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Abstract

Shape optimization via the method of mappings is investigated for unsteady fluid-structure interaction
(FSI) problems that couple the Navier-Stokes equations and the Lamé system. Building on recent existence
and regularity theory we prove Fréchet differentiability results for the state with respect to domain variations.
Our analysis develops a general framework for deriving local-in-time continuity and differentiability results
for parameter dependent nonlinear systems of partial differential equations. The main part of the paper
is devoted to conducting this analysis for the FSI problem, transformed to a shape reference domain. The
underlying shape transformation — actually we work with the corresponding shape displacement instead
— represents the shape and the main result proves the Fréchet differentiability of the solution of the FSI
system with respect to the shape transformation.

Keywords: Fluid-structure interaction, shape optimization, Fréchet differentiability, method of mappings,
method of successive approximations, Navier-Stokes equations, Lamé system, local-in-time analysis.

1 Introduction

Shape optimization for fluid-structure interaction (FSI) has many important applications in engineering and
other fields. So far, most of the research devoted to this challenging class of optimization problems mainly
targeted at numerical approaches, e.g., [14, 19, 20, 28, 29, 30, 36], while a rigorous supporting theory is scarce.
In this paper, we build on recent work by Raymond and Vanninathan [34] on the existence and regularity of
solutions to an unsteady FSI problem. We extend these results and prove continuity and Fréchet differentiability
of the solution of an unsteady Navier-Stokes-Lamé-system with respect to domain variations. Existence and
regularity theory for FSI is challenging due to the hyperbolic nature of the elasticity equation, which leads to
a lack of regularity that needs to be compensated by hidden regularity results. To the authors’ knowledge,
analytical results for unsteady FSI models that consider elastic structures in fluids are so far restricted to cases
with stationary interfaces [11, 2], a priori known time-dependency of the domain [5], very smooth data [8, 9]
or geometrical constraints on the interface [25, 22, 34], whereas differentiability results are only available for
steady FSI models [32, 40].

The fluid-structure interaction model that is considered in this paper couples the transient Navier-Stokes equa-
tions with the Lamé system and is formulated in a fully Lagrangian framework: Denote by Qf(t) and Q(t),
respectively, the domains occupied by the fluid and the solid, respectively, at time t. Further, let Q(t) denote
the interior of Q;(t) U Q(t) and T;(t) := Qs (t) N 0Q4(t) the fluid-solid interface. In the considered setting,
Q(t) = Q is time-independent, while Q(t), Q4(t), and T;(t) change with time. The Lagrangian framework uses
the displacement field induced by the velocity field to obtain a transformation between the reference domain
Q ¢ and the physical domain Qf (t). For the solid, the Lagrangian formulation provides the standard frame-
work and the displacement field induces a transformation between the reference domain €, and Q,(t). Let
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Ty > 0, I‘f c 8Qf\1"1, Iy © 0Q,\I'; and the space-time cylinders be denoted by QT := Q x (0,7), )T

ST .= Ty x (0,7), Z? and 37T for all 0 < T < Ty. A coupled Navier-Stokes-Lamé system in Lagrangian
coordinates can be written in the form

&V — VAV +Vyp=F(¥,p) inQF,
divy (v) = §(¥) in QT
Vv(-,0) =¥o in Qy,
v=0 on XAJ}F,

v=0w on¥l (1)
ory(V,p)hy = 0sy(W)hy + ﬁ(A7ﬁ) on izTa
O W — divy (05, (W)) =0 in QF,

0
w=0 on¥T,

w(-,0)=0, & w(-,0)=w; inQ,.
The fluid and solid stress tensors oy, and o, are given by
ory(V, D) :=2ve, (V) —pI, and o4, (W) = Atr(ey,(W))I + 2ue, (W),

where €,(-) := 3(Dy - +(Dy-)") and A, p are Lamé coefficients with > 0 and A + p > 0. Here, D, - denotes

the Jacobian and fiy is the unit outer normal vector of Q ¢. The variables ¥, p denote the fluid velocity and
pressure, w the solid displacement, and v as well as W appropriate initial conditions. We define the underlying
transformation by

t
X('vt)|5§f boQp o Qp(t), yoyt L V(y,s)ds, Fy=Dyx=(Vyx)'

for any t € (0,7) and its inverse Y(-,t) := (x(-,t))~! as well as Fy := ﬁ;17 which exist if T > 0 is sufficiently
small and the initial data are smooth enough, cf. [34]. Then the right hand side terms read
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We define g(v) := (I — det(f‘x)f‘r)fl, such that div, (&(v)) = G(¥) due to Piola’s identity.

Shape optimization problems can be analyzed with different, yet closely related, techniques. On the one
hand, shape calculus can be used to investigate functionals J (Q) that depend on the domain (). The Eulerian
derivative d.J (Q, V) can be represented by the Hadamard-Zolésio shape gradient, a distribution that is supported
on the design boundary and only acts on the normal boundary variation V.-h 7 [10, 33, 38]. If a state equation
is involved, then the Eulerian derivative depends on the shape derivative of the state and can also be expressed
using an adjoint state. An alternative approach is the method of mappings [3, 17, 24, 13, 31, 37|, also called
perturbation of identity, which parametrizes the shape by a bi-Lipschitz homeomorphism 7 : R — R? via
Q = 7(Q), where Q c R% is a nominal domain (or shape reference domain). Optimization can be performed
based on the function J : 7 — J(#(€)). An underlying state equation is then transformed to  and derivatives
of J can be obtained via sensitivities or adjoints. The Hadamard-Zolésio calculus can be derived from this
approach essentially by an integration by parts. The method of mappings directly yields an optimal control
setting in Banach spaces. Further, it fits well in the theoretical setting of the FSI model that was introduced
above since it also employs the idea of domain transformations. In this paper we use the method of mappings
to transform the fully Lagrangian FSI system to a shape reference domain. The major part of the paper is
devoted to the study of existence, uniqueness and especially continuity and Fréchet differentiability of solutions
to the transformed FSI system with respect to transformations of the domain.



The outline of the paper is as follows. Section 2 recalls the basic definitions and properties of the function

spaces that are used in the analysis. Further, it presents the ideas for proving existence, uniqueness, continuity,
and differentiability in a general setting. In Section 3 the main results and analytical tools of [34] are recalled
and presented in a suitably adjusted way. Section 4 constitutes the main part of the paper, where the plan
developed in Section 2 is carried out and the continuity and differentiability of the solution of the FSI problem
with respect to domain transformations are proved.
Throughout the paper the superscripts over the functions correspond to the superscripts of the domains on
which they are defined. Furthermore, the spatial coordinates on the physical domain € are denoted by x, on
Q, Q by v, z, respectively. If a result is valid for a general domain the notation €2 is used and the coordinates
are denoted by &.

2 Preliminaries

We now introduce the required function spaces and their properties and sketch the main ideas used in [34].

2.1 Fractional Sobolev and Sobolev-type spaces

Let 5,7 € [0,00), 6 € (0,1), X,X,Y,Y, Z be separable Hilbert spaces. The analysis is carried out in fractional
order Sobolev spaces H*((0,T), H"(£2)) and in anisotropic Sobolev spaces H"*(Q™). The vector-valued versions
are denoted by H*((0,T), H"(Q)%) and H™*(QT)?. For more details on these spaces the reader is referred to
[26, Ch. 1, Sec. 9], [27, Ch. 4, Sec. 2] and [15, Sec. 2]. These references assume 2 to be a bounded, open
domain Q < RY, d € N, with smooth boundary dQ = T of class C*. However, these results adapt to settings
where periodic boundary conditions are imposed.

The fractional order Sobolev spaces H*((0,T"), X) can be endowed with the norm

1
|- ae.m).x) = (I [ Fm o)) 100 12 0,1, x) (2)

where m, o are chosen such that s = m + o, m € Ny and for 0 < o < 1 the semi-norm | - |5, o, 1),x is defined by

T AT 2
2 |- () —- ()%
|- |s,(07T)7X = J; Jo [t — s[2o+1 dsdt. (3)

The choice of the norm on the spaces H*((0,T"), X) is crucial for the theoretical analysis which requires the
knowledge of the T-dependency of appearing constants. More precisely, for —o0 < T} < T, < o0 and Tf = T,
the spaces H*((T1,T»), X) and the subspaces

{UGHS((T17T2)7X)} ifSE[Ové)a
Yir ryy = {ue H* (11, T2), X) : u(T1) = 0} if se (3,1],
{ue H* (11, 1), X) = u(T1) =0, dueYi b ifse(1,2)\{3}},
are endowed with a norm | - || gs((7, 1), x) such that

P1 forall se [1,2]\{%}7

1
| lee o my x) = (- 122y ), x) + 10 Ol rs=1 o m),x0)) 2

and |- go¢ry 1), x) = || “ll2((1y,1),x)> Where | - [ z2((1y 12),x) denotes the standard L?((T1,T3), X )-norm.

P2 for all s € [0, 2]\{%, %}, there exist constants car, Car > 0 depending on AT = Ty — T} such that

ear| s m).x) < |- lms (1), x) < Carl s (1. 1),x)-



P3 for all s € [0,2]\{3, 3}, the extension operator Ext defined by

u(t) ifte (0,7),

Ext(u)(t) := {0 if t e (' = Ty, 0),

is continuous as a mapping Y(%,T) — Y(%“—Tf,T) with a continuity constant that does not depend on T'.
P4 for all s € [0,2]\{3, 2}, we have
lull s (0,7, x) < Cllul s ((r-1;,7),%)
for all we H*((T' — Ty, T), X) such that u|p_7, 0) = 0 with a constant C' independent of T'.
P5 for all s € [0,2]\{1, 2}, the restriction operator R defined by
R(u)(t) := u(t)

is continuous as a mapping H*((0,T%),X) — H*((0,T),X) with a continuity constant that does not
depend on T'.

P6 for s € [0,1)\{1} and € > 0 such that s + € € (0,1]\{3}, we have

lull a2 (0.1),x) < CT ] rove(0,7),3)
for all u e Y(‘B_T) with a constant C' that does not depend on 7.

P7 for s € [0,1]\{3}, real, separable Hilbert spaces X1, X, and a linear operator K that is continuous as a
mapping from X; to Xo, we have

IK ()l s 0,7, x2) < Clulmeco,m),x1)
for all we H*((0,T), Xy) with a constant C' that does not depend on T

Lemma 1. Let X be a separable Hilbert space, —c0 < Ty < Ty < co0. There exists a norm || - | gs((r, 1), x) on
H*((T1, T2), X) that fulfilis P1 - P7.

Proof. Let
H : ||H0((T1,T2),X) = H : ”L"’((T17T2)7X)

and, for o € (0,1)\{3},

T 9 1 .

| Lo o ) = (I o ((m) ) + %ng(t*Tl) 2] - (1) % dt)? if o € (0,3),
o((T1,12),X) *= —9g 1 .

o (I Frorymyx) + o 50 (0= T0) 727 = LO)®)Zcdt)z ifoe (5,1),

where, for o € (%, 1) and Ty > 0, L is chosen as the linear operator defined by

T (T +Ty—t)  forte (1, Ty + T
L(u)(t): u( 1)f(f+ 1 ) or e(171"— f)v
0 for te [Th + Ty, ).
The norm is constructed such that for any T > 0, s € [0,2]\{3,2}, and u € H§((0,T), X) there holds
[wl s 0,1y, x) = [Ext(w)|ms((—o0,1),x)- P1 holds due to the construction of the norm. [26, Thm. 9.4, 11.2
- 11.5] and their proofs imply P2. P3 - P7 can be shown with standard estimates. O

Let sg,s1 € [0,00), sg > s1, and let X,V and X,f’, respectively, be continuously embedded in Hausdorff
topological vector spaces V' and V, respectively. By [1, (3.5)—(3.7), Thm. 3.1, Cor. 4.3], [7, Rem. 3.6], and [4,
Thm. 3.4.1] there holds

[HSO((O’ T), X)7 H* ((0’ T)7 Y)]9 = H(1—9)50+951 ((07 T)7 [X’ Y]g)



and the interpolation inequality yields
I Lira-oewsoes o1y < - 1522 oyl Wores 0.1, (4)
for a constant C' that might depend on T, cf., e.g., [26, p.19, Prop. 2.3]. If, in addition, 6 € (0,1) and
Ae LH((0,T),X), H*((0,7), X)) ~ LEH" ((0,7),Y), H* ((0,T), 7)),
then A e L(H=D50+0s1((0,T),[X,Y]g), HI=D%50+051((0, T),[X,Y]s)) and

”A“amlf@swﬂ 0,1),[X, Y ]g), HA=9)50+051 ((0,T),[X,¥]0)

<Al ©)

ﬁ(HbO (0,T),X),H?% ((0,T) X))HAHL(HH((O T),Y),H?1((0,T),Y))’

for a constant C' that might depend on T, cf., e.g., [6, p.115, 4.]. The subsequent Lemma is a concise version of
[34, Lemma A.1].

