 and s’ := &%, + 7 with 7
from Lemma 3.5(v). Furthermore, let o € BE(&) and set o := o0 — 7. By §y := y(+;5),
y := y(+; o) we denote the respective solutions of (2.5) and by Ay := y—y their difference.
As in [48, §8] one of the key points of the proof is the fact that for ¢ > 0 sufficiently
small and #;/, := x4(5) F € € |2y, x| (from Lemma 5.10) the following equality holds:

/ " Ay(E2) de = (2s(0) — 24(0))ly(F 25(8))] + O(lI55]%). (5.19)

The above equation is obtained as in [48] using the Lipschitz continuity of Y;/, from
Corollary 5.3 w.r.t. z, the Lipschitz continuity of (5.18) and the fact that Y/, do not
depend on o.
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The rest of this proof will be concerned with the derivation of an adjoint-based formula
for the left hand side of (5.19). We avoid the introduction of a detailed analysis for linear

transport equations with discontinuous coefficients on sliced domains, such as vag. Instead
we show how the considered equation can be modified so that the results of [48, §7] can
be used. A detailed description of the utilized localizing arguments can be found in [41,
§4.2]. We denote by G /r the genuine backward characteristics through (¢, #;/,) and by

Dy:={(t,2) € [s", ] xR : G(t) <z < (1)

the area confined by them, see Figure 1. For (¢, z) € Dy we define

1
alt, ) = (gt z)), alt,x) = /0 F(5(t, ) + AAy(t, 2)) dX,
b(t,z) = b(t,z) := g,(t,z,5(t, x)).

Using the above abbreviations and the assumption that g is affine linear w.r.t y, we
deduce that on Dy the difference of y and ¥ is a weak solution of

Ay + 8, (aly) = bAy. (5.20)

We extend the functions a, a, b,g to [s?, ] x R by setting

(Mp,b(t,G(0)F) i < G(t),

(=M, b(t, & (1) =) if > G (8), (5.21)

(@, 5)(t,2) = (a.D)(t.2) = {

with My from (3.6). On Dy the adjoint state p according to Definition 4.3 can be
interpreted as the restriction of the reversible solution to the adjoint equation (4.3) on
[s',f] x R in the sense of [48, Def. 7.5] for the same end data.

We define p to be the reversible solution of the averaged adjoint equation

Op + adyp = —bp, p(t,-) =p' = G (5.22)

on [s',f] x R in the sense of [48, Def. 7.5]. We multiply (5.20) by p and apply integration
by parts on Dy, which yields

/ ' p(t, z)Ay(t,z) dx = / ~ Ay(0p + a0.p + bp) da dt
T Do

+ / B G (— 1 () Ay + ) — F@)(4(0)) dt

i

¢ ) . G(sh) ,
+ / B G 0) () Ay — F(y) + F@)(6E(0) de + / st ) Ay(s', 2) do
st Gi(s?)

ér(si) i X
_ / p(sh, ) Ay(s', 2) dz + o(|50])) (5.23)
Gi(s?)

The first integral in the middle part of the above equation vanishes since by [48, Thm.
7.7] p solves (5.22) almost everywhere on Dy, the left and right boundary integrals vanish,
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since y is independent of the control o and therefore y and y coincide locally. Finally,
[48, Thm. 7.8] yields § — p in C(Dy) and by Corollary 3.1 Ay(s,-) — 0 in L , which
shows the second equality. Let

[CEZ; j’/‘] C] - 8 + Mf’(si - 6én)7 S - Mf'(si - (j-cl)n)[\[f/(o)(sZ - 6-ci)n)7 f/(l)(sl - 6én)]‘

We split the integral on the righthand side of (5.23) into three parts:

Co(s) ) )
/ p(s', ) Ayls', ) do
Gi(s?)

5 | 5 | L) |
_ /C p(s', ) Ay(st, ) de + / p(s', ) Ay(st, ) de + / p(s', ) Ay(s', ) da

1(s?) o r

The middle part of the above integral can be computed using Lemmas 5.7 and 5.8.

We now show how to compute the first part, with the third being similar. Consider
t = s — f(0)% and o4 = G5 + max(doie,0) and o_ = &'g + min(do’s,0). Let
D= Dl U DQ U [)3 with

Dy:={(t,z) € [f,sT xR™ : q(t) <z < f(0)(t — 1)},
DZ = {(t,x) € [U*vﬂ XR™ : él(t) <z},
Dy :={(t,z) € [0,0_] xR : {(t) <z <E®1)}.