Lemma 2. Let XY, Z be real, separable Hilbert spaces and m be a bounded bilinear mapping from X xY into
Z. Further, let f € H*((0,T),X) and g € H*2((0,T),Y) with s1,s2 = 0. Then the following holds.

1. If% <s51<1,0< 8 < %, then m(f, g) belongs to H*2((0,T),Z) and

Im(fs 9 me2 (0,7),2) < Csi o (|1 (0,7, %) + 1F O x) 9 m52 ((0,7), )
for all 0 < T < Ty, where Cs, 4, is independent of T'.
2. If 3 < s1 < s3 <1, then m(f,g) belongs to H**((0,T), Z) and

Im(f, D)o (01),2) < Corso (I 1101 (0,1), ) + 1F O x) gl 112 ((0,1).v) + [9(0)]I¥),
for all 0 < T < Ty, where Cy, 5, s independent of T'.

Proof. We prove 2., 1. follows with similar arguments. Let fy € H((—o0,00), X) and go € H*((—o0,0),Y) be
such that fo(0) = f(0), go(0) = ¢(0) and for —00 < a < b < o0,

I foll &1 ((a,p),x) < Collf(0)|x,
<

lgoll &1 ((a,p),v) < Collg(0)]y,

with a constant Cy independent of (b— a) (extension to H'((0,0), X) and mirroring at t = 0). Let C' and Cr;,
denote generic constants (C'r, is used if the constant might depend on 7). Using property P2 of the norm and
[34, Lemma A.1] yields

Im(fs O e (@arry).z) < Crollflme (@ary).x) 1952 ((@ratTs).v)s (6)
(use equivalence of norms with T'y-dependent constants). Now,
Im(f, 9) 1 (0,1),2) < (Im(f, 9) —m(fo, 90)| m51 (0,1),2) + [m(fo, 90) o1 ((0,7),2))-

Due to Property P5 of the norm and [34, Lemma A.1],

Clm(fo, go)l z1 ((0,15),2) < Oy foll o1 ((0,75), %) |90 E252 (0,77, v)
Cr, | £(0)lIx]g(0)]y-

|m(fo, 90) | =1 ((0,1),2) <
<

Furthermore,

Im(f,g9) — m(fmgo)HHSl((O,T),Z) < |m(f - fo,9— gO)HHSI((O,T),Z)
+ [m(f = fo, 90) | ze1 ((0,7),2) + Im(fo, 9 — g0) | 21 ((0,7),2)-



We know that (f — fo)|t=o = 0. Due to properties P3 and P4 of the norm and with (6),

Im(f = fo,9 — 90)z=1 (0,1).2) < Cry |[Ext(f — fo)lmer (r—1; 1), %) IExXt(9 — g0) | 12 (0 =151, v)
< Cry | f = follasr (o,7),x)19 — 9ol 52 (0,1, v)
< Cry (1 =1 0,1y, %) + I follzzsr (0,15),5)) (gl 22 (0,7, v) + 90l 752 0,75, v))
< Oy (I f 51 0,1y, %) + [ follzr (o,75),x)) gl 2252 (0,7),) + 190l 22 0.7, ))
< Cr, (I f 1= 0,0y, x) + 1FO)x) (gl 752 (0,7),v) + 119(O)lly)-

We now estimate m(f — fo, go) using the norm properties P3, P4:

Clm(Ext(f — fo), 90)llms1 (7-15.1),2)
Cry |Ext(f — fo)laer (v—1;,1),x) |90 | 252 (-1 /1), 7)

Im(f = fo, g0)l o1 ((0,1),2)

Cry | f = follasr 0.1y, x) |90 52 (=5 1), v)
Cry (I | o1 (0,1, ) + 1£(0)Ix)1lg(0)]y-

Since m(fo, g — go) can be estimated in the same way, this concludes the proof of 2. O

INCINCIN N

Lemma 3. Let X be a real, separable Hilbert space and « € [0, 1)\{%} Furthermore, let 5 > 0 be such that
a+Be(3,1],ce X andge H*P((0,T), X) be such that g(0) = c. Then, there exists a constant C independent
of T such that

lgll ze 0,y x) < C(TBHQ||H°‘+5((O,T),X) + el x)-

Proof. Let C denote a generic constant independent of T', where 0 < 7' < Ty. There exists h € H'((0,T%), X)
such that h(0) = c and |h] 1 (0,1;),x) < Clelx eg., ht) := chfl(Tf —t) for te (0,7y). Set g =g — h.

Properties P5, P2, the definition of h and P6 yield

Il e (0,1),x) < 19l e (0,7, %) + [P e (0,7, %) < |Gl EH(00,7),%) + ClR] 1 ((0,75), %)
1]l &7 0,7y, x) + Cllellx < TBHQHH&H’((O ,x) + Clellx

<
< (TBHQ||H“+/3((OT )+ lellx)-
O

Lemma 4. Let X be a real, separable Hilbert space and s = 0. Let c€ X and g(t) = ¢ for a.e. t€ (0,T). Then,
g€ H*((0,T), X) and there exists a constant C' independent of T such that |g| gs(0,1),x) < Cllc|x-

Proof. Let Ty > T and C denote a generic constant independent of 7. For s > 1 we have, due to P1 and
ﬁtg = O

lgllz=0.7),x) = lglL2(0,m),x) < T?[e|x < Cllellx. (7)
For s € [0,1), Lemma 3 and (7) yield

lg £+ (0,7, x) < C(TI_SHQHHl((O,T),X) + lellx) < Clielx-

Furthermore, the following result corresponds to [16, Prop. B.1 (i)].
Lemma 5. Let A\, u,w € R, f e H*H(Q;), and g € H***(Qy). Then, there exists C > 0 such that
1fal e,y < Clfl @ lglaree ;s
Lifp+w+Ar= %, pw>0,w>0, and 2\ > —u — w,

2. 0r/1+w+)\>%,u>0,w>0, and 2\ = —p — w.



The spaces H™*(QT) are defined by
H™(QT) = L*((0,T), H"()) n H*((0,T), L*(2))
and endowed with the norm
1
| lare@ry = (1 T2 oy, m-)) + 1 e o,m),22(0))) -

For 0 <r' <7, s = s(r —r')/r, the inequality

I HHs’((o,T),Hr’(Q)) <Ol [are(qr)

holds true for a constant C' > 0 that might depend on T, cf. [15, (2.9)] or [16, (2.7)], which implies

I -0 o,m),m0m ) < Cll - | mre@m) (8)

for 6 € (0,1). Trace theorems for the Sobolev-type spaces H™*(QT) imply
I sz |z or 27y < Cl- [ mm0 (@), 9)

where C' > 0 is dependent on T', r > %7 §s=0,7r=7r— % and s’ = (r — %)f, cf. [27, Chap. 4, Thm. 2.1], [16,
Prop. 2.2] or [12, Thm. 3].

2.2 Method of successive approximations

The method of successive approximations is a well known approach for establishing existence and uniqueness
results for nonlinear partial differential equations. On an abstract level, the FSI system can be considered as a
nonlinear partial differential equation of the form

Aly) =0, (10)

where y € Y and Y is a Banach space. As in [34] we write this in the form By = F(y), where F(y) := By — A(y)
and B is a linear operator that represents the principal part of the FSI system, i.e., the PDE operator in a
linear FSI system. For our setting we will show that the system By = f has a unique solution y = Sf, where
S e L(W,Y), where W is a Banach space. Existence and uniqueness of solutions is now studied via the fixed
point equation

y=SF(y) (11)

Unique solvability of (11) on a closed subset Y < Y can be shown if y — SF(y) maps Y into itself and is a
contraction on Y. This, e.g., is the case if |S|zw,y) < Ls and if 7 : Y — W is Lipschitz continuous with a
constant Lr < i Uniqueness on Y then also follows.

2.3 Framework for continuity and differentiability results

One can extend the considerations of the previous section to an equation
Aly,2) =0 (12)
with parameter or control z in a Banach space Z. As before, we consider solutions of the fixed point equation
y=SF(y,z2), (13)
where F(y, z) := By — A(y, z), B is as in section sec. 2.2 and S € L(W,Y) is the solution operator of By = f.

Theorem 1. Let W, W,Y, Z be Banach spaces, W continuously embedded in W, S € E(W,Y), and Ls >0 a
constant such that |Sflly < Ls||f|w for all f e W. Let Z < Z be open, Y <Y be closed and F : Y x Z - W

be an operator. Let there exist constants Ly € (0, L—ls) and C > 0 such that, for all y,y1,y2 € Y, z,21,20 € Z,

there hold

|F(y2, 22) = F(y1, 21)|w < Lrllyz — 1|y + Clzze — 21 z, (14)
SF(y,2) e Y. (15)



Then, for all z € Z, the system (13) has a unique solution y(z) and z — y(z) is Lipschitz continuous on Z:

CLg

7“22 ZlHZ A Z1,%29 € Z (16)
LsLx

ly(z2) —y(z1)ly <

In addition, let y(z) lie in the relative interior of Y and denote by Yy, the linear subspace parallel to the affine
hull aff(Y'). Assume that F is Fréchet differentiable at (y(z), z), where (y, z)-variations are taken in Y1, x Z.
Then y(-) is Fréchet differentiable at z. The derivative is given by y'(2)(h) = 0py(2), where h € Z and
ony(z) € Y, €Y solves the formally linearized equation

ony(z) = S6F(y(2), 2)(0ny(2), h), (17)

where 0F (y(2), 2)(0ry(2), h) 1= Fy(y(2), 2)0ny(2) + F.(y(2), 2)h.

Proof. For any fixed z € Z, (14) implies the Lipschitz continuity of the mapping F(-, 2) : Y — W. Using (14),
(15), and the properties of]: Ly and Lg shows that the map y € Y — SF(y,2) € Y is a well-defined contraction.
The existence of a unique solution y(z) € Y is thus ensured by the method of successive approximations. Now
(16) follows from [ly(z2) —y(z1)lly = |IS(F(y(22), 22) = F(y(z1), 1))y < Ls|F(y(22), 22) = F(y(z1), 21)[w and
(14). For showing differentiability, we fix z € Z and assume that F is differentiable at (y(z), z) in the way stated
in the theorem. Let h € Z be arbitrarily fixed. Since y(z) is a relative interior point of Y, we obtain from (14)
that, for all dy,ds € Yz, there holds:

[0 (y(2), 2)(d2, h) = 6F (y(2), 2)(dr, ) lw = [ Fy(y(2), 2)(d2 — di)|w < Lr|da — diy- (18)

Thus, since Lr < L—ls, the method of successive approximations applied to the fixed point equation dpy(z) =

S6F(y(2), 2)(ny(2), h) posed in Yz, see (17), yields a unique solution ony(z) € Y, Y which by linearity of
(17) depends linearly on h. Let |h|z be sufficiently small. Then z + h € Z and, as h — 0,

|F(y(z + h), z + h) = F(y(2), 2) = 6F (y(2), 2)(0ny(2), h) |w
< [6F (y(2), 2)(w(z + h) = y(2), h) = 6F(y(2), 2) Ony(2), W) |lw + o(lly(z + h) = y(2)ly + [h]2)
< Lrly(z +h) —y(z) = ony(2)[y + o([R]2),

where (18) is used. Now
ly(z +h) =y(2) = ony(2)ly = [SF(y(z + h), 2 + h) = SF(y(2), 2) - S5f( (2), 2)0ny(2) Iy
(

< Ls|F(y(z + h), 2+ h) = Fly(2), 2) = 6F (y(2), 2)0ny(2)[w
< LsLrly(z + h) = y(2) = ony(2)(2)ly + Lso(|hlz)  ([h]z — 0).

Therefore,
Lg
ly(z +h) = y(2) —ony(2)ly < ;=7 7—ollhlz) = ol[hlz) ~ (Ihlz = 0),
which proves the Fréchet differentiability of z — y(z) at z with y'(2)h = dry(2). O

The rest of the paper is dedicated to the application of this argumentation to shape optimization for the
FSI problem via the method of mappings. The parameter z then corresponds to a domain transformation that
represents a variation of a reference shape domain.

3 Existence and uniqueness results for Navier-Stokes-Lamé system

In order to have the theoretical tools at hand that will be used for showing differentiability of the state with
respect to domain variations the main results of [34] are recalled. Since, in contrast, the analysis will be carried
out on a nominal domain € instead of €2, the statements are presented for a general domain Q e {Q, Q}. We
will work under the following Assumption 1 on the unique solvability of the Stokes equations and the elastic
wave equation. We will see in Lemma 6 that according to [34] Assumption 1 is satisfied for particular boundary
conditions and geometrical settings.

Assumption 1. Let /€ (%7 1), Ty > 0. In addition, let § > 0,



o O, Qf, Qg open domains with Q = Qp U Qy, Qp N Qs = F, T 1= 0Qs NNy, Ty < 00\, Ty < 0Q\Iy,

e D c C®(Q) be a closed linear subspace, for which the following holds true: If f € D, then Vf € D¢; If
f,g€ D, then fge D; If fe D, f >0, then f~1 € D,

e D= Dd7 D= DdXd; Dr = COO([OaT]aD)7 Dr = COO([O’T]aD); DT = COO([OvTLD):

B, =D R@D G = D (ODH @) HE (D)1 @)

Py = D@D Py = DL @) s VoeH R @) slgpent T ATA D)
Gr - D—THH%((o,T),L’z(ng)ut)7 Wy — DiTCU([O’T]wH%+%(Qs)d)ﬁcl([o’T],H%ﬁ»%(Qs)d)’

Hy — DTH%Jrl%*%(E?)d’ Ny — EHl((O,T),H%+Z(FSuFi)d)mH%Jr%((O,T),L2(F5uFi)d),
v, - D" @ W, — 5H%+“‘*(Qs>‘17

e voe Vg, w; € Wy,
be chosen such that
e Lemma 5, (8) and (9) are valid.
e volr, =0, div(vo) = 0, vo|r, = wi|r, and 2v(e(vo)ny) -7 =0 on I'; for any unit vector T tangent to T';.
e forallf e Fr, he Hr, ge Gr n HY((0,7), H(Q)?) and g € Gt for which the compatibility conditions
gop =0, g0)=0, and h(0)=0,
are satisfied the system
Oav—vAv+Vp==F inQ7,
div(v) =g =div(g) in Q?a
v(0) =vo in Qy,
v=0 onX%,
of(v,p)ny =h on »7,
admits a unique solution (v,p) € V x P and there exists a constant C' > 0 for which

Ivi vl HIplszl 3 e £y < OVl + 18] o g

+ ||

HY5(QT)4

Jr
+ gl

240,144 g
HPE(QT)

+ “g”H“%«o,T),LZ(Qf)d L2((0,T),H+4(Q5)) A H % ((0,1),H (2)) H%“i*%@?)d)'

o for arbitrary m € Np for which the compatibility conditions
n(0) =0, and an(0) = W1|Zzu2;.r7
are satisfied the system

Ouw — divy (04, (W) =0 in QF,
w=n on¥luxl,
w(0) =0, &w(0)=w; inQ;

admits a unique solution w € Wr and there exists a constant C > 0 for which

1%l co 0,21, 5+4 @)ty non o, i+ 4 ey T 1900 a0 1y b +emyoymmd + 0,y L2y

g C(HW1HH%+Z+L?(QS)d + HnHHl((O,T),H%+Z(FSuFi)d)nH%Jr%((O,T),LZ(FSUF,;)d))’



Remark 1. The main difficulty in finding a setting that fulfills Assumption 1 is the improved regularity for the
normal stress of the Lamé system on the boundary XT. [34] provides a setting that fulfills the assumption, see
Lemma 6.

Lemma 6. Let
Q={yeR® : 0<y; <L;,0<yy <Ly,0<y3< L3},
Qp ={yeR® : 0<y; <L1,0<ys<Ly,0<y3<L, orLy<ys< Ly}, (19)
Qs ={yeR® : 0<y; <L1,0<yy <Ly, Ly <y3 < Ly},

where 0 < L, < Ly, < L. Furthermore, let the interface be defined by I'; = 0Qp N 0, Ty :i={yeQ : y3 =
0 orys = L3} and periodic boundary conditions be imposed on OQ\I'y. Let

D=CZ():={veC”Q) : e C*(R? x [0, L3]) s.t. 0| = v,

77(}’17)’2;La) = 77(}’1 + L17y2aLa)7 17(}’17)/2’[@) = 77(}’17)/2 + LQ,La)a
77(}’1;}’2,Lb) = 17()/1 + Llay27Lb)7 @(Y17Y27Lb) = 5(}’1»}’2 + LQaLb)}'

Then, 8 > 0, vo and wy can be chosen such that Assumption 1 is fulfilled.
Proof. cf. [34, Sec. 3-4]. O

For ¢ € (1,1), the function spaces

Hy o DR ITRED Sp 1= D (O H @ HET S (OD).L2(0))
Sy = ﬁTHl((0,T),H1+[(Qf)d)mH%+%((O,T),LZ(Qf)d)’ Sy i D—THl((O,T),HlJrz(Qf)dx‘i)mH%*'%((O,T),LQ(Qf)dXd)’
Wy i D—Tcﬂ([o,T],H%+%(Qs)d)mcl([o,T],H%%(szs)d)7 T . ﬁHQM(Q)d’ (20)
the norms
I ler == - Hiw,ug@?)d +1- ”Zé((O,T),Hz(Qf)d) +- H;%%((O,T%mend)
D It et oy oy * 1l s + 1 ||Z%+%<(0,T>,Hl<m>d>)%’
I Lse 5= U By o syt ooy - OFian + 10 Oso)t @D

with analogous definitions on the spaces St and S;, and, for vy € Vy, the metric spaces

ET’MO7V0 = {V eEr : V(70) = Vo, HVHET < M0}7

22
Proatowo i= {p€ Pr i [V plr, < Mo, |plsr| (22)

Fi}

are defined. Due to trace theorems and interpolation theorems the modified norms on Er and St,Sr, Sy
are equivalent to the standard norms on these function spaces. However, the appearing equivalence constant
might depend on T without further knowledge about this dependency. Since the dependency of the appearing
constants on T is a key point in the theoretical analysis it is therefore necessary to work with the modified
norms defined above.

< Mo, plr, g0y = 2ve(vo)ny - ny

1 1,
H2Thata(sT)

Remark 2. The following adaptions have been made compared to [34]:

e the Er-norm does not contain the term | - HH%((O Y. HIY4(Q,))
) ) f

hand side terms and is not compatible to our choice of the norm, but the norm || - ”Hi*%((o T H (@)
) ) i f

which is not needed for estimating the right

and the terms | - | g1 (0,1, HE(0)4) and | - HH%*%((O,T),Hl(Qf)d)'

e In the theoretical setting considered here, it is not guaranteed that g € C([0,T], H***(Q)9) which is
required in [34, Thm. 5.1] to use a trace theorem and give a meaning to g|2f}r = 0. However, the proof of

[34, Lem. 4.2] is the only point where g € C([0,T], H'**(Q)?) is used. A reinspection of the proof shows
that g € H((0,T), H (Q4)?) is actually sufficient.
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The following continuity result that is also part of the proof of Theorem 2 corresponds to [34, Thm. 5.1]
with the modification that only g € H*((0,T), H*(2;)?) is required instead of g € C([0,T], H**¢(2;)?), which
is possible by Remark 2. It will be needed for showing the Fréchet-differentiability of the state with respect to
domain variations.

Lemma 7. Let Assumption 1 be fulfilled. Assume that
feFr, heHy, geGr, geGrnHY((0,T),H (Qy)%).
Furthermore, let
g|2? =0, g(,0)=0, and h(,0)=0.
Then, the system

Ov—vAv+Vp=~f inQ?,
div(v) =g=div(g) n Q?,
v(-,0) = vy in Qy,
v=0 on 23’;7

v=0ow onXl, (23)
or(v,p)ny = os(w)ny +h on X7,
Onw —div (o,(w)) =0 in QT
w=0 onXl,
w(,0) =0, ow(,0)=wy inQ,,

admits a unique solution (v,p,w) € Ep x Pr x W and the states depend continuously on the initial data and
the right hand sides, more precisely,

IVler + IVpler + lo(winga, + lplsrlar + [wlw,

< Cs([vollmi+e(apye + [wil jo T lEler +lgler +lgler + [bluz),

H%Jr“B(QS
for all0 < T <Ty. The constant Cs depends on Ty but is independent of T'.

For obtaining time independent continuity estimates for the Stokes equations and the Lamé system with
respect to the right hand sides, the partial differential equations are split into several systems that have either
zero initial conditions or the right hand sides are obtained by lifting initial values to the interval (0,00) [34,
Sections 3, 4]. The systems are extended to the time-interval (T' — Ty, T) or (0,Ty) of length Ty. In the
first case, the temporal fractional order of the right hand side terms is smaller than % or in (%, %) but with
additional zero initial conditions. Property P3 of the norm yields continuity of the extension-by-zero-operator
Ext : }/v(%7T) - Hs((T — Tf,T),X) with HEXtHL(Y(%,T),HS((T—Tf,T),X)) = C, where s € [072]\{%,%}, X is a
Hilbert space and C' is independent of T. Now, the solution theory for the equations can be applied on this
extended systems yielding constants C7, that might depend on Ty but do not depend on T'. Due to property
P2 of the norm the equivalence constants of || - | s((7—1;,7),x) to an equivalent norm on H*((T' — Ty, T), X)
might depend on T but not on T' (using (8) with 7 =2+ ¢, s = 1 + £ and (9) explains why we can add norms
in the definition of the norm on Er). Now, by property P4 of the norm we obtain the estimates on the time
interval (0, T) with constants independent of T'. In the second case, the right hand sides can be bounded above
by a constant times the norm of the initial values [26, p.22, Remark 3.3], where the appearing constant does
not depend on T and we use property P5 of the norm. In order to obtain an existence and regularity result for
the coupled system, a fixed point argument is used [34, Thm. 5.1], which requires property P6 of the norm.
The main result of [34] is given by the following theorem (with the same adaptions as in Lemma 7), which shows
existence and uniqueness of solutions to the FSI problem if some additional requirements are met.