We consider the reversible solutions p, p of
atp + aaxp = _bp7 p(siv ) = p(si_'_’ )
Oe + adup = —bp, Bs', ) = p(s'+,)

on D, where we extend the coefficients outside D analogous to (5.21). Integration by
parts on D yields

/ p(s, 2)Ay(s',z)de = I + I + Iy + Iy + Is + Is + Ir + I, (5.24)
G(sh)

where

I = // Ay(Oup + a@Oup + bp) dz dt,
D

I = /0 T B G (—F @)Dy + Fy) — F@) (6 E() dt,
£(0)

I3 := R 13(0—1—,3:)Ay(0+,x)dx,
¢ (0)
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Figure 1. Illustration of the proof of Lemma 5.11

Is -

/ "B 0-) (F@(E,0-)) — Fly(t,0-))) dt.

t
I; = / p(t,0-) - 0dt,
0+

Iy = /; B, f1(0) - (t = D) (DAY — fy) + f(@)(, f(0) - (t — ) dt.

The domain of integration is also illustrated in Figure 1 with the boundary integrals I
to Ig labeled counterclockwise. Since p is an almost everywhere solution of the averaged
adjoint equation, [ vanishes. Furthermore, I = I = I5 = 0 because the local solutions
Y around ¢; and € are independent of do. I3 vanishes, too, because the initial data are
independent of the control. Obviously, Iy = 0 and by Lemma 3.5 also Ig = 0. Finally we
have

o+

Is = p(a'éH»O_)/ (f(g(t,0-)) = f(y(t,0-))) dt + of[|do]])

o_

by the convergence of the averaged adjoint state. And depending on the sign of 5023 we
have for ¢t € [o_, 04]

0— f(Yi(t,0)), ifdois >0,

f(g(t,0-)) — f(y(t,0-)) = {f(f/z(t, 0)) — 0, ifdo’g <0,

where we used, that Y is independent of the control o. The continuity of Y* on S% now
shows

Is = p(6i,0) / " sen(aig) (— F(V(£,0))) dt + ol 6o]])

= p(Gog; 0) /U+ sgn(6ogg) (= f (V' (70, 0))) dt + o([|dor]])
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Figure 2. Illustration of Remark 5.12

= p(@og, 0) (= (Y (eqt, 0))) - b + o([|dcr[])-

The continuity of the derivative %563(0) is a consequence of the stability of the solution
p of the adjoint equation w.r.t. small perturbations in the coefficients and the fact that
p is continuous in a neighborhood of &g, see [48, Thm. 7.7]. [ |

Remark 5.12 The results of Lemma 5.11 are also valid if one considers the following
modifications:

(i)

If there are further off-phases in the shock funnel, the integration on D is only
applied up to time s~!. This means, that the integral I3 in (5.24) does no longer
vanish, but must be computed similar as the righthand side of (5.23) by reapplica-
tion of the above explained procedure, see Figure 2.

If one or more of the classes X, Xi/r is CF, the proof of Lemma 5.11 can easily be
adapted. One can use exactly the same arguments. The only difference is the shape
of the areas D; confined by the respective characteristics.

If one or more of the classes Xi,Xl/r is RG or Xt = RB¢, cf. & in Figure 2,
the proof of Lemma 5.11 needs some further modifications: Since in (5.19) Y/,
may depend on the control o, we have to use the Lipschitz continuity of the local
solution o + Y}/,(+,0) from Lemma 5.6, yielding

/ T Ay(Ew) o = (2(0) — 4(@) y(E 2 @) + O6o] (£ + I6al)).  (5.25)

Moreover, all integrals along characteristics, i.e. the second and third integral in
the middle part of (5.23), as well as I and Iy in (5.24), need no longer be equal to
zero, but are O(||do||?). This can be shown by overestimating the remainder of the
Tailor expansion by O(||Y(-,6) — Y(~,a)||%(5)) and using the Lipschitz continuity
of o = Y (-,0) with Y =Yg from Lemma 5.6 or Y as in (5.13) in Lemma 5.8.
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5.4 Proof of Theorem 4.6 and Theorem 4.8

We finally have established all ingredients to prove our main theorems by piecing together
the results of this section.

Proof of Theorem 4.6. In a first step we find p > 0 and neighborhoods I; of the shock-
points Z; such that on each of them Lemma 5.10 is applicable and (5.18) is continuously
differentiable, see Lemma 5.11 and Remark 5.12. From this we obtain continuous shift
differentiability of o € BY(7) Ll(Ué\fz1 I;).