Theorem 2. Let Assumption 1 be fulfilled. Denote by Ty > 0 a fized terminal time, let C's be the constant

from Lemma 7, and Ko := Cs(|[volgr+e(a;ye + w1 ”H%”*B(Q )d). Assume that one can find some 0 < T* < T}

11



such that for all 0 < T < T* the following estimates hold for arbitrary My > Ko, v,v',v? € E7 p, v, and
PP P° € Proaggve

F(v,p)eFr, H(v,p)eHr, G(v)eGr, g(v)eGrnH'((0,T),H ()",

and
I, D) ey < Cx(My),  [Hv, D)y < Cx(Mo), o
19MV)lar < Ox(Mo),  [8(v)lar < Ox(Mo),
and
IFOv2,0%) = FOVLp )y < CTOX(Mo) (IV2 = vV iy + [V D2 = V p ),
[H(v?,p*) = H(v! P, < CTX(Mo)(IV? = v, + [0 [5r — PP lsr ), (25)
16(v*) = G(vDlar < CT x(Mo)([v? = v'[E,),
lg(v*) —g(v))lar < CT*X(Mo)(|v* — v'[&),

for some a > 0, a positive constant C' that does not depend on T but only on Ty and a polynomial x. Further-
more, let

g(v)\z? =0, g(v)(-0)=0, and H(v,p)(-0)=0.
Then, there exists T' > 0 and My < oo such that the system
oov—vAv+Vp=F(v,p) iﬂQ?a
. . AT
div (v) = G(v) = div (g(v)) in QF,
v(-,0) =vo n Qy,
v=0 onX%,
V=0W on E?, (26)
os(v.p)ns = oy(w)ns + H(v.p) on X7,
Ouw —div (os(w)) =0 inQT,
w=0 onXl,
w(-,0) =0, dw(-,0)=w; inQs,

admits a unique solution

(V)p7 W) € ET,M[),VO X PT,M(),V() X WT'

Proof. This theorem corresponds to a large extent to [34, Thm. 2.1], where the requirements (24) and (25)
replace [34, Prop. 6.1]. As a first step the system (26) is reformulated as a fixed point system that can be
started with homogeneous F, G and H. To this end, (v, p°, w?) is introduced as the solution of the system
vl — AV + VY =0 inQ?,
div(v®) =0 in Q?,

vP(,0) =vo in Qy,
vP=0 on X%,

vi=0dw onX7, (27)
or(v",p°)n; = o,(w")n; on %7,
O W’ —div (o5(w?)) =0 in QT
w' =0 on EST,

wl(-,0)=0, & w(-,0)=w; inQ;,



that due to Lemma 7 admits for 0 < T < T a solution that fulfills

Vler + 1V P lp, + P

w7z + W lwr < Cs(IVollaeaye + Wil g ses g 10) = Ko,

where C'g > 0 is a constant that does not depend on T but on T¢. The solution (v,p,w) of the system (26)

then fulfills v =u+ v’ p= ¢+ p’ and w = z + w, where (u, ¢, z) is the solution to

du—vAu+Vg=Fu+v’q+p’) inQ7,
div (u) = G(u + v°) = div(g(u +v%)) in Q?,
u(-,0) =0 in Qy,
u=0 onX%,
u=02z on Z?, (28)
or(u,q)ny = os(z)ny + H(u+ v g +p”) on X7,
Owz—div(0s(z)) =0 in Q7
z=0 onXl,
z(-,0) =0, 0z(-,0)=0 in Q.

To prove the existence of solutions to the system (26) or the equivalent system (28), the method of successive

approximations is used.

Therefore, we show that there exists some My > Ky such that the mapping

M

is well-defined and a contraction with respect to the norm

” (u7q?z)HET><PT><WT = HuHET + ”VqHFT + Hq

Er mo,vo X Provigve X Wr = Erag vo X Provgve X W,

»T

(u,¢,2) — (u,q,2),

Hp T HZHWT7

if we choose T' < Ty small enough. Here, (u, ¢,z) is defined as the solution of

du—vAu+Vg=Fu+v’ qg+p°) inQ;f7
div (u) = G(u + v%) = div(g(u + v°)) in Q?
u(-,0) =0 inQy,
u=0 onXx%,
u= atz on E’ZT, (29)
or(u,g)nys :Us(z)nf+7-{(u+v0,q+p0) on E;TF,
0wz —div(os(z)) =0 in QF,
z=0 onXl,
z(-,0) =0, 0&z(-,0)=0 in ;.

In order to show the contraction property we consider arbitrary (ul,¢',z!), (u?,¢?,2%) € Ex a1y v X Proag.ve X

Wr. Due to Lemma 7 and the inequalities (25) we know that

HM(U2,(]27Z2) _M(u17q17Z1)HET><PT><WT
< Cs(|F(u® +v%, ¢* + )
+G(u® +v°) —

<
< CSCTQX(M0)||(U2,Q2,O) - (u17q170)HET><PT><WT7

where C'is a constant independent of T'. If we define K7 > 0 such that

HM(O’ 07 O) HETXPT XWT g Kl,

13

—Fu' +v°, ¢ + "), + [g(u?
Gt + v g, + [H? + v, ¢% 4+ p°) —
CsCT*x(Mo)|[(u* +v°,¢* +p°,0) — (' +v°, ¢" + p°,0)|Br x Prxwy

+v9) —gu' +v9)|a,
H(ul + V07 ql +pO)HHT)



and choose My > K7, then there exists T' > 0 such that CsCT*x(Mp) < 1 and

”M(uv q, Z) HET xPrxWrp < ”M(Ov 0, O)HETXPT xWrp T CSCTQX(MO)H(]J’ q, O)HETXPT XWr

< Ky + 305'CT&X(M0)M0 < M

for any (u,q,2) € Er py.ve X Provy,ve X Wr. Thus, M is a well-defined contraction and we can apply the fixed
point theorem of Banach in order to show existence and uniqueness of the solution to the fixed point equation
./\/l(u,q,z) = (u,q,z) in ET,MO,VO X PT,M(),V() X WT. O

4 Shape optimization via the method of mappings approach

We consider shape optimization problems governed by the FSI model (1). This results in an optimization
problem

o omin J,5,Ww,Q), st E(3,p,w,Q) =

¥,p,W,Q)EET X Pr XxW 1 XOgq
Here, Aa Eienotes the set of admissible domains, J ET X PT X WT X @ad — R is an objective function, and
E(v,p,w,Q) = 0 if and only if ¥, p, w fulfill (1), where

E ETXPTXWTX@ad_)ZTv

and Zr is a suitable Banach space. There exist different approaches to shape optimization that are closely related
to each other. In particular, one can use shape derivatives in the Hadamard-Zolésio sense or one can apply the
method of mappings (also called perturbation of identity method) [31]. In this paper, we use the method of
mappings for a couple of reasons. It is based on domain transformations of a nominal domain € to represent
shapes and thus fits very well to the arbitrary Lagrangian-Eulerian (ALE) approach of which the fully Lagrangian
formulation (1) is a special case. Moreover, the method of mappings transforms the shape optimization problem
to a nonlinear optimal control problem in a Banach space setting, which is attractive from a theoretical as well
as a numerical perspective. The set of admissible domains Ouq := {Q < RY| O = ~(STZ) T € 7~'ad} comprises
all domains that can be obtained by transformation of the shape reference domain (2 via 7 € Tad, where
Taa © T(Q) is a suitable subset of the Banach space T(€) of bicontinuous transformations of Q. It is
convenient to define u, := 7 —id, and

Uy = {0, : R* >R, sit. id, + 01, € Tag},
and to optimize over u, € ﬂad instead of T € ’7~'ad. Thus, we obtain the optimization problem

min J(v,p,w,q,), st. E(V,p,w,0a,;)=0,
(O,ﬁ,ﬁ/,ﬁ )EETXPT XWT XUad

which yields an optimal control setting with the control u,.

Here, v:=vVvoT, p:=poT,w:=wo T, which already requires u, € H“e(flf)d in order to maintain the
regularity. Further, E is chosen such that E(v,p,w,@,) = 0 if and only if E(v o 7,p o F,Wwo 7,7(Q)) = 0.
Since the analysis will be carried out on the nominal domain Q, the geometric assumptions are needed on €2
instead of . We require that two transformations with the same normal displacement of the design boundary
part result in the same ALE domains and that the support of the transformation is disjoint from the support
of the initial velocity vg.

4.1 Navier-Stokes-Lamé system on the nominal domain

We apply the method of mappings approach to the FSI problem. In order to maintain the structure required
by Theorem 2 we have to ensure that the right hand side of the transformed elasticity equation remains 0. For
this purpose, the set of admissible transformations is chosen such that ﬂfls =id, for all 7 € T 44, i.e. ﬁT\QQ =0

for all u, € fJad. The transformation of the Navier-Stokes-Lamé system (1) from the reference domain Q) to the
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shape reference domain Q via 7 yields the system

0V — VAV + V. p=F(V,p 1) inQF,
in QF,
v(-,0) =¥y in Qy,
v=0 on fJT,
Vv=0dw onxl, (30)
) on s,
O W — div, (05,,(W)) =0 in QF,
0 on iz,

w(-,0) =0, & w(-,0)=w; inQ;,

where

0r2(V,D) i= 206,(V) =PI, 04, (W) 1= Atr(e, (W) + 216, (W),  €(W) := %(DZVV + (D, w)"),

Vo = Vg o7, Wi = Wy o7 and the nonlinear terms F, G and H are defined by

]:—(‘77137 u,) =v Z (axjxj Yk © X"')(a}’k (7:71)1 0T)0yV + v Z ((Z axj‘i.iaxj‘rk) © XT)(ayU’k (7:71)l 0 T)0yV
gkl ikl g

v D7 (0 Tidk, Tu) 0 Xr) (8 (F7 iy, (F 7)) © 7)oz, V = v ¥

iklm j
+(I=Fyp((Dy7 )T o)V, 5,
H(V,p,0,) = —v(D, V(D7) 'Fy + FL(D,7)" "D, v ") cof (Fy ) cof (D, 7)iiy
+ (D, v + (D, ¥) )iy — p(I — cof (Fy) cof (D, 7))iry,
G(v,0,) = D, v : (I —det(D, 7)det(Fy )FL (D, 7)~T) = D, v : (I — cof (Fy ) cof (D, 7)),

where

~

F=id, +10,, Xr=xo7, Fy=F,o07, Fy=Fyof (31)

and thus Fx(z, t) = I—I—SB D, v(z,s)(D, 7(z))~! ds. Moreover, the function g(v,@,) = (I-cof(D, %)Tcof(ﬁX)T)\?

satisfies div, (§(V,1,)) = G(V, ).
Let T be defined by (20) and
U:={@, €T : supp(d,) nsupp(vo) = &, @,]q =0},

which is a closed linear subspace of H?** (Q)"l7 be endowed with the norm

I-lo =1l g2veqya-

Furthermore, let o; > ||IHH1+4(Qf)dxd~ We consider solutions of the FSI problem for transformations id, +

induced by displacements @1, € V, where

V= {a, e U : id, + u, can be extended to an orientation-preserving Cl—diffeomorphism
Fra : RT - RY with Fpa — id, € H*T(R%)<, (32)
1D iz + ) g pan < 01 [(Ds (ids + ) grave s < ks
which by Lemma 8 is an open subset of U. In particular, if U,y < V, then our results will hold at any
admissible design displacement. Alternatively, the current design of the ALE domain could be viewed as the

reference shape domain, making it correspond to t, = 0, and our results then can be applied to study continuity
and differentiability w.r.t. variations of this domain.
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Remark 3. 1. In [21, Thm. 4.1] it is shown that Cl-diffeomorphisms map bounded Lipschitz domains to

bounded Lipschitz domains. Therefore, for all i, € V, (id, + u,)(Q) is a bounded Lipschitz domain.

2. The requirements on the R¥-extended transformations in the definition of the set on the right hand side
of (32) allow to apply [23, Lem. B.5, B.6] showing that they map H*(R?)-functions to H*(R%)-functions
for all 0 < s <2+ ¢. Furthermore, by [23, Cor. 2.1], there exist constants M > 0 and w > 0 such that

| D, Tra HLOO(]Rd)dxd <M, |(D, 'ﬁRd)_ HLoo(Rd)dxd <M, zier]%{fd det(D, Tra(z)) > w. (33)

Lemma 8. For any i, € V there exists p = p(4i,) > 0 such that v, € V holds for all v, € U, |V, — 4, |g < p.

Proof. Let @, € V be arbitrary and set # = id, + @,. For Vr € V we use the notation 7, = id, + v,. It has
to be verified that there exists p > 0 such that for all v, € V with ||V, — G,||g < p the following holds: 7,
can be extended to an orientation- preserving C!-diffeomorphism Ty R Of R? satisfying T,re —id, € H 2R,
HD T’UHHlJrl Q)dxd < a1, and ”( ) HH1+£(Q yaxd <aq.

The set Qg = #(€2) is a bounded Lipschitz domain by the definition of V and Remark 3. Using, e.g., [39,

Thm. 5, p. 181] combined with interpolation, there exists a bounded linear extension operator H>+¢(Qg_)? —

H2(R4)4. Further, the embeddings H>T¢(Qg, )% € Wh*(Qg. )¢ and H2T*(R9)4 = W*(R?)? are continuous.

Now 1, € V implies |D, Tleea Qyyaxd = o) < ay. Hence, we obtain as required |D, TUHHHL;(Q yaxa <
| D, THHl_,_g(Qf)d,xd + | Dy (v, — uT)HHH[(Qf)dxd oy + p < ay for p sufficiently small.

Denote by Tra € H>**(R%)? the orientation-preserving C'-diffeomorphism that extends 7. Then, by part 2
of Remark 3, there exist constants M > 0 and w > 0 such that (33) holds.

We use the extension operator to obtain h, € H***(R%)? with h, |5 = v, — @, ||h-,—HH2+i(Rd)d Clv, —
Ur | 2o (e, and [he e gaye < C|Ve = Uz gaie(gya. Setting 7, ga = Tra + hr, there holds 7, ga|q = 7 and
Tpra — id, = (Tga — id;) + h; € H*T(R%)?. By a Sobolev embedding we obtain also that 7, ga is C*.

Since Wh®(R9) and C%1(R?), are equal with equivalent norms, see [18, Thm. 4.1, Rem. 4.2], there
there exists ¢ > 0 such that any f € W1®(R%)? has a Lipschitz continuous representative with modulus
< | fllwreo gaya-

We now show that 7, ga : R? — R¢ is bijective. In fact for any fixed 2’ € R?, the equation Ty ri(z) = 7 can
be written as

z =7 (Z —h.(2)) = AZ;2).
For sufficiently small p, the map A(Z’;-) is a contraction since, for any z;,z, € R%, by using (33)

|7ad (2 = he(z1)) = 7 (2 = he(22))]| < (D2 Fa) ™ | e mayaa [hir (21) = hr(22))]
< M by gayalz1 — 22| < CMc'plzi — 2.

Hence, by the Banach fixed point theorem, if p is sufficiently small, then for any z’ € R? there exists a unique
ze R? with 7, ga(z) = 7.
We show next that 7 4, is C*. From (33) and |y |yy1.gaya < Cp we obtain a constant C’ > 0 with
H]g‘d det(D T’u Rd( )) =W — Hdet(Dz 7~'U7Rd) — det(Dz 7-Rd')HL°°(]Rd) =W — C/HDZ 7:U,Rd — DZ %Rd ”Loo(Rd)dxd
ze
Zw— Hh ||W1 oo(]Rd)d w—CC’/

Hence, for p > 0 small enough we obtain det(D, 7, ga(z)) > w/2 for all z € R? and thus 7 NfRd is C! by the
inverse function theorem.

We have shown that for p > 0 small enough det(D, 7, ga) = w/2. Now (D, 7,) "' = 1/det(D, 7, )cof (D, 7,) .
Since by Lemma 5 products of functions in H'*¢(Qy) are again in H'*¢(Qy), we have det(D, 7,), cof (D, 7,) €
H'*(Q;) and since det(D,7,) = w/2 > 0 by [35, pp. 336 and 297] also 1/det(D,7,) € H'*(Qf). Hence,
(D, 7))t e H*4 Q) for |V, — 0, g < p-

Finally, with a constant C’ > 0 we obtain
H(Dz %v)_l - (Dz ) 1HH1+‘-’ (§y)dxd ”( ) (Dz% - D, 7~'v)(Dz 7~')_1HH1+2(0]~)W4

< C H( z TU) ! HH1+£(Qf)dxd H (Dz 7:)71 HH1+£(Qf)d><d, HDZ (\77.
<al'(|(D, 7))t = (D, 7:)_1||H1+4(Qf)dxd +aa)p,

UT)”H1+e(Qf)d><d

16



from which ||(D, 7,) 7| H+e (G yaxa < aq follows if pis chosen sufficiently small.

Let with p = p(0) according to Lemma 8
Vyi={a, eV : |y <ph (34)
Then Vp is by Lemma 8 an open subset of U and we will study the differentiability of the solution of (30) on
V,atu, =0.
The choice of the space of admissible transformations restricts the shape optimization to the optimal design
of the fluid domain, but keeps the interface in the Lagrangian frame fixed. The boundedness properties of V

allow us to establish estimates of the right hand sides in (30). The following Lemma is a helpful tool that takes
the special structure of the right hand side terms into account.

Lemma 9. LetT >0, ke N, k> 2, X, X;,Y,W,,Z be real, separable Hilbert spaces, 1 <j<k,2<n<k-1,
816[0,1]\{%}, sie( ]for2<z k'cmd0<s<m1njsj Letmy : Xy x Wo —» X, my : Xy x Wip1 —» W,

for2 <1< k—2and mg_1 : Xg—1 x X = Wg_1 be continuous bilinear forms m: Xf; X; — X be defined
by m(z1,...,25) = mi(z1,me(z2,...)) and T; : Y x Z — S, where S; := H%((0,T), X;) is endowed with the
norm

e |- Is; == 1" HHSJ'((O,T),X); if sj € [0, %);

o I -lsy o= U Bres oy + 1 O)3%,)2, if 5 € (3,10,

and S := H*((0,T),X) be endowed with the analogously defined norm | - ||s. Furthermore, let T : Y x Z — S
be defined by

T(y,z) = m(Ti(y, 2),- - Te(y, 2)).
1. Let M; >0,Y Y and Z < Z be such that 1Ty, 2)|s; < Mj for all (y,z) € Y x Z,1<j<k. Then,
there exists a constant C' > 0 that is independent of T such that | T (y, z)| s < CII; M; for all (y7 2)eYxZ.

2. Let in addition to 1. T; 1Y x Z — S; be Lipschitz continuous on Y X Z for all1 < j < k, i.e., there
exist M;, 17MJ o > 0 such that HT(yg,zg) Ti(y1, 21)|s; < Mjilye —yilly + M o]z — leZ for arbztmry
yi,y2 € Y and 21,20 € Z. Then, | T (y2,22) — T (1, 20) | me 0,1y, x) < C(max;(M; 111, My,)|y2 — 1|y +
max,;(M; oI, i My )| 22 — 21| z) with a constant C > 0 that is independent of T.

3. Let (y1,21) be an element of the relative interior of Y x Z and Tj: Y x Z — S; be Fréchet differentiable
in (y1,21) for all1 <j <k. Then, T :Y x Z — S is Fréchet differentiable in (y1,z1).

Proof. By recursively applying Lemmas 5 and 2 it can be verified that m : II;S; — H*((0,7),X) is a
continuous multilinear form that fulfills
[m(zr, .- @)l 0,m), %) < Cllals,,

where C is a constant independent of T'. Assertion 1 follow immediately if one directly uses the continuity
properties of m in order to estimate the norms at the initial value t = 0. Further, for y1,y2 € Y, 21,20 € Z
we have

m(Ti(y2, 22), - -+, Te(y2, 22)) — m(Ti(y1, 1), - -, Ty, 1))

=m((T1(y2, 22) — Ta(y1, 21)), T2(y2, 22), T3 (Y2, 22) - - -, Tk (y2, 22))
+m(Ti(y1, 21), (T2(y2, 22) — T2(y1, 21)), Ta (Y2, 22), - - -, T (Y2, 22))
+ ot m(T(y, 21)s -5 Tem1 (Y1, 21), (Te(y2, 22) — Te(y1, 21))),

which implies

[m(Ti(y2, 22), - - Tie(y2, 22)) — m(Ti(y1, 21)s - - - Tre(y1, 21)) s

S,)

C(m X(M; 1 5 M) y2 — w1 lly + maX(Mj,2Hn¢jMn)Hz2 — 21 z)

o) U | T (y2, 22)

k
< C Y (Mg | T 1, 21) s (Y25 22) = Ti(y1, 21) ;)
Jj=1
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for a generic constant C' independent of T" and therefore assertion 2. Since a continuous multilinear form
is infinitely differentiable 3 follows with the chain rule.
O

Lemma 10. Let T > 0, k € N, X1, X9, X,1,X;2,Y,Z be real, separable Hilbert spaces, 1 < j < k, s1 €
[0,1\{3}, si € (3,1] for 2 <i < k. Let m be a k-linear form that is recursively constructed via bzlmear forms

as in Lemma 9 such that m : X?=1 X1 — X1 and m: ><§=1 Xji+s;, — Xo are continuous for all 1 <1 <k,
where 65 denotes the Kronecker delta. Let 0 < s < min; s; and

Sj = H1(<0,T)7Xj71) M HlJrsj((O,T), Xj72)
be endowed with the norm

1.
i H H (H H ((0,7),X;, )ﬁH1+Sj ((0,T),X;.2) + H ' (O)H?Xj,l)27 Zf S5 € [07 %)'

o 10y = U o, oreesom 1 O, 1 OO)1%, )% i s (311
and S = H*((0,T),X1) n H*5((0,T), X2) be endowed with the analogously defined norm | - |s. Further, let
Ti:YxZ—SandT:Y xZ — S be defined by
T(y,z) =m(Ti(y,2), ..., Te(y, 2)).
Then,

1. Let M; > 0,Y <Y and Z < Z be such that |T;(y, z)|s, < M; for all (y,z) €Y x Z, 1< j < k. Then,
there exists a constant C' > 0 that is independent of T' such that | T (y,z)|s < CII;M; for all (y7 2)eYxZ.

2. Let in addition to 1. T; : Y x Z — S; be Lipschitz continuous on Y xZ forall <j <k, ie.,
there exist Mj1,M;o > 0 such that ||T(y2,22) =Ty, 21)ls; < Mjaly2 —wnilly + Mja|ze — 21z for
arbitrary y1,y2 € Y and z1, 7z € Z. Then, |T (ya,22) — T(y1,21)|s < C(max; (M;111,2;My,)|ly2 — yilly +
max,;(M; oI, i My )| 22 — 21| z) with a constant C > 0 that is independent of T

3. Let (y1,21) be an element of the relative interior of Y x Z and Tj: Y x Z — S; be Fréchet differentiable
in (y1,21) for all 1 < j < k. Then, T : Y x Z — S is Fréchet differentiable in (yl, 21).

Proof. We recursively apply Lemma 2 in order to get continuity of m : ><§:1 S; — L?((0,T),X1), dem :
><;€=1 S; — L*((0,T), X1), as well as, dym : X?=1 S; — H*((0,T),X5) and use that

oem(xzy,...,xE) =m0 x1, o, ..., xK) + m(x1, e Ta, ..., Tk) + - + m(x1, T2, ..., 0 k).
It holds
Im(ar, 2l L2 o.r).x0) < Claa] ooy, x, ) Mize i 5,
Hm(xh ceey Ot Tjyeen, (Ek)HLZ((O,T),Xl) < CH@t x;j HLZ((O,T),Xj)l)Hi;éiji 8
N 1 .
where S; := H'((0,T),X;1) is endowed with the norm || - lg, = (I- H%il((o,T),Xj,l) + - (0) Hg{j,1)2 for1<j<k.

Furthermore, there holds
Im(zy, ... Oewj, o )l me(0,1),x2) < Clloew;] g, iz lzillg,
where S; := H*((0,T), X, 2) is endowed with the norm
o [-lg =1 lmwomr).x;2 if s € [0, 3)-

1 .
o |- ls, = s oy, + 1 O, )% f 55 € (5,10

In order to show the boundedness in the norm ||| the initial values have to be bounded appropriately. However,
this is ensured by the continuity properties of the multilinear form m. Moreover, property P1 of the norm is
used. The assertions now follow directly as in Lemma 9. O
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Furthermore, the following results will be needed for establishing the required right hand side estimates.

Lemma 11. 1. Let f,§ € Sp. Then, f§ € Sy and HngST < C||f\|§TH§H§T with a constant C that is
independent of T.

2. Let fe Sp. If f >w > 0 holds a.e. on Q? with a constant w > 0 then f~' € Sy and

1 s, <CA+1fl5,)" 1 f 15,
for a constant C' that is independent of T'.

Proof. 1. The bilinear form m(z1, z2) := x1-22 is by Lemma 5 continuous as a mapping L? (Qf) X Hl“(ﬁf) —
LQ(SZf) and as a mapping H'™(Q) x H*4(Qy) — H'™*(Qy). Therefore, Lemma 10 implies | fg] 5, <
C|flg,19lg, for a constant C that is independent of 7". Here, we recall that the norm on St is defined
by (21).