If there exist C Bg-points T; € [a, b], we find neighborhoods I f of T, on which we apply
Lemma 5.9 (vi). i

It remains to consider the compact set K := [a,b] \ (Uj\le I; UlU; I}) of continuity
points. For each of these points « we can apply one of the Lemmas in §5.2 yielding an

interval I = I(z) such that the solution y(,-;0) € L"(I) depends continuously differ-
entiably on the control o € BE(&) for p > 0 sufficiently small. We can choose a finite

covering |J,cp I (x) D K and reduce p > 0 such that the assertion of Theorem 4.6 is
proven to hold. |

Proof of Theorem 4.8. The proof is mainly a combination of the one of Lemma 5.11 and
[49, Thm. 5]. Basically, the adjoint calculus from Lemma 5.11 is used on the whole domain
in order to find a first order approximation of fQ ﬁyAy dz instead of the lefthand side of
(5.19) or (5.25), respectively. Working in the setting of a single off-phase, one obtains

) POt - . -
Jl(&)'éa:/f'(o)(' . p(sz,:r)-(f’_l)'( : ) ———— da - do;,

st — 6én (3Z - 62)n)
+ (P00, 0+) = (@, 0-)) - f(y(@oq, 0) - Sy
We consider the integral in the above formula and make some change of variables:

fr()(s*=al,) .
/ p(s%x)-(f'-l)’(.x )( L da
f

/(0)(s°—57,) §' =00y ) (8" = Tly)

The time s > & is ensured to exist by Lemma 3.5, but is not an a priori known quantity.
Since we are in the e,-neighborhood of = 0, all characteristics are straight lines and
p is constant along them. Therefore, we can pass to the limit s \, &', and obtain the
formula presented in Theorem 4.8. |

6. Conclusion and future work

In this paper we have analyzed the differentiability of the reduced objective function for
optimal control problems, where the state is governed by a hyperbolic conservation law
on a simple switched network with on/off-switching. Based on an appropriate adjoint
calculus we were able to deal with shocks in the entropy solution and to show that the
state depends shift-differentiably on the switching times of the node condition. Here, we
were able to allow arbitrary shock formations, the only restriction was the requirement

31



(which was shown to hold for almost all times) that at the observation time ¢ there are on
[a, b] no shock generation points and only a finite number of shocks, that all are neither
degenerated nor shock interaction points. By applying [48, Lem. 2.3] we were able to
deduce the differentiability of reduced objective function from that result. Based on the
introduced adjoint calculus we have also derived a formula for the gradient of the reduced
objective. The result of this paper forms the basis for the application of gradient-based
optimization methods to such problems.

One can straight forward extend the presented analysis to the case where the initial
data are additionally controlled. The same holds, if one considers several positions of
on/off-switching devices in a row, or even nodes with multiple incoming and outgoing
edges with a modal node condition, that either suspends the inflow from or the outflow
into certain arcs or directly connects pairs of in- and outgoing arcs time dependently.

In the future we want to investigate how to deal with situations where the assumptions
on the off-switching points are no longer satisfied. This means that we have to explore
the case where no shock is introduced at the artificial boundary during the whole off-
phase and the case where the location of the switching device, i.e. * = 0, is not a
continuity point of y(af)ff, -). In the first case, the difficulty arises from the fact the small
perturbations of the control may entirely change the structure in the neighborhood of the
considered off-phase: There might be two shocks emanating from the artificial boundary
or the off-switching point, and a rarefaction wave at the corresponding on-switching
point. For the second case, we expect directional differentiability for the shock position
and the reduced objective function to hold. This can be seen from Ig in Lemma 5.11, for
which the limit 60@5 — 0 depends on the the direction in which the incoming shock at
(t,,0) moves.

Further questions are for example, whether one may choose different fluxes on the
different edges and if one can combine the problem with more common node conditions
allowing for splitting and merging of incoming and outgoing flow, as those from [12, 14].

It would be of practical interest to investigate whether the considered approach is
extendable to systems of conservation laws where one has multiple conserved quantities,
as in models for gas or water pipelines.

The presented sensitivity and adjoint calculus can be used for the numerical approx-
imation of the optimal control problem under consideration. For the Cauchy problem
there exist several works on the convergence of optimal solutions of discretized optimal
control problems, e.g. [13, 46], and the convergence of sensitivities, adjoints and reduced
gradients, see [22, 23, 47-49] and also [13] for an alternating descent method.

Our current investigations focus on the extension of those convergence results to the
problem considered in this paper. The main question arising in this context is the appro-
priate discrete approximation of the shift of switching times between on- an off-phases.
Here, we will consider and compare two different approaches. In the first one, we consider
the variation of the times step sizes between switching times, while for the latter we want
to use fixed time steps.
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