2. By [34, Lemma A.7] we know that

Hfile 0.1, H+e@,) S O+ HfHHl((O T),H1+e () T |£(-,0 )HH1+1’~(Qf))HfHLz((o,T),HHE(ﬁf))’
Hat ||L2 ((0,7), H1+2(Qf) (1 + Hf”Hl (0,7),H (1)) + Hf( )HHH@(Qf))4HfHHl(((),T),HHl(Qf))'

for a constant C' independent of 7. The proof of this Lemma also shows that
HJFﬁl( )”HH—@(Qf) C(1+ Hf( )|‘H1+E(Qf))||f('a 0)||H1+£(Qf)-

Let C now denote a generic constant independent of 7. In order to bound |, f~(-, O)HLQ(QI), we consider
G € C*(R) such that G(0) = 0 and G(z) = ~! for all > w. Then,

||atf_1('70)”iz(@f) = HatG(f)( )HL2(Q ) HG/(]F)(WO)atf('vo)niz(fzf)
- | @ hE0a a0

< sup |G (D@ 012, 0) 2, < CLATC 02,

These estimates imply

||f_1\|H1((o,T),H1+f(Qf) <C@+ Hf”Hl((o,T),HlH(Qf)) + Hf('a0)HH1+‘5(QJ»))4H.]EHHl((O,T),HlJrZ(fo))
< OO+ [ f oy, mve@,y + Hf('aO)HH1+z(Qf))5~
Now, R R
H.fill‘LQ((O,T),L?(Qf)) < CHfilHLQ((O,T),Hl‘*"‘(Qf))

for a constant independent of T and it remains to estimate |, f 1,2 5y We obtain with

-1
HH§+§((0»T)-,L2(S )
Lemma 2, 2.

loe /1 = f7%e fl

HI+% ((0,T),L2($2y)) Hzt 2 ((0,7),L2(S2y))

CUF 2N ar oy, mive@yy) + 172G 0 e,y (10 fHH2 o)) T [0c F (0 2(s,))
C(Hf_lHHl((o,T),HW(Qf)) 177G 0) e,y (106 F1 L geg +om 2@, T [0c F (0 2 a,))
< CA+ [ flmmory,mre@yyy + 17O gire@n)  UFNa+ +S o)L, T [0c F (5 0) L2q,)-

Combining the estimates implies the assertion.
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Lemmas 9, 10 and 11 allow to estimate products of rational functions in terms of the norms of the factors.
We start by estimating the appearing factors.
Since z = 77(7(2)), it follows that I = (D, 7! o 7)D, 7 and

Dy lo7=(D,7)"" (35)
Furthermore, for arbitrary invertible matrices A, B € R?*? one has

A'-B =B ' (B-A)A,
A7'-B!'-B'B-AB!'=B'B-A)A!'-BH=B'B-AB (B-A)AL (36

Let @ € V , then 7% := id, + 0%, i = 1,2, satisfy by Lemma 5, (36) and the definition of V

[(De 7)™ = (Da ) gsegayies < CIF = Fpgaeeiy, o = I = 62 o, o

1y Zo\_ Lo . . . - (37)
H(Dle) - (D, T2) 1y (D, 7'2) 1(Dz 7' - D, 7-2)(Dz 7-2) 1HH1+5((~2f)d><d < CHU}_ - uTHi{zM(Qf)d'
We define analogously to f?x in (31)
Bl(e.t) = Fyla 9 ) = T+ [ D@ s)(D.7(2) s, i (1.2) (38)

Lemma 12. Let Assumption 1 be satisfied. Let My > 0, « € (0,1) and a1 > 0. Then, there exists T,, > 0
such that f‘x(~,t) is invertible, and det(f‘x(~,t)) > o for allt € (0,T,) and for all @, € V and v € Br s, o,-
In addition, for each of the following terms, there ezists a constant C' > 0 independent of T such that for all
0<T <Tn, v,v',%2 € Eq a1, 90, Uy, 0,02 € V we have

1. (a) Fx €Sy, [Fxls, < C(1+ Mo),
(b) |F% —Fylg, <CIv? =g, + CL+ Mo)[02 — 0z yyore (g e

(¢) The mapping Eray00 XV, — Sy, (V,1,) — I'N“X is Fréchet differentiable on the relative interior of
ET,MO,\”/O X Vp.

2. (a) cof(Fy) € Sy, Hcof(fx)HgT < C(1+ Mg),
(b) |[cof (F2) — cof(FL)|

s, < OO+ Mo) (92 =¥ g, + (14 Mo)| 62 — 6 e o).

(¢) The mapping E~T,Mo,\”'o xV, =Sy, (v,i,) — cof(f‘x) is Fréchet differentiable on the relative interior
Of ETJWO,VO X Vp.

3. (a) det(Fy) € Sr, [det(Fy)| g, < C(1+ M),
(b) |det(F2) — det(F)[ g, < C(1+ M)([¥2 = [, + (1 + Mo) &2 — @[ rore(qr,y0);

(¢) The mapping E}“,Mo,\”ro xV, =Sy, (V,i,) — det(f‘x) is Fréchet differentiable on the relative interior
of B ag,w, X V.

4. (a) (det(Fy))~" € St, |(det(Fy)) !5, < C(1 + MZ?),
(6) [[(det(F2))~! = (det(FL)) g, < C(1+ ME)([9? = ¥ g, + (1 + Mo)[62 — L] aveq ),

(¢) The mapping Br 90 X V, — Sz, (V,1,) — (det(f‘x))_1 is Fréchet differentiable on the relative
interior of Eq v X V.

5. (a) Fr e Sy, [Frlg, <C(1+ M),
(b) |¥% —Fylg, < CO+MPO)([v? =¥ g, + 1+ Mo)|0? — 0z gaie(q,ya),
(¢) The mapping Br ar, 54 X Vp — S, (V,1,) — F is Fréchet differentiable on the relative interior of

Er vov0 X Vp.
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6. (a) Fx(Fx)T €Sy, [Fx(Fr) s < C(1+ M),
(0) [F%(F3)" — FL(F) |5, < O+ M) (2 — g, + (1 + Mo)| 62 — 0] gravr(qy, o),

(¢) The mapping Er o5 X V, — Sp, (V,,) = Fv (Fx)T is Fréchet differentiable on the relative
interior of Eq v X V.

7. (a) (Oyx. )OXTGHI((OaT),HZ(Qf) )+ (O )OXTHHl((OT) He (S p)d) S < C(1+ M{°),

(8) 1B X2 0 X7 = By T 0 X | 0,109,100 y)
< 0(1 + Mg®) (9% = Vg, + (14 Mo)[67 — @} ave (e, ya):

(¢) The mapping Er ar, 5, ¥ VB — H*((0, T), HY(Qp)Y), (v,10,) — (8XijT)O)ZT is Fréchet differentiable
on the relative interior of B ar, v, X V.

Proof. In order to show the existence of the required T,, > 0 we consider Fy, — T = §o D2 V(z,5)(D, 7(z)) " ds
and estimate with Lemma 5

t
”FX(',t) - IHHHe(Qf)dxd < Coy f D, ‘N/(',S)HHHe(Qf)dxd ds.
0

Thus, since H'*¢(Q;)?*? C(ﬁf)‘“d, we have

¥y — 1.5 < CTZay M,

ydxd <
for a constant C independent of 7. Since det(F x(+,0)) = det(I) = 1, we can find T, such that F (- t) s
invertible and det(I'N“X(~7 t)) =« for all t € [0,T,], all a, € V, and all ¥ € Eq a1, v, -

Now, let 0 < T" < T,. Consider the multilinear form~m(x1, ceXg) = oy - ... -z, for k € N, which is
by Lemma 5 continuous as a mapping L?(€2f) x HT4(Qy) x --- x H*(Qp) — L2(;) and as a mapping
H™&W(Qp) x HY(Qp) x - x H'(Qy) — H'™(Qy). The terms we have to estimate are obtained by inserting
operators 7; : Er xV — Sp, (V,1,) — 7;(¥,0;) in the multilinear form. If they are bounded, continuous and
Fréchet differentiable for 1 < j < k and arbitrary (v,a,) € ET7 Mo, %o X \N/'p, we can use Lemma 10 to show the
claims of the lemma. If we have to estimate vector or matrix valued quantities, we use the argumentation for
every component. In the following, C' denotes a generic constant independent of 7.

1. Consider ﬁx —I=m(Nh(v,0a,), T2(V,0,)) with 71(v,0,) = SB D,¥(s)ds and Tz(v, 0
have H’Tl({f,ﬁT)HST < C(1+ |v]g,.), since |T1(v,0:)(0)|gr+e(qyaxe = 0 and |0 71(\7
D2 Vol r2(qyixe, as well as, with P7,

) = (D, 7)"L. We
0,)(0)]p2(yaxe =

~ ~ 1 ~
[7:(v,07) (- t) HH1+e(Qf)d,><d <Tz|D, V”L2((07T)7H1+e((zf)dxd)

Hatﬂ({’,ﬁ.-,—)HLQ((O,T),HIJrE(Qf)dXd) = HD ‘~,||L2((0 T)’H1+Z(Qf)dxd) < HV“ET>

Hat 71({,7 u

| D v

T)“H%‘*’%((O,T),L?(Qf)dxd) HET5((0,T),L2(0)dx ) HVHH%"'%((O,T),Hl(flf)dx‘i) <[vlg,

for almost every t € (0,7") due to the definition of | - |5 . Boundedness follows with property P1 of the
norm. Fréchet differentiability and continuity now follow by linearity of 7; and due to

(Ti(¥2,87) = TL(v',1;))(0) = & (T1(¥2, 67) — Tu(¥',87))(0) = 0
for all (v,u,) e ET7M07‘70 x V. Note that T2(V,0,) is independent of v and depends linearly on (D, 7)™
with | T2(v, ﬁT)HST < C~’||(DZ i—)—lHHlH(Qf)dxd. Hence, boundedness, continuity and differentiability follow
from the definition of V, (34) and (37).

1

2. Each component of the cofactor matrix cof (f‘x) can be written as a finite sum of terms a - z; - x2, where
21, x2 denote components of the matrix INI‘X and a € {—1,1}. Therefore, COf(ﬁX) is a sum of bilinear forms
with factors 71 (v, a,) := a(f‘x)i,j and T2(v,a,) := (fx)k,g for 4,7, k,l € {1,2,3}. Due to the estimates in
1.(a) we know that |7;(v,u.)[5, < C(1+ Mo) for i € {1,2}, and, therefore, Hcof(f‘X)HST < O+ MR).
L(b) yields |T(¥2,82) — Ti(¥L,a) |, < CI¥2 = ¥g, + C(1 + Mo)|&2 — &L yaeqq, s i € {12}
Therefore, the continuity estimate and Fréchet differentiability follow from Lemma 10.
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3. Since det(ﬁx) is a polynomial of degree 3 in the components of the matrix f‘x, the assertions can be
proved similar to 2.

4.

(a)

Since det(Fy) is a cubic polynomial in the components of Fy and det(Fy)(-,t) = « > 0 for all
€ [0,T,], the assertion follows from Lemma 11, 2., which implies

[(det(Fy )~ 5, < C(1+ [det(Fy)|g,) " |det(Fy )]s, -
Now, 3.(a) implies that
[(det(Fy) M5, < C(1+ M) (1 + M) < C(1+ M®).
The difference
(det(F2)) ™! — (det(FL)) ™" = —(det(FL)) ™" (det(F2)) ™" (det(F2) — det(FL))

is a 3-linear form with factors 7 (v, @,) := (det(FL))™", To(v, @) := (det(F2))~" and T5(v, @) :=
—(det(f‘i) - det(l?‘;()). Lemma 11, 1. now yields

[(det(F3)) ™" = (det(Fy)) ' lg, < Cll(det(F})) |5, (det(F3)) |5, [det (F5) — det(F})] s,
The estimates 3.(b) and 4.(a) now imply

[(det(F3)) ™" — (det(Fy)) "3,
< C(L+ M)A+ MgP) (1 + M) (|92 = ¥ g, + (1+ Mo) |87 — 07| rave g, y)-

Let (V,1,) € Er a5, X V, be arbitrary. Then by 2. and 4.(a) we have H(det(ﬁx))*ngT <
C(1+ M3?) and Hcof(f‘x)HST < CO(1 + Mg). Hence, Lemma 11 yields

[T s, = |(det(Fy)) " cof(Fr)s, < I(det(F)) |5, leof(Fx)ls, < C(1+MF).  (39)

Now det(Fy)~! = det( 1), thus it suffices by 1., 3. and the chain rule to show that (v!,al )
Er 5 X V> (f‘;) € S, is Fréchet dlﬁerentlable at (v!,al). This follows from (36), (39) an
Lemma 11, since with A = F;

AT =B B (Fx - A)EL g, = (B Fx—AF (Fx—A)A g < O+ MP)[Ex—A[f |

which yields with 1. the Fréchet differentiability.

5. Since Fy = (1~7‘X)*1 = (det(f‘x))*lcof(f‘x)T, we can prove the result via multilinear forms and use Lemma
11, 1. .

6. Again, the assertions can be shown via multilinear forms.

7. From x;! o x» = id., it follows that

I=D, (X:-l © X‘r) = Dxf(:—l ° XDz X

Therefore, since D, x+ = f‘xDz 7, we have

DyxitoxXy = (FyD,7)~' = D, 7 'F. (40)

~ ~

Furthermore, we have (Fy);x = (F31)1.1 = (0, Y1) © X, which implies

s
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Thus, (d,x, T,) © Xr = 0, (Fr 0 X5 1)1k © X and with (40) we obtain

O, (B 0 X7 ik © Xr = Y (02, For)ikd, (X m © X = Y (02 )1k (D2 7 i (Fr )i

m m,i

and each summand is the composition~of a multilirlear form m(gcl,acQ7~ x3) = T1 CTg -+ T3, which is by
Lemma 5 continuous as a mapping H*(Qy) x H™(Qp) x --+ x H(Qg) — HY(Qy) with an operator
Ernge0 X V — HY(0,T), H (Qy)) x HY((0,T), H*4(Qy)) x H'((0,T), H'**(Qy)) that by (37), P7
and 5. is bounded and continuous on ET, Mo, %o X Vp as well as Fréchet differentiable on ET, Mo, %0 X Vp.

Now, we can apply Lemma 9 to conclude the proof. -

Remark 4. Lemma 12 and its proof could be extended in a canonical way from Fréchet differentiability to
continuous differentiability.

With the above Lemmas the required right hand side estimates can be established.

Lemma 13. Let Assumption 1 be satisfied. Let Ty > 0 and p = p(0) be given by Lemma 8. There exist
0 <T* < Ty, cu >0, as well as, for each of the following terms, a constant C' > 0 independent of T but

dependent on Ty and a polynomial x such that for all0 < T < T*, v,%,%% € Er a1, 50, D, D> D2 € Proasy.o, and
u,,ul,u €V, we have

F(v.p,u,;) eFr, H(¥V,p,0,) eHr, G(¥,04,)eCGr, gF,a.)eGrnH(0,T),H Q)

g({’aﬁ‘r)‘ﬁ? =0, g({’vﬁT)(',O) =0, and 7:[({'7157 flq-)(',O) =0, (42)
as well as,
F(¥,5,1:) |5, < Cx(Mo)(T' ™" + p), (¥, 5, )| g, < Ox(Mo)(T' ™ + p),
17 ( g, < Cx(Mo)(T " + p) I#H( Mg, < Ox(Mo)(T' = + p)
16, 8,)] g, < Cx(Mo)(T'" + p), 18(v, 1) g, < Cx(Mo)(1+ p),
and
Hﬁ({’27ﬁ27ﬁ3) _]:( ap ’ )HFT
< Ox(Mo)(T* + p)(IV? = Vg, + V2 5” —= Vo b lg,) + 187 = 07| grase(a, )
“7:[({’27ﬁ27ﬁ72—) - ,}:l( ap ) )HHT
< Cx(Mo)((T™" + p)(|¥° — ¥ g, + P \gg =0 srlr) + 187 = 07| grase (e, ya)s
1632, 83) = G(v!, w1)l g, < Cx(Mo) (T + p) V2 = ¥ |, + 107 = 01| rose(ar, ),
o -~ - 1_¢ - - - -
lg(v?,0?) —&g(¥',u)lg, < Cx(Mo)(TH77 + p)|v? =¥ g, + 87 — arf gareiq, ),
and
-7:—1 ET,MO,\”/O X pT,Mo.,\?o X Vp - FT7 7:1 : ET,MO,\"/O X pT,Mg,\”/g X Vp - I:IT7
G: Eruye, XV, — Gr, g: Erae, xV,— Gr

are Fréchet differentiable on the relative interior of B nsy w0 X Pro 5o X Vi, and By ar, 55 X V,, respectively.

Proof. The compatibility conditions (42) are fulfilled, due to the choice of V, which ensures that supp i, N
supp Vo = & and therefore H(v,p, 0, )(-,0) = 0 and g(v,0,)(-,0) = 0. The boundary condition on Z? ensures
that g(v, ﬁ7)|z? — 0. The right hand side terms F, H, G and g are sums of multilinear forms as introduced
in Lemma 9 and 10. In Lemma 12 boundedness, continuity and Fréchet differentiability of the corresponding
factors are shown. Thus, it suffices to establish an appropriate boundedness estimate such that the product of
the appearing M; in Lemma 9 have the structure o(T™ + HU.-,—HH2+Z (G7)d 2) for a suitable o = 0 and C' which is
independent of T'. The explicit time dependency is obtained by using the extension and restriction properties P3,
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P4 and P5 of the norm and by using Lemma P6. The time dependency for the corresponding constants M; ;
and M; o follows with similar arguments. The desired continuity estimates, as well as, Fréchet differentiability
can be deduced from Lemma 9 if (35) and thus

(@, Dy 7 ) oF = (8, (Dy 7' =T)) o7 = Y0, (D7) = 1)), 7, ) o 7,

are kept in mind, which by Lemma 5 and the definition of V implies
10 Dy 771) 0 Fll e,y < CHDT) Hase@pn (D2 7)™ = gisea,) < Car(l + an). (43)

Moreover, since for arbitrary matrices A, B € R?*¢ the cofactor-matrix is a polynomial of degree d — 1 in every
entry, we have that
cof (A) — cof (B ZX’J A,B)(A -B);;,
i,
where x; ; is a polynomial of degree d — 2 in the entries of A and B for 1 < 4,5 < 3. Thus,

Jeof(A) — cof(B) gvss(ayset < CUAIEZ s + IBI2 o)A — Bllgorcayecs

and for @,,al, a2 € V we have
lcof (D2 T)ll ga+e(ryaxa < C (44)
|cof (D, 71) — cof (D, 7:2)|‘H1+K(Qf)dm S CQ?_QH‘FI - 7:2|‘H2+ﬂ((zf)d < Ca‘f_Q“ﬁi - ﬁ3||H2+ﬂ(Qf)d- (45)

We show boundedness of F, H, G and g. In order to obtain the estimates we have to split the terms such that
the initial values of selected factors vanish at t = 0. To this end, we decompose

F(v,p,0,) = FL(V,0,) + Fo(¥,0,) + F5(¥,0,) + Fu(v,0,) + F5(V, p, 0y) + Fo(V,5,1r),
Fi(¥,0:) = v > (B, Th 0 X ) (0, (F 1)1 0 7)02, ¥,

.k,

]:—2(‘77 ﬁ‘f) =V Z ((Z anYianYk - 51}16) © XT)(aYiYk (7:_1)1 © %)621{’7
ikl g

Fa(@,t:) =v Y (D)0 Tib, i = 0ik) 0 Xr) (4, (F )10y, (F 7 )m) © 7) 2z, ¥,
iklm  J

]:4(‘77 ﬁT) =v (aYkYk (7:71)1 © %)azz{’ +v Z ((aYK (7:71)18)% (fﬁl)m) oT — (Slym)aleWL‘?’

where
Hi( = —uD, (D, 7) 'Fy(cof (Fy) — I) cof (D, )iy,
Ho(V,01,) = —vF1(D, )" D, %" (cof (Fy) — I) cof (D, 7)iry,
Hy(v,0,) = —vD, (D, 7) " (Fy — ) cof (D, ¥)nry,
Hy(v,0,) = —v(Fy — 1) (D, 7)" "D, ¥ cof(D, 7)ny,
Hs( = —vD, (D, %) (cof (D, 7) — D)y,
Hel( = (D, 7)" "D, v (cof(D, 7) — )iy,
H7(V,0,) = —vD,v((D,7)~! — Dy,
Hg(V,1,) = —v((D,7)~ " =)D, v iy,
Ho(¥, P, ,) = —p(I — cof (Fy)) cof (D7),
Hio(p, ir) = —p(I — cof (D, 7))y,
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and
g(V,1,) = cof (D, 7) " (I — cof (Fy) ")¥ + (I — cof (D, 7) )%
= gl (‘77 ﬁ‘l‘) + gQ(‘N/a ﬁ‘l’)
Since the ideas for the estimates for the different summands of F, H, G and g are similar we just present
the proofs for Fs, Fg, Hi, G1 and g;. Let C' denote a generic constant independent of T. In the following
argumentation we frequently use Lemma 5 in order to ensure that X1, ..., X} are chosen such that multilinear

forms m(x1,...,2) 1= o1 - ...z} fulfill the requirements of Lemma 9. The notation S;, M;, M; 1, M; 2, s; for
i€{l,...,k} is defined by Lemma 9.
e Estimation of g; (v, 0, ):

. . . 2 _ 2
To apply Lemma 9 we use property P1, which implies | - H(; =113, (01,20 T [ O HH%((O,T),Lz(Qf)d)’
and estimate g1 (v, 0, ) and 0,g;(V,01,) separately.

1. g1(V, ;) is a multilinear form with factors 71(v,0,;) = v, (v uT) — I—cof(Fy)T, T3(v, ;) = cof (D, 7)7.
With Lemma 9, s = s1 = 0, so = £, s3 = 1, X = L*(Qy), = H?>TQp) Xo = H(Qp)P4, X3 =
H'™ Q)4 we obtain
I&1 (¥, @)l L2(0,7),22(025)2) < CMo(1 + Mo)T',
since by P6, (44) and L
ITi(v,0)ls, < Vg, < Mo,
I72(9,8:) s, < OT* |1 = cof (Bx) |1 0,19, 52 < CT' (1 + Mg), (46)
[75(%, 1), = (leof (Dz )%, + leof (D2 7) |72 (0,1),x5)) * < Clleof(D; 7)|x, < C,

i.e., My = My, My = CT*~*(1 + MZ) and M3 = C in the notation of Lemma 9. Using in addition (45) gives

IT:(v2,82) = Ti(v, w75, < V2 = Vg,

|72(%%,03) = Ta(¥", 17) s, < OT'*Jleof (FY) — cof (B} )| g,

<CT™ 2(1 + Mo)(|v* - V1||ET (1 + Mo)[aF — ﬁi”HHe(Qf)d)’
I75(92,62) = T5(v', 07) s, < Clleof(D; 72) — cof (D2 7)1 x, < Cl07F — 0z grase g ya-

Hence, M1 =1, M1 =0, Ma1 = CT " ““(1+ My), Mao = CT'"*(1+ My)?, M32 = C, M3; = 0 and Lemma
9 yields for a polynomial y

emmas 4, 5, 12

Ig" (2, a2) — 8" (¥', 81) | L2 (0,1).12(0)0) < OX(Mo)T' (|9 — ¥ g, + |02 — ﬁi“HH(Qf)d)
and Fréchet differentiability of g,(v,1,) : Er x V — L2((0,T), L*(4)%) on E1 azy.50 X V.

2. 0:81(¥,1,) = —cof (D, 7) Ty cof (Fy) TV + cof (D, 7) T (I — cof (Fy ) T)@, v is a sum of multilinear forms. We
exemplarily estimate the first term. Here, 71(Vv,0;) = v, T2(V,0;) = —0; cof(]?‘x)T and T3(v,a,) = cof (D, 7).
Choose s = 81 = £, 80 = 4+ £, 55 =1, X = Xo = L2(Qy)%, Xy = H'F(Qy)?, X3 = H'(Qy)?. With Lemmas
3, 12 we obtain

I, 07) s, < CUTIV, 07)(0)| sy + T2 Ti(V,00)|,) < C(1+ Mo),

~ ~ ~ ~ g ~ ~ 2
1T i) ls. < CUTE GOl + TGy o0y o) < CA+MEL (40)
I Ts(v,ur)]s, < C,

~

ﬁXFT) =0 f‘xﬁr +F Ot EN“T and thus with (38)
r(cof (F5)T)(0) = & (det(Fy )Fr)(0) = (3¢ det(Fy ) Fy + det(Fy) o, Fr)(0)
— (tr(cof (Fy) T o F 5 )Fy — det(Fy ) Fy D, v(D, 7) ' Fv)(0)
= tr(D, Vo(D, 7)) — D, vo(D, )"

where we use for the second term that 0 = ¢, (
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Since (T;(v%,02) — T;(¥%,al))(0) = 0 for i € {1,2,3 }, analogous to (47), we obtain with (45)

I7:(3%,82) = i@, @) s, < CTi 5T+, @2) = Ti(¥', i) g,
1T, 02) ~ @ ), < OTHT (%, 02) = T 8y o s
1792, 62) = Ts(¥", 07) s, < Cl02 = 0zl ase i ya-

Continuity and Fréchet differentiability follow now by Lemmas 9, 12. Finally, & (v,0,) € H*((0,T), H (Q5)%),
since ve HY((0,T), H(Q7)%), 7 € H2H(€2;) and (I — cof (Fy)) € H*((0,T), H'+£(€2;)4x4).
e Bound for | Fs(¥, p, u,)|g,.:
F6(¥, P, 01,) is a multilinear form with factors 71 (¥, p, 0, ) = V, p, To(¥,p,0,) = I—(D, 7 1) To7 = 1—(D, 7)~ "
due to (35) and T3(V,p,u,) = Fy.
L. H]}G(V,ﬂﬁr)Hm((o,T),Hf(fzf)d):
Choose 5 = 51 =0, 55 = 1, 83 = £, X = X3 = H'(Q)?, Xp = X3 = HUH(Qp)™ |Ti(v, 5, 0)[s, < Mo
follows by (22). With (37) and Lemma 4 we obtain

ITa(@, 5, ), < Clits | gaveqa, o < Cp (43)
since i, € V. Fv(0) = I and Lemmas 3, 12 imply

| T5(%,5,07) 5, < C(L+ T Fox |51 (0.1, x5)) < C(1+ MP). (49)

( 17ﬁ17~1)H51 ”vzﬁ2_v2ﬁ1”f‘T’

)
( D-T
1722, 5%, 0%) = (31, 5%, 07 s, < Cl02 = 0z guveq,yaxas
173(v%, 5%, 62) = (v, 5", 07) s, < C(1+ MgOT (9% = ¥, + (1 + Mo)[0F — a1 yose(q,a)-
20 F6(0 8,80 0y 12,
Let s =81 = £, 80 =1, 83 =0, X = X1 = L>(Qy)?, Xo = X3 = H' Q)49 With (22), (48), (49) and

Lemmas 5, 12 we obtain the same bounds as before
Thus, with Lemma 9, |F4(¥, 7, )|z, < C(1+ M§)p and

|Fs(v2, 5%, 02) — Fo(v', ', 0|, < OX(Mo)(T1IV° = Vg, + V2 0? — Va5, + [0 = 07| grass ()

where y is a polynomial.

As seen in the previous estimates, due to Lemma 9, the derivation of the continuity estimates and Fréchet
differentiability is straightforward if one knows how to show boundedness of the multilinear forms. We thus
only address boundedness in the following.

e Bound for H]:"z({ﬂ ﬁ‘r)”f‘T:

Fo(¥, ;) is a sum of multilinear forms with factors 71(v, ;) = 0,,v, T2 (\7, U,) = vdy, 0y, (T~ )07, T3(V,0,) =
(Zj(axj' Tiaxj Tk) - 51,k) o )27‘ for iv kal € {13 ceey d} with 71-3(‘7 )(O) =

L H]:—2(‘~’a ﬁr) HL2((0,T),H2(QJ,)¢)I

Boundedness, continuity and Fréchet differentiability are obtained with Lemma 9 for s = s = 0, s2 = 1, 53 = ¢,
X = HY Q)4 X1 = HFY(Q) Xo = HY(Qy), X3 = H(Qy) and Lemma 12. By P6 and (41) we obtain

1T5(%, )5, < CTYITa(®, )l (i 00y < CTV (1 + [Fx (Fr) Tl ) < OTV 1+ MI), (50
(43) and Lemma 4 imply [|72(V,0,)|s, < C and, with P7,

T3 (v, uT)HHsl ((0,7),X1) S CHVHL2 ((0,T),H2+£(Q2 5 ) < CMo.
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21720 80y (0 1y 2@y’ . ) _ )
Choose s = s1 = 5, 50 =1, 83 =€, X = L*(Q)?, X1 = H'(Qp)¢, Xo = HY(Qy), X5 = H'**(Qy) and use (43),
(50), P6, PT and Lemmas 4,5, 9 and 12. We obtain | Fo(¥, ;) |5, < CT (1 + Mg").

e Bound for H7'~l1(‘~’7 ﬁr)”ﬁT:

H1(¥,1,) is a multilinear form with factors 71 (v, 0,) = D, v, T3(v, ;) = (D, 7) %, T3(v,1,) = Fy, Ta(v,0,) =
(cof (Fy) — 1), T5(¥, ;) = veof (D, 7)1y and T4(v,@,)(0) = 0.

Due to Lemma 5 on I';, which can locally be mapped to bounded open domains on R4, Lemma 9 can be
applied. P7 and boundedness of the trace operator yield

H’E‘(V, ﬁT)HHQ((O,T),H%Jrl(f‘i)dXd) < CH’E({’, ﬁ‘r)HHQ((07T)7H1+K(Qf)d><d)

for € [0,1\{3}, j € {1,...,5}.
1. HHl({I’ﬁT)“Lz((O,T),H%+€(fi)d): i
Choose s = S1 = 0, S9 = S5 = 1, S§3 = S4 = ¢ and X1 = X2 = X3 = X4 = H%JFZ(Fi)dXd and X = X5 =
H%+Z(fi)d.
We have with P7 and the definition of V
||71({’aﬁ7)‘|31 CHVHL2((0 T),H2+¢(Qp)d) = < C Mo, |‘75({’aﬁ7)‘|32 < CH(DZ +)_1|‘H1+@(Qf,)dxd < Cay.
Lemma 3 and 12 imply
75V, 0:)|ls; < O(TPZHFTHHl((o,T),HlJre(Qf)dxd) FEx(0)| grrveq,yaxa) < C(L+ Mg?).

Moreover, (44) yields |75(V, )| s; < Cllcof (D, T)| g1+¢(,)axa < C. Finally, P6 implies

[72(v,0-)[s, < CHCOf(ﬁx)—I”Hl((o’T),le(Qf)dxd) < CTl_Z||COf(ﬁx)_IHH1((O,T),H1+l(fzf)dxd) < CT' = (1+M§).

2 (5,804t o o’
Let S =81 =83 = 84 = % + % S9 = S5 = 1 X = Lg(fi)d7 X1 = L2(f‘i>d><d, X2 = X3 = X4 = H%+Z(f‘i)d><d,
X5 = H2+6(Fi)d.

The estimates for ||72(V, 0, )]s, and |75(V, Q,)|s, are as above. Since | D, appears

sl s oy naceo
in the definition of | - g we have |71(v,0.)[s, < CMy. Lemma 3 and 12 yield

"~ 3_ 4,1~ ~
I Ts(v,0r)ss < C(T72 Fx | g o,m), 1142 (0, yaxay + IFx(0)| gave(q, yaxa) < C(1+ Mg?).
Lemma 3 and P6 imply
- - 3_¢ ~ 3_¢
HE(V7uT)HS4 < CTZ QHCOf(FX) _I|‘H1((O,T),H1+Z(Qf)d><d) < CTi 2(1 +Mg)

Hence, application of Lemma 9 in both cases yields |H1 (¥, @;) g, < CT (1 + MG®).

e Estimation of G, (v,qa,):

G (V,0,) is a sum of multilinear forms with factors 71(v,u,) = (D,V);;, T2(V,a,) = (I — cof(f‘x))i,k,

T3(V,0r) = (cof (D, 7))k, with i,k,j € {1,...,d}. )
Hgl({,7ﬁT)”LQ((O,T),HlJrZ(Qf)): Choose s = s1 =0, 5o =0, s3 =1, X = X1 = Xo = Xz = H'T(Qy).

17V, a0) 22 o,m), e,y S Clvlg, < CMy due to P7 and (22), and with (46) we obtain the bound

Hgl(v uT)HL2((0 T),HI+¢(S)) S <CT'- EMO(I + Mg3). )

2. Hgl(v’uT)(V7uT)HH?((O,T),Hl(Qf)): We choose s = s; = £, 80 = £, s3 = 1, X = X1 = H'(Qy),

Xy = X3 = H'W(Qp). P7 and (22) yield |71 (V,1,)]s, < C”OHHé((o,T),H%Qf)d) < CMy. Thus, with (46)

and Lemmas 5, 9, 12 we obtain |G, (v, @, )| < CTY *My(1 + M@). O

HE ((0,1),H'(9))
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Theorem 3. Let Assumption 1 be fulfilled. Then, there exist ¢, > 0, T; > 0 and M; > 0 such that for all
0 <T < T, and for arbitrary 4, € V, the system (30) admits a unique solution y(u,) := (v(u,), p(d,), w(u,))

on the relative interior of Er ar vy X Prov, vy X WT. The mapping 4, — y(Q.) is continuous and Fréchet
differentiable on the interior of V., and, for h € U the derivative §(0,)'h := 6,y = (6, V, Ipp, dpW) is given as

the solution of the system
0 6nv — VA, cw + V2 0np = (F(¥(iy), p(1), ) )y 05 ¥
HFE (), 5(0r), 0r)pon + (F(V(8r), (1), 8r))u, b in QF,
div, (047) = < (9(87), 7)) 00 + (G Du b in QF,
onv(-,0) =0 in Qy,
0 on i?
onv = d oW on 2T (51)
012(0nV, 6nP) 0 = 042 (5pW)iis + (H(V(8r), 5(8r), 0r))vOn¥
+(H(¥(8r), B(8r), 0r))p0nf + (H(¥(8r), 5(8), Ur ) Ju, b on BT,
O OpW — div, (05,(6,W)) =0 in QT
opw =0 on f]ST,

opw(-,0) =0, &opw(-,0)=0 inQs,.

Proof. In the notion of Theorem 1, choose y = (V,p, W), z = 4,, Y = ET x PT x WT7 Z = U, Fly,2) =
(F(v,p,0,),H(v,p,0,),G(v,u,), g(v 0,),Vo,w1). Furthermore, let W := FrxHr xGrxGrx Vg x Wy, and
W :=Frx{heHy : h(0) = 0}xGrx{ge GrnH((0,T), HZ(Qf) ) : g|z? =0, g(0) = 0} x{(¥o,W1) € Vo x
W, \70|f =0, div;(vo) =0, Volp, = Wilg,, 2v(€(Vo)) -7 =0on I; for any unit vector 7 tangent to T},
let p = p(0 ) be glven by Lemma 8. Lemma 7 defines the operator S and yields T > 0 and Lg = Cg > 0
such that S € L(W,Er x Pr x Wr) for 0 < T < Ty and |Sf|y < Ls|f|w for all f e W. Theorem 2 and

PN
Lemma 13 yield constants Mo > 0, Ty € (0,T¢) and € = min(p, T’ *) such that, for all 0 < T < Tj and z € V.
there exists a unique solution yo(z) € Er ar, vo X Pro, v, X Wr, which is a subset of the relative interior
of Er M, vy X PT M, v X W for M; > My. Furthermore, Theorem 2 and Lemma 13 yield T} € (0,Tp] and

€ < rmn(p,T4 Z) such that for all z € Vel there exists a unique solution y;(2) € Er M, w0 X Prov, vy X W
and the required boundedness, continuity and Fréchet differentiability results are fulfilled for the choices Y =
ET M, o X PT M, vy X WT and Z = Vel and 0 < T < T;. Furthermore, the proof of Theorem 2 implies that
SF(y,2) €Y for (y,2) € Y x Z. Since yo(2) € Bras, 59 X Proas, v, X WT and the solution is unique, we have

yo(z) = yi(z) for all z € Z. Thus, y(z) is in the relative interior of ¥ and Theorem 1 can be applied. O
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